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Non-Hermitian (NH) Hamiltonians can be used to describe dissipative systems, notably including systems
with gain and loss, and are currently intensively studied in the context of topology. A salient difference between
Hermitian and NH models is the breakdown of the conventional bulk-boundary correspondence, invalidating the
use of topological invariants computed from the Bloch bands to characterize boundary modes in generic NH
systems. One way to overcome this difficulty is to use the framework of biorthogonal quantum mechanics to
define a biorthogonal polarization, which functions as a real-space invariant signaling the presence of boundary
states. Here, we generalize the concept of the biorthogonal polarization beyond the previous results to systems
with any number of boundary modes and show that it is invariant under basis transformations as well as local
unitary transformations. Additionally, we focus on the anisotropic Su-Schrieffer-Heeger chain and study gap
closings analytically. We also propose a generalization of a previously developed method with which to find all
the bulk states of the system with open boundaries to NH models. Using the exact solutions for the bulk and
boundary states, we elucidate genuinely NH aspects of the interplay between the bulk and boundary at the phase
transitions.
DOI: 10.1103/PhysRevResearch.2.043046
I. INTRODUCTION

One of the fundamental postulates of quantum mechanics
is the assumption that observables are described by Hermitian operators, which ensures realness of the measured
eigenvalues. This, however, fails to take into account that in
reality systems typically interact with the environment, giving
rise to dissipation and other nonequilibrium phenomena. An
effective approach to describe such open systems is by making use of non-Hermitian (NH) operators. The study of NH
Hamiltonians has in recent years become increasingly popular and finds applications in classical systems, e.g., in optics
[1–11], electric circuits [12–18], and topological mechanical
metamaterials [19–22], and also in quantum systems, such as
quasiparticles with finite lifetimes in heavy-fermion systems
[23–25] and material junctions [26]. Recently, there has been
an increasing focus on studying the topological properties of
such NH systems [27], which have been studied both theoretically [28–54] and experimentally [55–65].
Alleviating the Hermiticity condition may introduce effects
that, at first glance, seem surprising or unintuitive, such as the
possible breakdown of the conventional bulk-boundary correspondence (BBC) [30–38]. This phenomenon is accompanied
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by the so-called NH skin effect, which refers to the piling up
of bulk states at the boundaries [37], as well as the appearance of exceptional points (EPs), which are degeneracies at
which the geometric multiplicity is smaller than the algebraic
multiplicity, whose order scales with system size [38]. The
breakdown of the conventional BBC as well as the emergence of the NH skin effect has been experimentally verified
in mechanical systems [20,21], topoelectrical circuits [16],
and optical [61] systems. This phenomenology has also been
suggested to be of practical use in sensors whose sensitivity
increases exponentially with the size of the system [66].
Crucially, when the conventional BBC is broken, it is no
longer possible to directly use topological invariants derived
from the Bloch Hamiltonian to characterize the topological
phase of the system or to predict the presence of boundary
states. In Refs. [30,31] several of the authors of this work
proposed an alternative BBC to remedy this breakdown called
the biorthogonal bulk-boundary correspondence, which finds
its basis in biorthogonal quantum mechanics [67]. Explicitly
using the fact that the left and right eigenstates of an NH
Hamiltonian are generally different and nonorthogonal, the
biorthogonal BBC considers the combination of these eigenstates to accurately predict the localization of boundary modes
as well as gap closings in the open-boundary-condition (OBC)
spectrum [30].
Indeed, one of the central results of Ref. [30] is the introduction of the biorthogonal polarization

1
ˆ n |ψR ,
P = 1 − lim
ψL |
n
(1)
N→∞ N
n
ˆ n is the projection operator onto the nth unit cell of
where 
the lattice with OBCs, N is the total number of unit cells,
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anisotropic SSH chain in Sec. III. Last, we conclude with a
discussion in Sec. IV.
II. THE BIORTHOGONAL POLARIZATION

In this section, we define, generalize, and discuss the properties of the biorthogonal polarization, which was originally
introduced in Ref. [30] for quasi-one-dimensional models
with a maximum of one boundary state on each boundary [see Eq. (1)]. We note that throughout this section
we assume models with OBCs, where the boundaries have
codimension 1.
A. Basic properties of the biorthogonal polarization

We define the following generalized biorthogonal polarization operator:
N
1  ˆ
n n ,
N→∞ N
n=1

P̂ = 1l − lim
FIG. 1. Hamiltonian for (a) the two-leg ladder, (b) the anisotropic
SSH chain, and (c) the Lee model. The differently colored sites refer
to different sublattice sites.

and ψL and ψR are the left and right eigenstates, respectively,
of the boundary mode. This predicts the presence (P = 1)
or absence (P = 0) of a boundary mode on each boundary
in quasi-one-dimensional systems, i.e., systems with OBCs
in one direction, and can thus be interpreted as a realspace invariant. In this paper, we generalize this quantity to
quasi-one-dimensional systems with any number of boundary
modes and show with an example that its value corresponds
exactly to the number of boundary modes on the boundaries.
Additionally, we show that the polarization is invariant under
gauge transformations as well as unitary transformations that
are local, thus corroborating the invariance of the polarization.
We also present a study of the OBC properties of the
anisotropic Su-Schrieffer-Heeger (SSH) chain [see Fig. 1(b)]
by studying the gap closings, which so far mainly have been
studied numerically, as well as analytical solutions for all
the bulk states. By making use of analytical results from
Refs. [30,38] for the periodic-boundary-condition (PBC) and
OBC cases, we study the behaviors of the band-gap closing in
the PBC and OBC spectra and find that they scale differently
with system size. Additionally, we show that the method in
Ref. [69] for finding all bulk-state solutions analytically can
be extended to the NH realm. Whereas in Hermitian systems
this method relies on a spectral mirror symmetry in the Bloch
spectrum relating the eigenvalues at k to the eigenvalues at
−k, here, we find that this symmetry needs to be present only
in the OBC spectrum, i.e., EOBC (k) = EOBC (−k), whereas it
may be absent in the Bloch spectrum. By taking a closer look
at these solutions at the gap closings, we can show that they
are equivalent to the boundary states up to a twist, similar to
what was done in Ref. [68], thus proving that the gap, indeed,
disappears.
This paper is organized as follows: In Sec. II, we introduce the generalized biorthogonal polarization and discuss its
properties. This is followed by a thorough study of the

(2)

where 
N is the total number of unit cells in the system and
†
ˆ n = m |enm enm |, with |enm  ≡ cnm
|0, is a projection op
erator that projects onto the nth unit cell with m labeling the
internal degrees of freedom inside the unit cell n. From this
we define the biorthogonal polarization P as
P = tr[Pαβ ],

(3)

where the trace is over the matrix Pαβ with matrix elements
Pαβ = ψαL |P̂|ψβR ,

(4)

where |ψαR/L  labels the right/left boundary modes. For a
system with M edge modes, we thus find
 N

M

1 
ˆ
P = M − lim
ψαL |
nn |ψαR ,
(5)
N→∞ N
α=1
n=1
where we see immediately that we retrieve Eq. (1) for M = 1.
The biorthogonal polarization P takes integer values P ∈
Z. This was explained in Ref. [30], and we summarize the
argument here for the sake of completion. Assume a lattice
model with a broken unit cell at one of the boundaries, by
which we mean a model where the unit cell at one end of
the chain misses one or more sublattice sites, such that each
boundary state contained in M always exists regardless of
the choice of parameters [70], where the parameter choices
determine the boundary on which the state is localized. Additionally, assume that the boundary states are chosen in such a
way that they are biorthogonal to each other, i.e.,
ψαL |ψβR  = δαβ ψαL |ψαR  = δαβ .

(6)

Let us focus on what happens when a boundary state is localized to unit cell n = 1. In this case, the limit in Eq. (5) goes
to zero. Similarly, if the state is localized to unit cell n = N,
the limit goes to 1. Therefore, each localized state contributes
either a 0 or a 1 to P, and P must thus be quantized.
Another consequence of the above explanation is that the
biorthogonal polarization P of a system with a broken unit
cell tells us how many of the boundary states in the system
are localized to the boundary at n = 1 (while M − P tells us
how many boundary states are localized at n = N). Crucially,
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P is also a relevant quantity for systems without a broken unit
cell. In this case, one can think of the lattice as having mirror
symmetry up to local permutations of the internal degrees of
freedom in a unit cell, such that each boundary state localized
to n = 1 has a “mirror-symmetric” partner localized to n = N.
In other words, this means that if one finds p boundary states
on the boundary n = 1 (n = N) in the case of a lattice with
a broken unit cell, one would find p (zero) boundary states
on both boundaries in the case of unbroken unit cells. Therefore, for a lattice with no broken unit cells, the value of P
corresponds to the total number of boundary states on either
boundary, and P = 0 when there are no boundary states. In
the following, we always assume that the unit cell is unbroken
unless otherwise specified.
To illustrate this in more detail, we consider the example
of a two-leg ladder, as shown in Fig. 1(a). The Hamiltonian
reads
H = HH + HAH ,
with
HH = t1





†
cn,l,A
cn,l,B + t2

+ t2



†
cn+1,a,A
cn,a,B

n

n,l

†
cn+1,b,A
cn,b,B

+ t3

n

and
HAH = γ

(7)



†
cn,a,A
cn,b,B + H.c. (8)

n


†
[cn,l,A
cn,l,B − H.c.],

(9)

n,l
†
where cn,l,α
(cn,l,α ) creates (annihilates) a state at sublattice α ∈ {A, B} in unit cell n with channel l = a, b. When
t3 = 0, we obtain two decoupled anisotropic SSH chains [see
Fig. 1(b)]. We note that HH is Hermitian and that HAH is antiHermitian, such that the Hamiltonian H is non-Hermitian. As
each individual SSH chain may host at most one end mode
at each end, we may find two, one, or zero end modes on
each of the boundaries of the two-leg ladder depending on the
choice of parameters. In Figs. 2(a) and 2(b), we plot the band
spectrum and the biorthogonal polarization, respectively, for
different system sizes. We see that the number of end modes
varies as a function of t1 , where P [see Fig. 2(b)] accurately
predicts the number of zero-energy end states in accordance
with Fig. 2(a). Indeed, the biorthogonal polarization jumps at
those values of t1 at which the band gap closes. We note that
the biorthogonal polarization approaches a step function as we
increase the system size as advertised.

B. Properties of the biorthogonal polarization

Here, we discuss several interesting properties of the
biorthogonal polarization. First, P is gauge invariant: Assuming that the edge modes |φα,R  are degenerate and that there is
an invertible matrix V such that

|ψαR  =
|φα R Vα α
(10)
α

and that both φ and ψ are normalized according to
ψαL |ψβR  = φαL |φβR  = δαβ ,

(11)

FIG. 2. (a) Absolute value of the energy eigenvalues and (b) the
biorthogonal polarization for the two-leg ladder [see Fig. 1(a)] with
t2 = 3, t2 = 1, t3 = 0.1, and γ = 0.5. The eigenvalues are computed
for N = 80 unit cells, and the polarization is computed for the values
N = 20 (blue solid line), 60 (red dashed line), and 100 (black dashdotted line) unit cells.

the corresponding left eigenvector can be written as

−1
ψαL | =
Vαα
 φα  L |,

(12)

α

−1
−1
where Vαα
]αα . This gives
 ≡ [V


M

1 
ˆ n |ψαR 
ψαL |
n
N α=1
n


M

1 
−1
ˆ
V φβL |
nn |φγ R Vγ α
=
N α,β,γ =1 αβ
n


M

1 
ˆ n |φβR ,
=
φβL |
n
N β=1
n

(13)

and we thus find that the polarization is invariant under the
change of basis. This is an important characteristic of P because it means that regardless of the choice one makes for
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representing |ψαR/L , one would always find the same result
for P.
Another interesting property of the biorthogonal polarization is that it is invariant under unitary transformations of the
Hamiltonian that are local in the sense that they act locally on
all unit cells in the same way. Indeed, suppose that we have
two Hamiltonians H and H̃ that are related via
H̃ = UN† HUN ,

(14)

where UN is a unitary operator of the form UN = 1lN ⊗ U , with
1lN being the N-dimensional identity matrix and U being a d ×
d matrix, where d is the total number of degrees of freedom
in a unit cell in the system described by H. Next, suppose
|ψR/L  is the right/left eigenvector of H with eigenvalue E ;
then U † |ψR/L  is a right/left eigenvector of H̃ with eigenvalue
E . This means that the biorthogonal polarization P̃ of H̃ is
given by
M

1 
ˆ nU † |ψR,α ,
ψL,α |U
n
N→∞ N
n
α=1

P̃ = M − lim

(15)

ˆ n projects the states onto unit cell n such that it can
where 
ˆ n = Jn ⊗ 1ld , where Jn is an N-dimensional
be written as 
matrix with zeros everywhere except at position (n, n), where
ˆ n have the same block structure,
we have a 1. Since UN and 
they must commute, and therefore,
P̃ = P.

III. BULK STATES AND GAP CLOSINGS

In this section, we study the anisotropic SSH chain in more
detail through explicit analytical solutions. It was previously
shown that this model breaks conventional BBC and thus
displays a spectral instability as well as the non-Hermitian
skin effect [30,37]. Here, we make use of analytical solutions
to study the gap closings of the spectrum in more detail.
Additionally, we show that the method developed in Ref. [69]
for finding all bulk states in the presence of a spectral mirror
symmetry can be generalized to this NH model.
A. Closing of the energy gap

We consider the Bloch Hamiltonian for the anisotropic
SSH chain in Eq. (17) with the energy eigenvalues

E±PBC (k) = ± t12 + t22 − γ 2 + 2t1t2 cos(k) + 2it2 γ sin(k)
(21)
and (unnormalized) eigenstates
ψR,± (k) =
ψL,± (k) =

(16)

The biorthogonal polarization is thus indeed invariant under
this type of unitary transformation. To illustrate the implications of this equality, we consider the anisotropic SSH chain
[30] and the Lee model [35] shown in Figs. 1(b) and 1(c),
respectively. These two models have the following Bloch
Hamiltonians:
SSH
HBloch
= (t1 + t2 cos k, t2 sin k + iγ , 0) · σ,
Lee
HBloch

discussed in more detail in the next section, are also relevant
for Lee’s model.

= (t1 + t2 cos k, 0, t2 sin k + iγ ) · σ,

Lee
SSH
HBloch
= U † HBloch
U,

(18)

where U is given by
1 1 i 
U =√
.
(19)
2 i 1
It is straightforward to show that the Hamiltonians for the
anisotropic SSH chain and the Lee model under OBCs are
also related by a unitary transformation,
HNLee = UN† HNSSHUN ,
HNSSH

(20)
HNLee

where UN is defined as above and
and
are the
OBC Hamiltonians with N unit cells for the NH SSH and
Lee models, respectively. Therefore, the biorthogonal polarizations of these systems are equivalent. A complementary
consequence of the relation in Eq. (20) is that the spectra
of HNSSH and HNLee are identical, while their eigenstates are
equal up to permutations inside the unit cell determined by U .
Therefore, the exact solutions for the zero-energy end states
of the anisotropic SSH chain found in Ref. [30], which are

t1 − γ + t2 e−ik
.
[E±PBC (k)]∗

(22)
(23)

Here, we include the label PBC for the eigenvalues, indicating that if we parametrize k such that k = 2π j/N for j =
0, 1, . . . , N − 1 in E±PBC (k), we find the band spectrum for the
model with PBCs.
Taking OBCs with a broken unit cell at one boundary, we
find that one zero-energy end state appears. In Ref. [30], it is
shown that this end state is captured by the exact solution

(17)

where σ is the vector of Pauli matrices. We immediately see
that these Hamiltonians can be related via

t1 + γ + t2 e−ik
,
E±PBC (k)

|ψR/L  = NR/L

N


†
n
rR/L
cn,A
|0,

(24)

n=1

with NR/L being the normalization and rR/L = (t1 ∓ γ )/t2 .
This end state is delocalized when |rR rL | = 1 [30], which can
also be seen from the biorthogonal polarization in Eq. (1),
where P changes values when |rR rL | = 1. Therefore, we expect the bulk-band gap of the OBC spectrum to close at this
point. To see this, we compute the eigenvalues of the OBC
system from the PBC spectrum by applying a shift in k in the
latter, similar to the shift in Refs. [37,38], i.e.,
√
t1 − γ
,
(25)
k → k − i ln √
t1 + γ
such that the OBC spectrum reads
√
t1 − γ
E±OBC (k) = E±PBC k − i ln √
t1 + γ

√
√
= ± t12 + t22 − γ 2 + 2t2 t1 − γ t1 + γ cos(k).
(26)

We note that |rR rL | = 1 yields t2 = ± t12 − γ 2 for |t1 | >
|γ |, such that E±OBC (k) = 0 for k = 0, π , depending on the
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FIG. 3. The lowest bulk energy bands of the OBC spectrum [see
Eq. (26)] with a broken
value for
√
√ unit cell after taking the absolute
t1 = 1 and (a) t2 = 3/2 and γ = 0.5 and (b) t2 = 5/2 and γ =
1.5. The former case corresponds to the spectrum being real, while
the latter corresponds to the spectrum being complex. Notably, the
spectrum in (b) also exhibits the genuinely non-Hermitian feature of
a nonanalytic (square-root) dispersion.

sign in front of the square
 root. Similarly, when |t1 | < |γ |,
|rR rL | = 1 yields t2 = ± γ 2 − t12 , and we find E±OBC (π /2) =
E±OBC (3π /2)

= 0. This means that the gap closes at these
parameters for k = 0, π or k = π /2 and 3π /2, respectively,
as illustrated in Fig. 3. Furthermore, we see that the PBC
spectrum E±PBC (k) remains gapped for all k when |rR rL | = 1.
This is in full agreement with the previous statement that this
model features a spectral instability [30].
Performing a series expansion of E±OBC (k) at t2 =


± t12 − γ 2 and t2 = ± γ 2 − t12 around the points k = π
and k = π /2, respectively,
√ we find that the gap closes as
Egap ∼ 1/N and Egap ∼ 1/ N, respectively (see the blue lines
in Fig. 4), where Egap is determined by first taking the absolute
value of the energy spectrum and subsequently computing
the smallest energy above zero. The latter result is particularly interesting as this type of scaling typically does not
occur in Hermitian systems, and in this case it happens when
the eigenvalues are complex. We can understand this difference between Hermitian and NH systems by noting that in a
Hermitian system the bulk energies are essentially the same
under PBCs and OBCs up to possible boundary states. Under
PBCs, the energies are periodic functions of k ∼ 1/N and
have Fourier expansions in k. This means that the gap closes
at least as fast as 1/N. This argument clearly fails in the NH
case in the absence of a conventional BBC.

FIG. 4. Energy gap closing Egap , which corresponds to the lowest
nonzero energy bulk band in the absolute value spectrum in the OBC
spectrum with a broken unit cell as a function of N for (a) t22 = t12 −
γ 2 and (b) t22 = γ 2 − t12 . The red dots are analytically computed from
Eq. (26), whereas
√ the blue lines correspond to the lines Egap = t2 π /N
and Egap = t2 π /N in the left and right panels, respectively. We see
that there is good agreement between the actual gap sizes (red dots)
and the approximated result (blue line).

We start by observing that even though the eigenvalues for
the PBC spectrum in Eq. (21) are not symmetric under inversion symmetry, i.e., E±PBC (k) = E±PBC (−k), the eigenvalues
in the case of OBC do display this spectral symmetry, i.e.,
E±OBC (k) = E±OBC (−k), and we should thus be able to adopt
the method developed in Ref. [69] to find the eigenstates
also in this NH setting even in the presence of the NH skin
effect. We note that such a distinction between the PBC and
OBC spectra does not exist in the Hermitian case because the
spectra would be essentially identical.
To find the right eigenstates, we start by considering a
periodic chain with 2N unit cells. From Ref. [69], we know
that the state in the nth unit cell of a Hermitian system reads
R,± (k, n)

(27)

where ψR,± (k) is the eigenstate of the corresponding Bloch
Hamiltonian. We now wish to apply the same idea for NH
systems. Previously, we saw that to obtain correct results in
the OBC case from the PBC solutions, we need to apply a shift
in k [see Eq. (25)]. Applying the same logic here, we make
the following ansatz for the bulk eigenstates of the anisotropic
SSH chain:
n/2
˜ R,± (k, n) = (t1 − γ ) eikn ψ̃R,± (k),
(t1 + γ )n/2

where
B. Exact bulk-state solutions

In Ref. [69], it was shown by some of the authors of this
paper that it is possible to find all bulk-state solutions for
a large family of d-dimensional lattice models with OBCs
when the spectrum has mirror symmetry, i.e., E (k⊥ , k ) =
E (−k⊥ , k ), where k⊥ is the momentum in the direction of the
open boundary and k is the crystal momentum in the periodic
directions. Here, we propose a generalization of this method
to the NH realm by specifically focusing on the anisotropic
SSH chain.

= eikn ψR,± (k),

⎞
⎛
√
t1 + γ −ik
e
+
γ
+
t
t
√
2
⎟
⎜1
t1 − γ
⎟,
ψ̃R,± (k) = ⎜
⎠
⎝
OBC
E± (k)

(28)

(29)

which we obtain by applying the shift in k in Eq. (22).
Next, we assume that all states have zero amplitude on the
B sublattices n = 0 (or, equivalently, n = 2N) and n = N, as
shown in Fig. 5. Upon cutting the chain open by removing
the B sites at n = 0 (n = 2N) and n = N, we end up with two
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FIG. 5. Schematic picture of the periodic chain with A and B
sublattices in red and blue, respectively, and the unit cells labeled
by n depicted with gray ovals. Upon removing the B sublattices in
unit cells n = 0 (n = 2N) and n = N, the periodic chain reduces to
two open chains with A sublattices at their ends.

chains with N unit cells. In the following, we focus on one
chain and imagine that we reattach the B sites at both ends.
Using the spectral mirror symmetry of E±OBC (k) = E±OBC (−k),
we may write the bulk state in the nth unit cell as a superposition of ˜ R,± (k, n) and ˜ R,± (−k, n),
R,Bulk,± (k, n)

= C1 ˜ R,± (k, n) + C2 ˜ R,± (−k, n)
=

(t1 − γ )n/2
[C1 eikn ψ̃R,± (k) + C2 e−ikn ψ̃R,± (−k)], (30)
(t1 + γ )n/2

where k = π j/N, with j = 1, 2, . . . , N − 1, and impose the
boundary condition
R,Bulk,±,B (k, 0)

=

R,Bulk,±,B (k, N )

= 0,

C. Twisted states

(31)

where the label α in R,Bulk,±,α (k, n) refers to the amplitude of
R,Bulk,± (k, n) on sublattice α. The boundary condition leads
to
C2
ψ̃R,±,B (k)
=−
= −1,
C1
ψ̃R,±,B (−k)

are, indeed, eigenstates with energy E±OBC (k). The left eigenstates can be found by making use of the fact that the daggered
Hamiltonian of the anisotropic SSH chain, i.e., (H SSH )† , is
simply obtained by transforming γ → −γ in the Hamiltonian
H SSH , such that these states are found by taking the complex
conjugation of the right states and γ → −γ , as shown in
Appendix A.
We notice that Eq. (33) has two interesting features: First,
we see that its weight explicitly depends on the unit-cell label
n and the bulk sates are thus all localized to a boundary when
t1 , γ = 0, while the states change localization when passing
through t1 = 0 and/or γ = 0.
Second, we notice that the bulk states [and also the shift in
Eq. (25)] are singular when t1 = ±γ . From the Hamiltonian
in Fig. 1(b), we immediately see that at these values of t1 it
is possible to hop in only one direction, and consequently, all
eigenstates are exactly localized at the boundary. Additionally, the bulk spectrum has only two eigenvalues, ±t2 [see
Eq. (26)]. This behavior of the eigenstates and eigenvalues is
associated with the presence of EPs, and indeed, these points
correspond to EPs with an order that scales with system size
[38]. The bulk states thus merge into two different states as
they approach one of the EPs.
A natural question is, What happens with the bulk-state solution in Eq. (33) at these points? We note that an eigenvector
of an operator is determined only up to multiplication by a
scalar, and we show in Appendix B that we can choose a scalar
in such a way that the limit t1 → ±γ exists. We note these
multiplicative factors differ for the two EPs. We then find that
the right and left eigenstates have only nonzero amplitudes at
opposite boundaries [e.g., Eqs. (B5), (B6), (B9), and (B10)],
which means that the states are not normalizable, which is
consistent with the behavior of an EP.

(32)

We will now elucidate and provide physical intuition
by comparing the boundary state to approximate variational
states. We do this by studying what happens with the bulk
states at the gap closings in the spectrum, i.e., at |rR rL | = 1.
To gain further understanding of this, we normalize the bulk
states found in the previous
section for |t1 | > |γ | and t1 + γ >

0 at the point t2 =

such that
R,Bulk,±,α (k, n)

(t1 − γ )n/2 ikn
=
[e ψ̃R,±,α (k) − e−ikn ψ̃R,±,α (−k)]. (33)
(t1 + γ )n/2
We thus make the following ansatz for the (unnormalized)
bulk states:
⎛
⎞
R,Bulk,±,A (k, 1)
⎜
R,Bulk,±,B (k, 1) ⎟
⎜
⎟
⎜
R,Bulk,±,A (k, 2) ⎟
⎜
⎟
⎜
R,Bulk,±,B (k, 2) ⎟,
(34)
R,Bulk,± (k) = ⎜
⎟
..
⎜
⎟
.
⎜
⎟
⎝ R,Bulk,±,B (k, N − 1)⎠
R,Bulk,±,A (k, N )

t12 − γ 2 ,

k 


,
= −16N t12 − γ 2 cos2
2
such that the normalized state takes the form


L,Bulk,± |

|

R,Bulk,± 

R,Bulk,± (k)

=|

twist,A (k)

±|

twist,B (k),

(35)

(36)

where
|

twist,A (k)

N
1   t1 − γ n−1
=√
t2
N n=1
 (2n − 1)k 
†
cn,A
× sin
|0
2

(37)

and

and a straightforward computation of the eigenequation,
H OBC R,Bulk,± (k) = E±OBC (k) R,Bulk,± (k), shows that these
043046-6

|

N−1
1   t1 − γ n
†
(k)
=
sin (nk)cn,B
|0.
√
twist,B
t2
N n=1

(38)
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We note these states are twisted versions of the eigenstates of
the zero-energy mode in Eq. (24) in the sense that while they
have the same amplitude, they also feature an additional phase
that changes along the chain. Indeed, the larger the length of
the chain is, the smaller the local twist becomes. This means
that in the limit of going to infinite system size, the twisted
state has the same energy as the zero-energy state, and they
are thus degenerate.
Therefore, the bulk-band gap must close

when t2 =

t12 − γ 2 . We repeat this calculation for |t1 | < |γ |

and γ + t1 > 0 at the point t2 = γ 2 − t12 in Appendix C and
show that we arrive at the same conclusion.
IV. DISCUSSION

In this paper, we have further expanded the toolbox of
methods for characterizing and finding analytical solutions
in NH systems. Specifically, we generalized the biorthogonal
polarization P first proposed in Ref. [30] to be applicable to
quasi-one-dimensional systems with any number of boundary modes. Crucially, we showed that this generalization is
applicable to models that cannot be described as copies of a
single system. We showed that P is gauge invariant, which
is a crucial property for measurable quantities. Additionally,
we showed that P is invariant under local unitary transformations. As a consequence, the biorthogonal polarizations for
models that are related via the same unitary transformation are
thus equivalent. We emphasize that even though we explicitly
treated one-dimensional examples to study the generalized
biorthogonal polarization, the formalism developed in this
paper works for any model with boundaries of codimension 1, i.e., for any d-dimensional system with boundaries
of d − 1 dimensions. Moreover, we believe that the generalized biorthogonal polarization should be readily further
generalizable to systems with boundaries of higher codimension. Indeed, in Ref. [31], the quantity ψL |n,n ,... |ψR , with
n, n , . . . labeling the unit cells in the different directions, was
shown to accurately capture the presence of corner and hinge
states for lattice models with OBCs in more directions.
We also studied the anisotropic SSH chain in Fig. 1(b)
in great detail. By making use of a shift in k that connects
the PBC and OBC cases to each other [see Eq. (25)], it is
possible to find analytical expressions for the eigenvalues as
already presented in Ref. [38]. Making use of these solutions
for the OBC case, we showed that the finite-size gaps may
close slowly in NH systems compared to Hermitian ones. In
particular, we find Egap ∝ N −1/p , while gap closings in the
Brillouin zone may scale as Egap ∝ (k − k0 )1/p , with p being
some integer. These gap closings are sharper than those in
Hermitian systems, which remain analytic. While we focus
on two-band models in this work, where p  2, this type of
scaling is expected to persist once more bands are considered.
In this context we note, however, that two-band models are
sufficient to study (ordinary) band crossings as these generically occur in a three-dimensional parameter space and that
models with band crossings involving more bands generically
require the tuning of a large number of parameters.
By extending the method in Ref. [69] and making use of the
shift in Eq. (25), we were able to not only find the eigenvalues
but also find closed-form analytical equations for all bulk

states for the anisotropic SSH model with OBCs in addition
to the end state solutions that were already found in Ref. [30].
Making use of these solutions, we were able to prove that the
band gap indeed closes when |rR rL | = 1 [69]. While we here
showed only that this method works for a specific example,
the anisotropic SSH chain, we believe that it should be applicable to a large family of quasi-one-dimensional NH lattice
models with E OBC (k⊥ , k ) = E OBC (−k⊥ , k ), in analogy to
the Hermitian version of this approach [69].
Our analytical results complement a large body of recent
numerical and experimental studies on non-Hermitian systems and offer as such complementary and detailed insights
into an active field of contemporary and cross-disciplinary
physics.
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APPENDIX A: RELATION BETWEEN THE RIGHT
AND LEFT EIGENSTATES

Here, we show that in a system with open boundary
conditions, we can find the left eigenstates from the right
eigenstates by using the fact that the Hamiltonian is symmetric
under Hermitian conjugation and γ → −γ . Therefore, the
left eigenstates are given by the complex-conjugated right
eigenstates with mirrored γ . To see this, suppose that




(A1)
H (γ )ψRn (γ ) = En (γ )ψRn (γ ) .
We wish to find the corresponding left eigenstate |ψLn (γ ),
which we know satisfies




(A2)
H † (γ )ψLn (γ ) = En∗ ψLn (γ ) .
Complex conjugating this equation, letting γ → −γ , and using that we know that H † (−γ ) = H T (−γ ) = H (γ ) and that
Eq. (26) gives us En (−γ ) = En (γ ), we get


∗
∗
(A3)
H (γ )ψLn (−γ ) = En (γ )ψLn (−γ ) ,
and we get

 n   n

ψ (γ ) = ψ (−γ ) ∗ .
L
R

(A4)

For the Bloch Hamiltonian, a slightly different argument
must be used as it not symmetric under Hermitian conjugation
and γ → −γ separately, but rather under the composition
of those. For periodic boundary conditions, we also have
E (k, γ ) = E ∗ (k, −γ ), in contrast to the case for open boundary conditions. The equation for the left eigenstates of the
Bloch Hamiltonian is given by
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†
(k, γ )|ψL (k, γ ) = E ∗ (k, γ )|ψL (k, γ ).
HBloch

(A5)
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Letting γ → −γ , we get
†
HBloch
(k, −γ )|ψL (k, −γ )

and
∗

= E (k, −γ )|ψL (k, −γ ), (A6)

(t1 − γ )(N−n−1)/2
(t1 + γ )(N−n−1)/2
sin(kn)
,
× E±OBC (k)
sin[k(N − 1)]

= − 2i

L,Bulk,±,B (k, n)

which implies
HBloch (k, γ )|ψL (k, −γ ) = E (k, γ )|ψL (k, −γ ),

(A7)

such that
|ψL (k, γ ) = |ψR (k, −γ ).

(A8)

t1 →γ

We study what happens when we approach the exceptional
point at t1 = γ > 0 from t1 > γ . We see that if the right
eigenstates in Eq. (33) are multiplied by
√
t1 + γ 1
(B1)
√
t1 − γ sin(k)
and the left eigenstates are multiplied by
(t1 − γ )(N−1)/2
1
,
(t1 + γ )(N−1)/2 sin[k(N − 1)]

and we get
lim

APPENDIX B: BULK STATES AT THE
EXCEPTIONAL POINTS

(B2)

(B8)

L,Bulk,±,A (k, n)

and
lim

t1 →γ

L,Bulk,±,B (k, n)

=

=


−2it2
0


∓2it2
0

if n = N,
if n < N,

(B9)

if n = N − 1,
if n < N − 1.

(B10)

We note that we need to pick different prefactors for the
eigenstates in order for them to approach the correct states
at the other EP at t1 = −γ but that a similar solution would
be found with the difference that the right and left eigenstates
are now localized to the opposite boundaries.

we find
APPENDIX C: TWISTED STATES

R,Bulk,±,A (k, n)

= 2i

(t1 − γ )
(t1 + γ )(n−1)/2
(n−1)/2

× (t1 + γ )

√
t1 + γ sin[k(n − 1)]
sin(kn)
+ t2 √
sin(k)
t1 − γ
sin(k)

(B3)


For |γ | > |t1 | and t1 + γ > 0 at the point t2 = γ 2 − t12 ,
we instead get


 L,Bulk,± | R,Bulk,±  = 8iN t12 − γ 2 cos(k).
(C1)
We again get

and
(t1 − γ )(n−1)/2 OBC sin(kn)
. (B4)
E
(k)
R,Bulk,±,B (k, n) = 2i
(t1 + γ )(n−1)/2 ±
sin(k)
We see that



lim

t1 →γ

4iγ
2it2
(k,
n)
=
R,Bulk,±,A
0

and
lim

t1 →γ

R,Bulk,±,B (k, n)

=



±2it2
0

if n = 1,
if n = 2,
if n > 2,
if n = 1,
if n > 1.

|

=|

twist,A (k)

(B5)

±|

twist,B (k),

(C2)

1
1
=−√ √
−2i
cos(k)
N
N

1  t1 − γ n−1
×
{sin(kn)
in−1
t2
n=1
†
− i sin[k(n − 1)]}cn,A
|0

(B6)

(C3)

and
|

L,Bulk,±,A (k, n)

twist,B (k)

1 | cos(k)|
= −√
N cos(k)

(t1 − γ )
= −2i
(t1 + γ )(N−n−1)/2
(N−n−1)/2

√
t1 − γ sin[k(n − 1)]
sin(kn)
+ t2 √
sin[k(N − 1)]
t1 + γ sin[k(N − 1)]

twist,A (k)

but in this case, we have
|

In a similar fashion, the corresponding left eigenstates, after
multiplication by the appropriate factor, are given by

× (t1 − γ )

R,Bulk,± (k)

N−1

n=1

(−i)n

 t − γ n
1
†
sin (nk)cn,B
|0.
t2
(C4)

(B7)

The states are not as nice as in the point t22 = t12 − γ 2 , but
one can still see that they are sums of trigonometric functions
that one can interpret as a slow change in phase.
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