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We study a self-interacting scalar field theory coupled to gravity and are interested in spherically
symmetric solutions with a regular origin surrounded by a horizon. For a scalar potential containing a
barrier, and using the most general spherically symmetric ansatz, we show that in addition to the known
static, oscillating solutions discussed earlier in the literature there exist new classes of solutions which
appear in the strong field case. For these solutions the spatial sphere shrinks either beyond the horizon,
implying a collapsing universe outside of the cosmological horizon, or it shrinks already inside of the
horizon, implying the existence of a black hole surrounding the scalar lump in all directions. Crucial for
the existence of all such solutions is the presence of a scalar field potential with a barrier that satisfies the
swampland conjectures.
DOI: 10.1103/PhysRevD.104.044007

I. INTRODUCTION
Scalar fields play an important role in modeling and
explaining various phenomena in cosmology: for example,
they are essential in many models of inflation, ekpyrosis,
modified gravity or quintessence, for reviews see, e.g.,
[1–3]. Thus it is of evident interest to study the possible
solutions that arise in the presence of scalar fields. For this,
the shape of their potential is crucial. As has been
extensively discussed in recent years, there may exist
significant restrictions (within the framework of the
swampland conjectures [4–6]) on scalar potentials stemming from the embedding into quantum gravity. Also, in
the presence of horizons no hair theorems have been
investigated that put constraints on the existence of nontrivial scalar field configurations.
In particular, it was shown by Torii et al. [7] that static
spherically symmetric solutions with nontrivial scalar field
configurations in asymptotically de Sitter spacetime cannot
exist when the potential is convex. However, for nonconvex
potentials, nontrivial solutions do exit. The examples given
in [7] were for double well potentials, with the minima
located at positive values of the potential. The analysis
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of [7] was restricted by the use of Schwarzschild like
coordinates, in which the size of the 2-spheres in the metric
increases linearly with the radial coordinate. Meanwhile,
experience with Einstein-Yang-Mills solutions with nonzero cosmological constant shows [8] that for some
parameter values of the theory Schwarzschild like coordinates cannot be used and one needs to use a different
gauge, in which the size of the 2-spheres is a (possibly
nonmonotonic) function of the radial coordinate. We
encounter the same situation here, for a model of a selfinteracting scalar coupled to gravity. We find that
Schwarzschild like coordinates are applicable only in a
small range of the parameter space of the theory and, with
a more appropriate gauge, new classes of solutions exist for
a vastly increased parameter range. These new solutions
have a regular origin, which may be identified as the centre
of a scalar lump, and develop a horizon at some radius. The
transverse 2-spheres can either grow monotonically or turn
around at some distance from the origin. This turnaround
can occur either beyond the horizon or even before the
horizon is reached. In all cases, the turnaround is associated
with a nontrivial oscillation of the scalar field across a
potential barrier, and thus it is appropriate to think of the
size of the lump as extending to just beyond the turnaround
radius. Beyond the turnaround the 2-sphere radii keep
shrinking until a spacetime singularity is reached. The
singularity is always located behind the horizon.
In [7] an inequality on the parameters of the potential
was derived, and it was conjectured that for potentials
satisfying the inequality, scalar lump solutions with an
asymptotic de Sitter region always exist. As alluded to
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before, we will demonstrate that such solutions only make
up a small part of the parameter space satisfying the
inequality just mentioned. The largest part consists of
the new solutions in which the transverse space starts
shrinking again beyond an extremal radius. At least in a
heuristic sense, the new turnaround solutions are therefore
generic, provided the potential contains an appropriate
barrier. In this context it is fitting to remark that the Higgs
potential contains at least one (probably two) barriers,
offering the prospect that our solutions may have some
cosmological relevance.
The plan of this paper is as follows: we present our
model in Sec. II and discuss a number of its properties that
are of relevance to us in Sec. III. The solutions themselves
have to be found numerically; we present these solutions in
Sec. IV, and elaborate on their causal structure in Sec. V.
Finally, we end with a discussion of the features and
possible applications of the solutions in Sec. VI.
II. ANSATZ AND FIELD EQUATIONS
Let us consider a self-interacting scalar field theory
minimally coupled to gravity, with action


Z
1 μν
4 pﬃﬃﬃﬃﬃﬃ 1
S ¼ d x −g
R − g ∂ μ φ∂ ν φ − VðφÞ ; ð1Þ
2κ
2
where κ ¼ 8πG. Later we will specialize to a double well
potential, but for now we will leave the potential general.
In what follows we will assume spherical symmetry.
A general static, spherically symmetric metric can be
written as [9]
2

ds ¼ −fðrÞe

2δðrÞ

dr2
þ R2 ðrÞdΩ22 ;
dt þ
fðrÞ
2

dr2
þ r2 dΩ22 :
fðrÞ

ð4Þ

 0

R f 0 0 1 ∂V
φ ¼− 2 þ
;
φ þ
f ∂φ
R f
00

f 00 ¼ −2

ð5Þ

R0 0
f − 2κV;
R

ð6Þ

κ
R00 ¼ − Rφ02 ;
2

ð7Þ

while the constraint equation reads


0
R02
1
1 02
0R
f 2 þf
¼
þ κ fφ − V ;
2
R R2
R

ð8Þ

with primes denoting derivatives with respect to r.
In this article we will be interested in solutions with a
regular origin at R ¼ 0, i.e., we will assume that fð0Þ ≠ 0.
By rescaling both fðrÞ and our coordinates we may choose
without loss of generality fð0Þ ¼ 1. Then we can expand
the solution close to a putative regular origin, thus
obtaining the first few terms of a Taylor series,


V 0 ðφ0 Þ 2
κVðφ0 Þ V 00 ðφ0 Þ 4
0
φðrÞ ¼ φ0 þ
r þ V ðφ0 Þ
þ
r
6
36
120
þ Oðr6 Þ;

ð2Þ

ð9Þ

κVðφ0 Þ 2 κV 0 ðφ0 Þ2 4
r −
r þ Oðr6 Þ;
3
60

RðrÞ ¼ r −

κV 0 ðφ0 Þ2 5
r þ Oðr7 Þ;
360

ð10Þ
ð11Þ

where φ0 is a free parameter.
As we will demonstrate in what follows, when the
potential is positive solutions develop a horizon at some
r ¼ rh , where fðrh Þ ¼ 0. Close to the horizon one finds a
3-parameter family of regular solutions, with expansion
φðρÞ ¼ φh þ

V 0 ðφh Þ
V 0 ðφh Þ½2κVðφh Þ þ V 00 ðφh Þ 2
ρ
þ
ρ
f 0h
4f 0h 2

þ Oðρ3 Þ;

ð3Þ

Note that it is only possible to choose this gauge if the size
of the 2-spheres RðrÞ is a monotonic function of r, i.e.,
dR=dr ≠ 0. If however a solution develops a turning point
dR=dr ¼ 0 and R becomes multivalued, Schwarzschild
gauge is not appropriate anymore and instead we can use,
e.g., δ ≡ 0 gauge,

dr2
þ R2 ðrÞdΩ22 :
fðrÞ

The field equations in this gauge are given by

fðrÞ ¼ 1 −

where f, δ, and R are functions of the radial coordinate r
and dΩ22 ¼ dθ2 þ sin2 ðθÞdϕ2 is the metric of the unit
2-sphere. Across a horizon (fðrÞ ¼ 0) the “radial” coordinate r becomes timelike and t in turn becomes spacelike,
as is familiar from black hole solutions. Within the ansatz
(2) we are still free to perform coordinate transformation
which respect spherical symmetry. This allows, e.g., the
common choice RðrÞ ≡ r, which we will refer to as
Schwarzschild gauge,
ds2 ¼ −fðrÞe2δðrÞ dt2 þ

ds2 ¼ −fðrÞdt2 þ

fðρÞ ¼ f 0h ρ −
RðρÞ ¼ Rh þ
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ð12Þ
1 2
ρ þ Oðρ3 Þ;
R2h

ð13Þ

1 − κR2h Vðφh Þ
κR V 0 ðφ Þ2
ρ − h 0 2 h ρ2 þ Oðρ3 Þ;
0
f h Rh
4f h
ð14Þ

PHYS. REV. D 104, 044007 (2021)

SCALAR LUMPS WITH A HORIZON
where ρ ¼ r − rh and f 0h ; φh and Rh are the three free
parameters.
III. ANALYTIC CONSIDERATIONS
In order to be able to compare our results with [7] we will
explore a quartic scalar field potential
g
Λ
VðφÞ ¼ ðφ2 − v2 Þ2 þ :
4
κ

fðrÞ ¼ 1 −

Λ 2
r;
3

ð16Þ

and when the scalar field sits on top of the potential, φ ≡ 0,
the effective cosmological constant is Λ plus the height of
the potential barrier,
Λeff ¼ Λ þ

κgv4
:
4

1
RðrÞ ¼ pﬃﬃﬃﬃ ;
Λ

φ ¼ v;

ð18Þ

fðrÞ ¼ 1 − Λr2 :

ð19Þ

In this limit the spacetime has become a direct product of
dS2 and S2 , and the metric can also be written as
ds2 ¼

1
ð−dt̃2 þ cosh2 ðt̃Þdx2 þ dΩ22 Þ:
Λ

ð20Þ

There are some curious features to this limit, in particular
the fact that the spheres are of constant radius everywhere,
which appears as a discontinuous feature of the limit
compared to the standard de Sitter metric (16). This
characteristic suggests that it may not always be appropriate to choose the Schwarzschild gauge where RðrÞ ¼ r.
In the presence of a scalar field this function may turn
around and cease to be monotonic. This is implied very
clearly by the equation of motion for R, which we repeat
here for convenience
κ
R00 ¼ − Rϕ02 :
2

ð17Þ

In [7] numerical solutions were presented in which the
scalar field interpolates across the potential barrier. In
particular it was shown that the rescaled coupling constant
λ needs to be large enough (together with a condition on the
allowed range of v) in order for such oscillating solutions to
exist. More precisely, it was shown that the existence of
solutions depends on the desired number n of scalar field
interpolations. For n interpolations, an analytic argument
was presented showing that λ needs to be larger than the
critical value

2nð2n þ 3Þ
:
3v2cr − 4πnð2n þ 3Þv4cr

Our numerical investigations have confirmed the existence
of these solutions, but also show (as will be demonstrated
explicitly below) that for a larger critical value λ ðvÞ the
function RðrÞ becomes flat and solutions approach the
well-known Nariai [10] solution at large r,

ð15Þ

pﬃﬃﬃﬃ
pﬃﬃﬃﬃ
A simple
rescaling
of
the
coordinates
t
→
Λ
t;r
→
Λr;
pﬃﬃﬃﬃ
R → ΛR and of the scalar field potential V → V=Λ shows
that solutions depend only on the ratio λ ¼ Λg , plus on the
value of v (cf. [7]). A graph of this potential is provided
in Fig. 1.
When the scalar field is nondynamical one finds the
usual de Sitter solution, assuming Λ > 0. Namely when
φ ¼ v, one finds
RðrÞ ¼ r;

λcr ¼

ð21Þ

A nontrivial scalar field may thus induce a turn in R, and
we can see that a nontrivial scalar field profile may achieve
a turn not simply in one go, but from successive contributions from regions where the scalar gradient is substantial. This reasoning suggests that new classes of solutions
ought to exist at sufficiently large λ, in which R turns
around. The above equation also implies that although R
may take a maximum value, a minimum (and thus also the
presence of more than one maximum) is excluded. We are
now ready to present our numerical results which confirm
these expectations.

0.08
0.06

IV. NUMERICAL RESULTS

V( )

0.04
0.02

–0.15 –0.10 –0.05

0.05

0.10

0.15

FIG. 1. The potential used for the numerical solutions. For
simplicity we have chosen the potential to be a symmetric double
well, of the form VðφÞ ¼ 4g ðφ2 − v2 Þ2 þ Λκ . In the figure the
parameters are Λ ¼ 1; κ ¼ 8π; g ¼ 1000; v ¼ 1=10.

We will be working in G ¼ 1 units. Our strategy is as
follows. As we already mentioned, solutions with a regular
origin behave as Eqs. (9), (10), (11) and regular solutions
close to a horizon behave as Eqs. (12), (13), (14). Having
this in mind we numerically integrate the equations of
motion from the origin, r ¼ ϵ, and independently from the
horizon, r ¼ rh − ϵ, with a small ϵ (typically of order of
10−5 ). We then match the solutions at some convenient
intermediate point r ¼ r , chosen for example such that
from both sides the metric function f has reached a
specified reference value fðr Þ ¼ f̄. Since the equations
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FIG. 2. Examples of scalar lump solutions with v ¼ 0.15 and λ increasing in steps of 500 up to λ ¼ 3000. In all cases the scalar lump is
confined within a horizon where f ¼ 0. For the solution in blue (λ ¼ 500) the scalar field undergoes damped oscillations outside the
horizon, where the universe asymptotes to de Sitter spacetime. For the green solution (λ ¼ 1000), the size of the 2-spheres RðrÞ has a
maximum outside of the horizon, and then shrinks again to zero, where a big crunch curvature singularity resides. In this case the lump is
surrounded outside of its horizon by a collapsing universe. For the red solutions (λ ≥ 1500) the turnaround in RðrÞ already occurs within
the horizon, and in these cases the scalar lump is surrounded by a black hole.

of motion are three second order differential equations, we
have six functions to start with. Taking into account the
constraint Eq. (8) the number of functions to be matched is
reduced to five. Moreover, our matching is done such that
fðrÞ is automatically continuous at the matching point.
Thus there remain four matching conditions, and accordingly we can adjust the four independent parameters
φ0 ; φh ; f 0h ; Rh using a Newtonian algorithm in order to
obtain smooth solutions. In our numerics, we have optimized the solutions such that the initial conditions are
accurate to eight significant digits.
We find solutions of three types: those for which RðrÞ
increases monotonically, those for which RðrÞ has a
maximum and turns around beyond the horizon, and finally
those for which RðrÞ turns around already before a horizon
is reached. Examples of solutions with a single interpolation (n ¼ 1) are provided in Fig. 2. In this figure, the
potential minima are fixed at v ¼ 0.15 while λ takes
values between λ ¼ 500 and λ ¼ 3000 in steps of 500.
When λ ¼ 500 the solution has a monotonically increasing
sphere radius R—we show such solutions in blue. The
scalar field starts a little above the potential minimum
at φ ¼ −0.15, moves across the potential barrier at φ ¼ 0
and then undergoes damped oscillations around the second
potential minimum at φ ¼ þ0.15. Meanwhile fðrÞ
decreases from the regular origin where fð0Þ ¼ 1, passes
through zero (thus indicating the location of the cosmological horizon) before tending to minus infinity according
to fðrÞ → − Vð0.15Þ
r2 . This solution describes a scalar
3
lump concentrated within the cosmological horizon.
Asymptotically the solution is de Sitter spacetime with
the scalar field settling down at a potential minimum. The
spatial 2-spheres keep growing without bound.
As λ is increased to 1000 the character of the solution
changes, as now R is no longer monotonic.1 At first the
1

In Schwarzschild coordinates this obstruction would manifest
itself by a divergence in the metric function δðrÞ.

solution evolves in much the same way as for the previous
case: the scalar field starts off a little above the potential
minimum at φ ¼ −0.15 and moves across the barrier before
undergoing damped oscillations around the second minimum at φ ¼ þ0.15. Meanwhile fðrÞ passes through zero at
around rh ≈ 1.08. But at r ≈ 1.14 the size of the 2-spheres
R reaches a maximum before turning around and decreasing toward smaller values again. Such solutions, where R
turns around outside of the horizon, are shown in green in
our graphs. As discussed in the previous section, R is not
allowed to have a minimum. Hence, once it decreases it will
inevitably reach zero (at r ¼ rs ), which is the location of a
curvature singularity. Thus behind the cosmological horizon, this solution corresponds to a collapsing universe,
despite the presence of positive vacuum energy—it is the
spatial curvature of the 2-sphere that causes the universe to
collapse. Near the singularity the solution becomes approximately of Kasner type, with anisotropic contraction of the
spatial part of the metric and a logarithmic divergence of
the scalar field. More precisely, the solution tends to Kasner
form with a parameter b,
φðrÞ →

3φ1
lnðrs − rÞ;
3b þ 4
−3bþ1
2

RðrÞ → ðrs − rÞ 3bþ4 ;

6bþ2

fðrÞ → −ðrs − rÞ3bþ4 ;
2
4
b2 þ φ21 ¼ ;
3
9

ð22Þ

where φ1 is a constant and r, being behind the horizon, is
more aptly thought of as a time coordinate. However, this
collapsing universe is shielded from the scalar lump by the
horizon, and thus remains invisible to an observer at the
origin.
Once λ is further increased, the solution changes its
character once more: at λ ¼ 1500 we can see that R already
turns around inside of the horizon. More precisely, R turns
around at r ≈ 0.94 while the horizon is located at rh ≈ 0.98.
Such solutions, where R turns around before a horizon is
reached, are shown in red in our graphs. In this case, the
horizon is more properly identified as a black hole horizon,

044007-4

PHYS. REV. D 104, 044007 (2021)

SCALAR LUMPS WITH A HORIZON
v

+++
+++++++++++++++++++++++++++++++++++
+++++++++++++++++++++++++++++++++++++++++++
++++++++++++++++++++++++++++++++++++++++++++++
++++++++++++++++++++++++++++++++++++++++++++++++
+++++++++++++++++++++++++++++++++++++++++++++++++
++++++++++++++++++++++++++++++++++++++++++++++++++
+++++++++++++++++++++++++++++++++++++++
+++++++++++++++++++++++++
++++++++++++++++++
+++++++++++++++
++++++++++++
+++++++++++
+++++++++
++++++++
+++++++
++++++
++++
+++
+++
++

0.20

0.15

0.10

0.05

500

1000

1500

2000

2500

3000

FIG. 3. This summary graph shows all of the solutions we have
optimized for which there is a single interpolation of the scalar
field across the potential barrier (n ¼ 1). As one can see, the
nature of the solutions depends both on the rescaled coupling
constant λ and on the location v of the vacua in the potential. Blue
dots indicate the presence of a solution with monotonic RðrÞ,
green pluses those in which RðrÞ has a maximum outside of the
horizon and red rectangles those with a maximum of RðrÞ inside
the horizon. To the left of the black line (18) no interpolating
solutions exist, while to the right of this line we expect solutions
to exist up to arbitrarily large values of λ.

and the solution is to good accuracy that of Schwarzschildde Sitter spacetime, though with a nontrivial scalar
field included. The scalar field once again diverges to
infinity in Kasner fashion as the singularity at R ¼ 0 is
approached. Solutions of this type thus describe a scalar
lump surrounded in all directions by a black hole, a rather
claustrophobic situation!
As λ is increased further, the singularity at R ¼ 0 moves
closer and closer to the horizon f ¼ 0, without however

reaching the horizon, i.e., the singularity remains shielded
by a horizon. Thus no further types of solutions (with a
single interpolation of the scalar field) exist within the
present ansatz.
In order to obtain a global overview of the existence of
solutions with n ¼ 1, we have performed a survey by
optimizing solutions in a grid of λ − v values. The result
is shown in Fig. 3. The black line corresponds to the
critical values specified by the analytic formula (18) with
n ¼ 1, to the left of which no interpolating solutions
exist. Solutions that are very close to this line exhibit only
a small interpolation of the scalar field across the top
of the potential barrier. As λ is increased, we reach the
blue-green transition at which the solutions asymptote to
the Nariai solution with constant R at large r. The
solutions in green have a turnaround in R beyond the
horizon, and thus develop a singularity interpreted as
the big crunch of a collapsing universe. The limiting
case corresponds to the situation where R turns around
precisely at the horizon, which corresponds to the greenred boundary. Beyond these values of λ the solutions
correspond to the “claustrophobic” scalar lumps surrounded by a black hole.
In Figs. 4 and 5 we plot the optimized values of the scalar
field φ0 at the regular origin, together with the optimized
parameters at the horizon φh ; f 0h ; Rh for slices through the
data, more precisely for a slice at constant v ¼ 0.15 in
Fig. 4 and at constant λ ¼ 3000 in Fig. 5. For fixed v and
increasing λ it is clear from our preceding discussion that
the evolution of the solutions is monotonic, as the graphs
readily verify. However, at constant λ and changing v we
can see that the optimized parameters do not evolve
monotonically.
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FIG. 4. Graphs of the optimized parameters at the regular origin φ0 ¼ φregular and at the horizon, for fixed v ¼ 0.15 and a range of
values of λ.
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FIG. 5. Graphs of the optimized parameters at the regular origin φ0 ¼ φregular and at the horizon, this time for fixed λ ¼ 3000 and a
range of values of v.
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FIG. 6. Examples of solutions with fixed λ ¼ 2250 and the indicated values of v. These examples provide a vertical slice through the
summary graph in Fig. 3.

potential minima are located at φ ¼ v, and thus for
different values of v it is quite natural that the starting
and end values of φ change significantly. Note that for the
solution with v ¼ 0.2 one can already see the Kasner-like
divergence of the scalar field in the approach to the
spacetime singularity R ¼ 0 at rs ≈ 2.3.
Analogous results may be obtained for solutions that
interpolate twice across the potential barrier, i.e., for the
case that n ¼ 2. As is evident from the analytic formula (18)
such solutions can only exist at larger values of λ and for a
more restricted range of v. We have performed a similar
survey of solutions as in Fig. 3, and this is shown in Fig. 7.
Note that in this figure we have also included the optimized
solutions with a single interpolation, for comparison. We
find a very similar pattern of solution when n ¼ 2, i.e., once
again we find solutions with monotonic R (in blue), with a
turnaround in R beyond the horizon (in green) and a
turnaround in R within the horizon (in red).
Several explicit examples with n ¼ 2 are shown in
Fig. 8. In these examples v ¼ 0.10 is held constant and
λ is increased in steps of 2000 from λ ¼ 3000 to λ ¼ 9000.
Here one can explicitly see the monotonic progression of
the solutions as the coupling constant is increased. For
reference, we also plot the optimized parameter values at
the regular origin and at the horizon for a slice through the
data at constant λ ¼ 5000 and varying v, see Fig. 9. In this
case, we have solutions with monotonic R at both ends of
the allowed v range, while as we turn toward the more
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FIG. 7. This summary graph shows all of the solutions we have
optimized for which there are two interpolations of the scalar field
across the potential barrier (n ¼ 2). Once again, the nature of the
solutions depends both on the rescaled coupling constant λ and on
the location v of the vacua in the potential. Blue dots indicate the
presence of a solution with monotonic RðrÞ, green pluses those in
which RðrÞ has a maximum outside of the horizon and red
rectangles those with a maximum of RðrÞ inside the horizon. For
convenience we have superimposed the solutions with n ¼ 1 that
were already shown in Fig. 3. We expect solutions to keep
existing arbitrarily far to the right of the critical black lines, drawn
here for both n ¼ 1 and n ¼ 2.

Explicit examples of solutions with constant λ and
varying v are shown for illustration in Fig. 6. When
analyzing these graphs one should bear in mind that the
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FIG. 8. Examples of scalar lump solutions with two interpolations of the scalar field (n ¼ 2) for fixed v ¼ 0.1 and the indicated values
of λ. Except for the fact that the scalar field moves across the potential barrier and back again, the behavior of these solutions is
analogous to the case where n ¼ 1, shown above in Fig. 2.
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FIG. 9. Graphs of the optimized parameters at the regular origin φ0 ¼ φregular and at the horizon, for solutions with two interpolations
n ¼ 2, for fixed λ ¼ 5000 and a range of values of v.

central v values we first reach solutions with a R turnaround
outside of the horizon and eventually within the horizon,
cf. the location of these solutions in Fig. 7. One can see that
near the ends of the allowed v range the solutions exhibit
only a very small interpolation of the scalar field across the
potential barrier and back, while toward the middle of the
allowed range in v the solutions start and end rather close to
the potential minima. This implies that for such solutions to
exist it does not actually matter whether or not the potential
has minima, the important feature is the potential barrier.
This is reminiscent of Coleman-de Lucchia instantons,
which also start and end away from potential minima and
require a barrier for their existence. Note however that our
solutions here are more accurately described as solitons
within the horizon (and collapsing universes outside).
We fully expect the observed patterns for n ¼ 1 and
n ¼ 2, i.e., nested regions in which R turns around closer
and closer to the origin as the coupling constant λ is
increased, to continue for all higher interpolating solutions
with n > 2.
V. CAUSAL STRUCTURE
Geometric properties of space-times with Lorentzian
signature are strongly related to how two separated points
communicate with each other, which is centralized under
the notion of causal structure. We can classify points into
regions of which the most prominent are normal (or
untrapped), trapped, and marginally trapped, where the
last are essential for the definition of horizons. Since in this
article we study solutions that typically do not allow for a
notion of asymptotic flatness, we must define those regions
locally. Hence we adopt the formalism of dynamical [11] or
trapping horizons [12] that become isolated horizons in
static cases and, therefore, agree with the location of event
horizons in simple space-times such as spherically symmetric ones [13]. This quasilocal description only presumes
time-orientability and orientability as global properties.
The classification is carried out using the expansion
parameter θ along two future-directed null-congruences, l
and n, which span the lightcone locally. Due to the
symmetries of the metric (2), there exist two spheres of
light along the null congruences, which are radial null
geodesics, that pass through every point on the manifold,
either called ingoing or outgoing. Following [12],

we define the dual-null foliation according to l and n as
an embedding M → X þ × X − × S, where the half-open
intervals X − ¼ ½0; x0− Þ and X þ ¼ ½0; x0þ Þ span the evolution space along the null-congruences with S being a
spatial, two-dimensional submanifold with induced metric
h. The associated coordinates x− ¼ t − r and xþ ¼ t þ r
will refer to in- and outgoing light-cone coordinates.
From the above embedding it is clear that the area of
ingoing spheres of light decreases, while that of outgoing
spheres of light increases. This behavior is exactly
described by the expansion parameter θW ðpÞ at a point
p along a vector field W. More precisely, θW ðpÞ describes
the change of an infinitesimal area δAW that is Lie-dragged
along a vector field W with affine parameter s and induced
spatial metric h on S:
θW ðpÞ ¼

1 d W
δA ¼ h−1 ðLW hÞ ¼ hab W c ∇c hab :
δAW ds

ð23Þ

In the following, we consider θn ðpÞ and θl ðpÞ to chart the
space-time’s causal structure similar to [14]. By forming
the geometrically invariant product θn θl ðpÞ at p ∈ M we
can classify normal surfaces (θn θl < 0) where a reference
area shrinks (i.e., θ < 0) along ingoing and expands (i.e.,
θ > 0) along outgoing null-congruences, trapped surfaces
(θn θl > 0) where either both congruences are effectively
ingoing (future trapped) or outgoing (past trapped), and the
marginally trapped region (θn θl ¼ 0 with one θ ≠ 0); the
case where both θ ≡ 0 refers to extremal surfaces that are
either maximal or minimal.
To understand the causal structure better, we need to
elaborate on the extremal surface studying the behavior of
the areal radius RðrÞ. There exist two types of extremal
surfaces: in static space-times, minimal surfaces are given
by R00 ðrÞ > 0 and maximal surfaces by R00 ðrÞ < 0, also
called equator, all evaluated at r ¼ rE for which RðrÞ
develops a local extremum. While horizons link trapped
and normal regions, extremal surfaces connect either
normal with normal or trapped with trapped regions [15]
leading to a simultaneous sign change in both expansions.
Intuitively, it can be thought of interchanging the notion of
ingoing and outgoing which translates in the trapped region
to a change in the direction of the trapping, i.e., from past to
future or vice versa.
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another geometrical invariant: LZ θW ðpÞ involves the Lie
derivative of the expansion θW ðpÞ along a vector field Z
evaluated at the marginally trapped surface. In our case:

In spherically symmetric space-times, like (2), the
location where θn θl ¼ 0 becomes the condition grr ðrÞ ¼
fðrÞ ¼ 0. The normal and the trapped region can then be
read off from the sign of fðrÞ. Diagonal metrics develop
coordinate singularities at the horizon caused by the
absence of nondegenerate, off-diagonal terms that compensate the zeroes in fðrÞ. Changing to the retarded
Eddington-Finkelstein-Bardeen form
g ¼ −fðrÞdx2þ þ 2dxþ dr þ R2 ðrÞd2 Ω;

Ln θl ðrÞ ¼ −

ð27Þ
Since the Ll θn ðrÞ can be shown to be insensitive on the
slope of fðrÞ at the horizon, we will only consider Ln θl ðrÞ.
The sign of Ln θl ðrÞ at rH determines the direction of
trapping, either in outgoing direction Ln θl ðrÞ > 0 (inner/
cosmological horizon) or in ingoing direction Ln θl ðrÞ < 0
(outer/black hole-like horizon), all evaluated at the horizon.
Note, only the first term in (27) contributes because the
remaining terms are proportional to fðrÞ which vanishes at
the horizon.
In the following we focus only on the coordinate
chart (2), i.e., considering the left and upper right-angled
triangle of the Carter-Penrose diagrams in Fig. 10; the full
extension has been created following [17]. Taking our
results from the previous sections we find for a scalar field
and a regular origin that just one horizon occurs because
fðrÞ develops only one zero leaving us with three distinct
cases (and their obvious delimiters, such as rE ≡ rH ):
(a) Blue region in Figs. 3 and 7: RðrÞ is a monotonic
function in r, i.e., θl ðrÞ ¼ 0 at rH while θn ðrÞ ≠ 0 for
all r ∈ ð0; ∞Þ. The scalar field self-coupling constant
g is too weak compared to the cosmological constant Λ
such that the scalar lump’s gravitational pull is
insufficient to change the large-scale behavior, which
leads to de Sitter asymptotics and a cosmological

ð24Þ

obviates this problem. Another advantage is that this
coordinate chart can be defined at each point of the
extended manifold. We find the future-directed nullcongruences through the relations g−1 ðl;lÞ ¼ g−1 ðn;nÞ ¼ 0
a
and g−1 ðl; nÞ ¼ −2 to be la ¼ ð∂ xþ Þa þ fðrÞ
and
2 ð∂ r Þ
a
a
n ¼ −2ð∂ r Þ , where the partial derivatives are understood
as local basis. By using (23), we can construct the explicit
form for θn ðrÞ and θl ðrÞ to be
θn ðrÞ ¼ −
θl ðrÞ ¼

4 0
R ðrÞ;
RðrÞ

ð25Þ

fðrÞ 0
R ðrÞ:
RðrÞ



2
fðrÞR0 ðrÞ
f 0 ðrÞR0 ðrÞ −
þ fðrÞR00 ðrÞ :
RðrÞ
RðrÞ

ð26Þ

From these equations, we can immediately see that
θl ðrÞ ¼ 0 is zero at the roots of fðrÞ as well as at the
local maximum of RðrÞ. While fðrÞ ¼ 0 determines the
location of the horizon rH , R0 ðrÞ ¼ 0 locates the extremal
surface at rE where both expansions vanish simultaneously
[16]. A refinement of the horizon structure is achieved by
r=

r=

rH

(a)

r=

r= 0

r= 0

r= 0

r=

rE

r = rE

rH

(b)

r=

rH

(c)

FIG. 10. Fully extended Carter-Penrose diagrams for the coordinate neighbourhood (2): shaded areas represent trapped regions, i.e.,
where θn θl > 0, while the unshaded area corresponds to normal regions with θn θl < 0. The dashed diagonals stand for the horizons, the
smaller dashed lines on the left and right denote regular origins. Diagram (a) shows de Sitter asymptotics of an expanding universe with
de Sitter infinity marked by the bold line on top and bottom. Scenarios (b) and (c) exact the existence of a maximal surface (R0 ðrÞ ¼ 0
and R00 ðrÞ < 0) that can be either spacelike, as in (b), for rE > rH or timelike, as in (c), for rE < rH while (a) prohibits its existence
strictly. Universe (b) is comparable to (a) in the normal region but goes into a big crunch scenario for r > rE developing a singularity at
the second zero of RðrÞ, here, marked as zig-zag line. Scenario (c) reaches its maximal size in the normal region at r ¼ rE and
recollapses into a big crunch singularity.
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horizon with Ll θn ðrÞ > 0 at rH due to f 0 ðrÞ < 0 and
R0 ðrÞ > 0 at the horizon.
(b) Green region in Figs. 3 and 7: RðrÞ has a local
maximum at rE > rH such that within the normal
region (0 ≤ r < rH ), f 0 ðrÞ < 0 as well as R0 ðrÞ > 0
leading to a similar cosmological horizon since
Ll θn ðrÞ > 0 at rH in this scenario. Right after the
horizon will still be a past-trapped region that for
r > rE becomes future trapped. Here, the modification
from the scalar lump only influences the asymptotic
behavior of the space-time with the result that the
universe forms a future singularity, i.e., θl ðrÞ → −∞
[14], after a finite time.2
(c) Red region in Figs. 3 and 7: RðrÞ has a local maximum
at rE < rH which causes R0 ðrÞ < 0 at the horizon. In
this scenario, the influence of the scalar lump strongly
modifies the horizon structure such that Ll θn ðrÞ < 0 at
rH which is associated with a black hole-like horizon.
Therefore, the space-time reaches its maximal extension in the normal region and by traveling further
in r one faces a black-hole horizon shielding a future
singularity.
We see that the repulsive influence of the positive
vacuum energy is successively reduced when the coupling
of the scalar field is increased. This leads to a flattening of
RðrÞ creating a Nariai solution in the limiting case that the
areal radius approaches a constant asymptotically. If the
coupling increases further the areal radius will develop a
tipping point in the trapped region that is associated with
the equator, i.e., the maximal surface. In this case,
Penrose’s singularity theorem predicts the occurrence of
a singularity. The higher the coupling compared to the
vacuum energy, the closer the equator wanders toward
the regular origin until it reaches the normal region where
the surprising scenario occurs in which the horizon
becomes a black hole-like horizon.3
VI. CONCLUDING REMARKS
We have presented scalar lump solutions of general
relativity in the presence of a scalar field with a potential
barrier. The new feature of our analysis is the fact that the
scalar lump spacetimes may be finite, as the size of
transverse 2-spheres may shrink again some distance away
from the origin of the lump, thus forming either a
collapsing universe or a surrounding black hole. In both
cases, the static lump is shielded from the time-dependent
collapsing regions by a horizon.

2

As stated before, in the trapped region, r becomes a temporal
coordinate due to the sign change in fðrÞ.
3
The precise classification would state that with increasing
coupling, the past inner trapping horizon transforms into a future
outer trapping horizon. Interestingly, both horizons are subjected
to the same sort of emissive Hawking effect [18].

As is well known [19,20], in order for Coleman-de
Luccia tunneling solutions to exist in a given potential,
the curvature at the top of the potential barrier must be
sufficiently high. More precisely, for so-called oscillating
instantons [21,22] interpolating n times across the barrier to
exist, the following inequality must be satisfied:


V 00 
V 00 
8π
−
> nðn þ 3Þ → − 
> nðn þ 3Þ:

3
κV=3 φ¼0
V φ¼0
ð28Þ
This can be compared with our case. As already demonstrated in [7], nontrivial solutions require the parameters in
the potential to lie in certain ranges. At the top of the
potential barrier this criterion leads to the following
inequality, making use of (18),

V 00 
gv2
λ v2
8π
− 
¼ g 4 Λ > λ cr4 cr 1 ¼ 2nð2n þ 3Þ:
cr
3
V φ¼0 4 v þ κ
4 vcr þ 8π
ð29Þ
Thus we can see that potentials that admit scalar lump
solutions must be sufficiently (negatively) curved at the top.
The similarity between the two criteria in Eqs. (28) and (29)
is striking, yet perhaps not entirely surprising as in both
cases the inequality stems from small oscillations of a
scalar around an extremum. Note however that oscillating
instantons have Oð4Þ symmetry, while our solutions only
have an Oð3Þ invariance.
The solutions that we have discussed do not actually
extend to the potential minima. This implies that analogous
solutions would also exist if the minima were replaced with
functions that fell off toward zero away from the barrier, the
only difference being that the damped oscillations behind
the horizon would be replaced by a slow rolling of the
scalar (and eventually a rapid divergence of the scalar as
the singularity is approached). The important feature is the
barrier, and together with (29) we may thus say that these
solutions exist in potentials that satisfy the criteria for not
being in the swampland [5,6].
Thus the solutions that we have presented may play a
role in quantum gravity, in particular in the early universe.
However, the analysis of [7] also implies that scalar lump
solutions are unstable, with a characteristic lifetime that
corresponds to the Hubble rate implied by the potential
energy. This raises the question as to what the end product
of this instability might be. Since the solutions interpolate
at least once between the two sides of the barrier, even if
the solutions decay, they will leave behind domain wall
structures in which the scalar field is located near the top of
the potential. This is reminiscent of the scenario of
topological inflation [23], since the topology of the solution
guarantees the existence of field values high up on the
potential. At first sight, the large curvature at the top of the
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around, and beyond this turnaround essentially the mirrored
evolution of the one just described could take place.
Possibly such solutions only exist in potentials with
specific values of the parameters, as was the case for a
similar setup in Einstein-Yang-Mills theory [8]. A second
avenue for research is to look for solutions with two
horizons, i.e., generalizations of the Schwarzschild-de
Sitter solution containing scalar lumps between the horizons. Preliminary results indicate that in this case spherically symmetric solutions containing two black holes exist.
These will be presented in [24].

barrier seems to preclude the existence of a viable inflationary region, but this question deserves further study. In
particular, it would be useful to study the nonlinear evolution
and the ultimate fate of the scalar lumps via numerical
methods. We leave this interesting question for future work.
There exist at least two further avenues for investigation:
in the case of Einstein-Yang-Mills theory [8], it was noted
that fully regular solutions also exist, i.e., scalar lumps
without any horizon. This was made possible by the
particular structure of the potential in that theory. In the
present theory, an obstruction to the existence of fully
regular solutions is provided by Eq. (10), which shows that
the metric function f necessarily decreases away from a
regular origin in positive potentials, in combination with
the fact that f evolves monotonically. This makes it
impossible to join two regular regions smoothly.
However, this argument then also implies that fully regular
solutions might exist when the potential minima are located
at negative values of the potential, with the barrier
protruding to positive vacuum energies. This is because,
as implied by Eq. (10), the metric function f would first rise
in a negative region of the potential, then as the scalar field
crosses the top of the barrier both f and R could turn
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