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COMPUTATIONAL DETAILS
We report here on technical details for the calculations presented in the main text. We start by presenting the
methodological approach utilized in the main text that is based on time-dependent density functional theory
(TDDFT). All DFT calculations were performed using the real-space grid-based code, octopus [1–3]. The Kohn
Sham (KS) equations were discretized on a Cartesian grid with the shape of the primitive lattice cell in each
material system, where atomic geometries and lattice parameters were taken at the experimental values.
Calculations were performed using the local density approximation (LDA), and in some cases also using the
Perdew–Burke–Ernzerhof (PBE) exchange-correlation (XC) functional [4]. Spin degrees of freedom and spinorbit couplings were neglected. The frozen core approximation was used for inner core bands which were
treated with norm-conserving pseudopotentials [5]. The KS equations were solved to self-consistency with a
tolerance <10-7 Hartree, and the grid spacing was converged in each material system to Δx=Δy=Δz=0.33 Bohr
in diamond, 0.35 Bohr in Si, 0.3 bohr in MgO, 0.4 Bohr in monolayer hBN, and 0.4 Bohr in graphene. We
employed a Γ-centered k-grid in each system, which converged the time-dependent current expectation value:
36×36×36 k-grid in diamond, 24×24×24 k-grid in Si, 32×32×32 k-grid in MgO, 36×36×1 k-grid in monolayer
hBN, and 120×120×1 k-grid in graphene.
For TDDFT calculations, we solved the time-dependent KS equations within the adiabatic approximation,
represented in real-space and in the velocity gauge, given in atomic units by:
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where |𝜑𝑛,𝑘
(𝑡)⟩ is the KS-Bloch state at k-point k and band n, 𝐀(𝑡) is the vector potential of the laser electric
field within the dipole approximation, such that −𝜕𝑡 𝐀(𝑡) = 𝑐𝐄(𝑡), c is the speed of light in atomic units
(c≈137.036), and 𝑣𝐾𝑆 (𝐫, 𝑡) is the time-dependent KS potential given by:
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where 𝑍𝐼 is the charge of the I’th nuclei and 𝐑 𝐼 is its coordinate, 𝑣𝑋𝐶 is the XC potential that is a functional of
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(𝑡)⟩| , the time-dependent electron density. The KS wave functions were propagated with a
time step of Δt=0.2 a.u. which converged the time-dependent current in all material systems within the LDA.
For TD-PBE calculations a time step of 0.08 a.u. was used. The initial state was taken to be the system’s ground
state. The propagator was represented by a Lanczos expansion.
For the independent particle approximation (IPA) calculations, the same methodology was utilized but
where the KS potential was kept frozen to its initial form such that 𝑣𝐾𝑆 [𝑛(𝐫, 𝑡)] ≡ 𝑣𝐾𝑆 [𝑛(𝐫, 𝑡 = 0)].
For the two-dimensional systems of monolayer hBN and graphene, we added additional vacuum spacing
above and below the monolayer of 40 Bohr in each direction of the non-periodic axis, and absorbing boundaries
were employed along this axis with a width of 12 Bohr.
The time-dependent current expectation value was calculated directly from the time-dependent KS states
as:

1

𝐉(𝑡) =

1
∫ 𝑑 3 𝑟 𝐣(𝐫, 𝑡)
Ω Ω

(3)

where 𝐣(𝐫, 𝑡) is the microscopic time-dependent current density:
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, and Ω represents the volume integral over the primitive cell (for 2D materials the volume is calculated with a
width of 4 Bohr along the axis transverse to the monolayer). The photocurrent was calculated as 𝐈 = 𝐉(𝑡 → ∞)
when the laser pulse has ended for 3D systems, and averaged over one laser cycle after the pulse ends for 2D
systems (to remove oscillations due to superposition states). Note that within real-time KS-TDDFT the timedependent KS states remain fully occupied and are comprised of a superposition of the field-free eigenstates of
the system. For results presented in the SI, the harmonic spectrum was calculated as the Fourier transform of
the first derivative of the current:
𝐼(𝜔) = |∫ 𝑑𝑡 𝜕𝑡 𝐉(𝑡)𝑒
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, which was evaluated numerically with an 8’th order finite-difference approximation for the temporal
derivative, and fast Fourier transforms.
Band and k-point occupations were computed by calculating the projections of the time-dependent KS states
on the field-free states at t=0. For Figures 3(a,b) in the main text, the occupations were integrated in k-space
and normalized to the density of states at each k-point, g(k).
The envelope function of the employed laser pulse, f(t), was taken to be of the following ‘super-sine’
form [6]:
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where σ=0.75, Tp is the duration of the laser pulse which was taken to be Tp=8T (unless stated otherwise), where
T is a single cycle of the fundamental carrier frequency. This form is roughly analogous to a super-gaussian
pulse, but where the field starts and ends exactly at 0 which is more convenient numerically.
ADDITIONAL RESULTS IN DIAMOND
We present here additional results complementary to those presented in the main text. First, we show that the
photocurrents arise even when utilizing a PBE XC functional, and similarly to the TD-LDA calculations
presented in the main text, they do not decay over the timescale of the simulation. Figure S1(a) shows the timedependent current expectation value calculated in diamond with PBE XC. The current arises only along the yaxis transverse to the field’s mirror plane and remains constant in time even long after the pulse has ended. This
supports the conclusions in the main text that the excited current-carrying state is an eigenstate of the manybody system and will only decay via radiative or scattering channels that are not included in our simulation.
Next, Fig. S1(b) shows the calculated time-dependent current expectation value driven in a diamond lattice
within the (110) planes (unlike figures in the main text that present currents driven in the (111) planes). The
(110) planes have a local four-fold symmetry that is different than that in the (111) planes. Still, the current
arises along the field’s y-axis, demonstrating similar control over the current direction. This supports the
conclusion that the current generation mechanism is largely unaffected by the local lattice structure and
symmetry.
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FIG. S1. Additional calculations of photocurrents in diamond. (a) Time-dependent current expectation value calculated using PBE XC,
showing results similar to those obtained within the LDA (for laser parameters λ=1200nm, Δ=√3, I0=7.5×1012 W/cm2). (b) Timedependent current expectation value calculated where E(t) is polarized in the diamond (110) planes, showing that that the photocurrent
is still directed along the field’s y-axis regardless of the different local symmetry compared to the (111) planes (calculated for similar
laser parameters as in (a), except that Δ=1). Arrows indicate the residual photocurrent. The current is given in 10-3 atomic units.
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We next show that these currents are CEP-independent, just as one would expect for long-duration pulses.
Fig. S2 shows calculated photocurrent amplitudes in diamond vs. the CEP for the same pulse durations as
presented in the main text in Fig. 4(c). The resulting photocurrents are CEP-independent. This result further
highlights that different physical effects come into play in higher laser powers, as discussed in the main text.
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FIG. S2. CEP-independence of photocurrents in diamond for laser powers smaller than 1013 W/cm2. Driven photocurrent amplitudes in
diamond (111) planes vs. the CEP (calculated for λ=1200nm, Δ=√2, I0=7.5×1012 W/cm2 and 8-cycle long laser pulses). The current is
given in 10-3 atomic units.

Lastly, we explore deviations from the IPA for strongly-driven diamond in the regime of laser powers above
1013 W/cm2. Results in the main text (Fig. 4(b)) showed that there are considerable deviations in the obtained
photocurrents upon inclusion/exclusion of dynamical electron-electron interactions (up to 20%), as well as an
onset of x-polarized photocurrents. We show here that in these conditions similar effects arise in the HHG
emission. In this case deviations are even larger and can reach values of 100% for some harmonics, indicating
the breakdown of the IPA. Figure S3(a) presents the calculated HHG spectra in this regime from the co-circular
ω-2ω field for I0=5×1013 W/cm2, showing these extreme deviations. Figure S3(b) shows that when averaged
over the first 60 harmonic orders, these deviations increase in correspondence with the laser power, similar to
the photocurrent deviations. Overall, this further validates the onset of strong laser-induced many-body effects
in this intense regime.
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FIG. S3. Breakdown of the IPA in strongly-driven diamond in the HHG spectrum. (a) Calculated HHG spectra (log scale) within the
IPA and full TDDFT calculation for λ=1200nm, Δ=√3, I0=5×1013 W/cm2. Gray lines indicate positions of integer harmonic orders for
this wavelength. The plot shows that considerable deviations arise in the HHG power in this regime due to dynamical correlations. (b)
Average deviation in harmonic power between the full TDDFT calculation and the IPA vs. the laser power (averaged over first 60
harmonics).

ADDITIONAL RESULTS IN OTHER SYSTEMS
We present additional results of photocurrent excitation in other material systems. We start by exploring several
three-dimensional bulk solids. Figure S4 presents calculated time-dependent photocurrents in Si (in the (111)
planes), and MgO (in the (111) planes), after interaction with intense co-circular ω-2ω pulses. These results are
analogous to those presented in the main text for diamond and highlight that the photocurrent and its generation
mechanism is largely independent of the material system and its chemical and physical properties. In particular,
the current is always observed transverse to the field’s mirror axis, and is generated even though the laser pulses
are of long duration and have photon energies much smaller than the band gap in each case.
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FIG. S4. Calculations of photocurrents in Si and MgO. (a) Time-dependent current expectation value in Si (for laser parameters
λ=2500nm, Δ=1, I0=1012 W/cm2). (b) Time-dependent current expectation value in MgO (for laser parameters λ=1200nm, Δ=1,
I0=5×1012 W/cm2). Arrows indicate the residual photocurrent. The current is given in 10-3 atomic units.

We next investigate photocurrents in two-dimensional systems. Figure S5 presents investigation of
photocurrent generation in monolayer hBN where the field is polarized within the monolayer (xy plane). Figure
S5(a) shows that similar photocurrents arise, and that they are transverse to the field’s mirror axis. We note that
this occurs even though hBN monolayers lack inversion symmetry. Figure S5(b) shows the k-space occupations
of the CB after the laser pulse has ended, clearly indicating that there is no k-inversion symmetry (i.e. a residual
current is generated). Notably, in this case no symmetries remain in the k-space occupations, but the current is
still mainly polarized along the y-axis, indicating that its directionality is largely determined by the field’s
properties rather than those of the material system. We also note that, as expected, the occupations of the K and
K’ valleys are now asymmetric, allowing for a mechanism to generate valley polarization. This is in accordance
with similar results presented with counter-rotating bi-circular fields [7].
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FIG. S5. Photocurrent generation in monolayer hBN. (a) Time-dependent current expectation value calculated for λ=2500nm, Δ=√2,
I0=1012 W/cm2). Arrow and dashed line indicate the residual photocurrent. (b) CB occupations in k-space after the pulse has ended
showing an asymmetric occupation pattern around the K and K’ points. The current is given in 10-3 atomic units.

We move on to graphene, which is a hexagonal Dirac semi-metal with band touching at the K and K’ points.
Previous theoretical and experimental work showed that one can generate strongly-driven photocurrents in
graphene with monochromatic few-cycle laser pulses [8–11]. Figure S6 explores current injection from the corotating ω-2ω field, showing that similar effects occur in the long-pulse regime (the field is polarized within the
graphene sheet). This effect is seen both for shorter wavelengths (1200-600nm, see Fig. S6(a,b)), and for much
longer wavelengths in the THz regime (2500-1250nm, see Fig. S6(c,d)). We note that for all tested wavelengths
the k-space occupations exhibit an exact mirror symmetry, in accordance with the formal analysis presented in
the main text (and because graphene is inversion-symmetric). Thus, the total populations of the K and K’ valleys
are identical and connected through a mirror symmetry, which is mediated by the generalized time-reversal
symmetry of the ω-2ω co-rotating field. Nonetheless, photocurrents arise because the occupation patterns are
extremely asymmetric between the K and K’ valleys (this is also evident locally in the region near each K and
the K’ band touching point).
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FIG. S6. Photocurrent generation in graphene. (a) Time-dependent current expectation value calculated for λ=1200nm, Δ=√2, I0=1011
W/cm2). (b) CB occupations in k-space after the pulse has ended corresponding to the parameters in (a). (c,d) Same as in (a,b), but for
λ=2500nm. Arrows and dashed lines indicate the residual photocurrents. White dashed lines mark a mirror symmetry for k-space
occupations that connects the K and K’ points, and forbids x-polarized photocurrents. The current is given in 10-3 atomic units.
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