Magnon frequency renormalization by the electronic geometrical spin torque in
itinerant magnets
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We investigate non-adiabatic effects on the magnon frequency in an interacting system of localized
spins and itinerant electrons. Including the lowest order corrections to the adiabatic dynamics in an
analytically solvable model, applicable to simple ferromagnets like Fe, Co and Ni, we find that the
magnon frequency is renormalized by a geometrical torque arising from the electronic spin Berry
curvature. Comparison to exact numerical simulations reveals that our analytical solution captures
essential low-energy features, and provides a mechanism for the magnon frequency hardening observed in recent first principles calculations for Fe, provided the geometrical torque is taken into
account.

Understanding the dynamics of low-energy magnetic
excitations is a promising route towards realizing compact and energy efficient spintronics and magnonics devices [1–3]. In magnetic insulators, effective spin models
give a good description of the magnetic properties [4–6]
due to the large energy gap between charge and magnetic excitations. However, in itinerant magnets, the
spin-electron coupling needs to be accounted for. For
systems with large-spin ions such as Fe, Co and Ni, a
semi-classical approximation of the coupled spin-electron
dynamics is typically employed [7–11]. This is seemingly justified since the large difference in time scales of
electronic and magnetic excitations permits a separation
into fast and slow degrees of freedom: If the electrons
are assumed to follow the spins adiabatically, they can
be integrated out and incorporated via additional terms
in the effective spin equation of motion [12–14]. The
effective terms are proportional to a spin Berry curvature that arises due to the adiabatic transport of the
electronic states through the phase space defined by the
spins. Since the momentum space Berry curvature underlies a variety of topological phenomena [15–18], also
the spin Berry curvature can be expected to have a significant influence on the system.
To calculate the magnon excitations of realistic materials, usually one out of the following two strategies is
adopted: A mapping of the system onto an effective spin
model, whose parameters are either computed from first
principles or fitted to experimental data [19, 20], or the
use of ab initio methods such as time-dependent density
functional theory (TD-DFT) to perturbatively calculate
the frequency dependent transverse spin-spin response
function [21–23]. Although these approaches work well
in many situations, the mapping to a spin model necessarily neglects dynamical effects coming from electronic
excitations, and most ab initio calculations are restricted
to linear response in the magnetic field strength. As re-

cent first principles calculations have shown [24], adiabatic treatments miss qualitative effects of the magnon
dynamics such as an anomalous hardening and narrowing
of spectral peaks with increased perturbation strength. It
is therefore of large interest to extend present treatments
to address corrections to the adiabatic approximation.
Here we present a semi-classical model of magnon dynamics in itinerant magnets appropriate for simple ferromagnets like Fe, Co and Ni. The model is analytically solvable to next-to-leading order in the adiabatic
parameter ω/, where ω and  are the respective characteristic energy scales of the spin and electron system.
We show that a careful treatment of the adiabatic limit
gives rise to a geometrical torque in the effective spin
equation of motion, which is due to the electronic spin
Berry curvature. Including the geometrical torque in the
spin equation of motion is found to have a drastic effect
on the magnon frequency over a range of spin-electron
couplings, which corresponds to the regime where lowenergy spin-flip excitation are resonantly created in the
electronic system. The effects on the magnon frequency
are largest in the weak perturbation regime, and our results are thus of relevance to interpret linear response
calculations. The dependence of the magnon frequency
on the strength of an external perturbation is in good
agreement with first principles results for Fe in the nonlinear response regime [24].
We consider a coupled system of spins and itinerant
electrons, appropriate for itinerant magnets such as Fe,
Co and Ni, described by a Hamiltonian of the form
X †
X
X
H =−t
ĉiσ ĉjσ − J
Ŝi · Ŝj −
(gŝi + Bi ) · Ŝi .
hijiσ

hiji

i

(1)
Here the operator ĉiσ destroys an electron at site i of
spin projection σ, and Ŝi is the operator at site i for
a localized spin of magnitude S. The parameters t and
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J respectively determine the nearest neighbor electron
hopping amplitude and strength of the exchange interaction, g gives the spin-electron coupling, and Bi is an
external magnetic
Pfield. The electronic spin operator is
defined by ŝi = σσ0 ĉ†iσ τ σσ0 ĉiσ0 , where τ is the vector
of Pauli matrices. In the following we assume that the
localized spin operators can be replaced by their quantum averages, Ŝi = hŜi i ≡ Si , which becomes exact for
S → ∞ [25, 26].
To derive an effective equation of motion for the spins,
with the electrons in their instantaneous ground state, we
consider the problem in the Lagrangian formalism. This
approach was recently employed to study the dynamics
of a single spin interacting with a bath [27], and two
coupled spin systems with different time scales [28]. Here,
it is generalized to extended spin-electron systems. The
Lagrangian of the coupled system is [29]
L=

X

Ai (Si ) · Ṡi + ihΨ|

i

∂
|Ψi − hΨ|H|Ψi,
∂t

(2)

where the vector Ai satisfies the condition ∇Si × Ai =
−Si . In the adiabatic limit the electronic wave function depends parametrically on S = {S1 , S2 , . . . , Sn },
and
P so the second term can be written ihΨ[S]|∂t |Ψ[S]i =
i i hΨ[S]|∂Si |Ψ[S]i · Ṡi . Taking the variation of the Lagrangian with respect to Si the spin equation of motion
is
 X

Ṡi = Si × J
Sj + ghsi i + Bi + Ti [S] ,
(3)
hji

where si = hŝi i = hΨ|ŝi |Ψi. The last term on the right
hand side is a geometrical torque arising from the adiabatic evolution of the electrons, and is given by


X
X αβ
∂hΨ| ∂|Ψi
Ti,α = −2
Im
Ṡj,β =
Ωij Ṡj,β .
∂Si,α ∂Sj,β
jβ

jβ

(4)
Here Greek indices denote the components of a spin vector, and Ωαβ
ij is the spin Berry curvature of the electrons.
A similar equation of motion for the magnetization has
previously been derived within TD-DFT [19, 30, 31].
To obtain the magnon frequency, we first calculate the
electronic magnetization si and the geometrical torque
Ti [S] in the instantaneous electronic ground state. For
this purpose we employ the spin spiral ansatz, i.e. assume that the localized spins are in the configuration
Si = [Sρ cos Sφ,i (t), Sρ sin Sφ,i (t), Sz ]T where the cylindrical spin components are Sρ = S sin θ, Sz = S cos θ and
Sφ,i (t) = q·ri −ωt. The opening angle θ can be thought of
as a measure of the strength of a magnetic field perturbation exciting the spin wave [24], where θ → 0 corresponds
to the linear response regime.
In the following we assume for simplicity a cubic lattice
of dimension d. For a spin spiral state the electronic

FIG. 1. Magnon frequency with a geometrical torque:
(a, b) Magnon frequency ω as a function of spin-electron coupling g and opening angle θ, for q = π/4 and q = π/8 respectively. (c, d) Magnon frequency ω as a function of g for
q = π/4 and q = π/8 respectively, with (solid lines) and without (dashed lines) the geometrical spin torque. The results
are obtained for a chain with N = 1024 sites, hopping amplitude t = 1, exchange coupling J = 0.1, magnetic field B = 0
and a spin length S = 1.

Hamiltonian can be written as [32]

X † 
−gSρ
k−q/2 − gSz
He =
Φk
Φk ,
−gSρ
k+q/2 + gSz

(5)

k

Pd
where k = −2t i=1 cos ki is the dispersion of the bare
electronic system and Φk = [ck−q/2,↑ , ck+q/2,↓ ]T . DiP
agonalizing the Hamiltonian gives He = ks ks d†ks dks
where the energies are ks = (k+q/2 + k−q/2 + sδ)/2.
Here s = ± and to simplify the notation we have defined δ 2 = (k+q/2 − k−q/2 + 2gSz )2 + 4g 2 Sρ2 . The
new operators are given by a rotation of Φk with an
angle θk = arcsin(2gSρ /δ). The electronic magnetization is found from the electronic density matrix and gives
T
si = [sρ cos(q · ri ), sρ sin(q · ri ),
Psz ] , where the cylindrid −1
cal componentsP
sρ = (2N )
k sin θk (nk− − nk+ ) and
sz = (2N d )−1 k cos θk (nk− − nk+ ). Here nks is the
Fermi-Dirac distribution for band s, and we note that
for general g the canting angles of si and Si are different.
The Berry curvature Ωij is evaluated by writing the
electronic ground state as the Slater determinant |Ψi =
Q
†
ks nks dks |0i, and calculating the derivatives of |Ψi with
respect to the cylindrical coordinates Si = (Sρ , Sφ,i , Sz ).
This results in the tensor [33]


0 −vz 0
αβ
Ωαβ
= vz 0 −vρ  ,
(6)
ij = Ω
0 vρ
0
which is independent of the site indexes i and j since the
spin spiral is extended over the full system. The Berry
curvature is written in termsPof the components of the
Berry potential vα = −(1/2) βγ αβγ Ωβγ , given by v =
(vρ , vφ , vz ). For the spiral state vφ = 0, and
P the remaining components have the form vα = N −d k vαk (nk+ −
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nk− ) with vρk = g 2 sin θk /δ 2 and vzk = g 2 cos θk /δ 2 .
To obtain an expression for the geometrical torque Ti ,
the Berry curvature is rotated to Cartesian coordinates
where Ti = Sρ ω[vz cos Sφ,i , vz sin Sφ,i , −vρ ]T . For later
convenience we also define the spherical components
sθ = cos θsρ − sin θsz and vr = sin θvρ + cos θvz .
Eq. 3 can now be solved using the spin spiral ansatz.
Due to the structure of the geometrical torque, the term
proportional to T in the spin equation of motion can be
equivalently represented by a frequency dependent effective magnetic field pointing along the z-direction.
The
P
equation of motion is therefore Ṡi = Si × (J hji Sj +
Beff ẑ), where Beff = B − gsθ / sin θ − ωSvr . Solving for
ωq we find
ωq =

ω0q − gsθ,q / sin θ
,
1 + Svr,q

FIG. 2. Electronic ground state properties: (a) Electronic dispersion ks , (b) mixing angles sin θk and cos θk , and
(c) radial Berry potential vrk as a function of wave vector k.
Solid (dashed) lines correspond to an electron-spin coupling
g = 0.6 (g = 0.9). The parameters are as in Fig. 1 with
q = π/4.

(7)

Pd
where ω0q = 4JS cos θ i=1 sin2 (qi /2)+B is the magnon
frequency of the isolated spin system. This equation is
the main result of this paper, and gives the magnon frequency in the semi-adiabatic limit in presence of the geometrical torque.
Although Eq. 7 is valid in arbitrary dimensions, we
restrict in the following to d = 1 where exact numerical comparisons are easily obtained. Fig. 1 shows the
magnon frequency as a function of the spin-electron coupling g and the spiral opening angle θ, for wave vectors
q = π/4 and q = π/8. Both cases display a regime of
coupling strengths where ω is an increasing function of
θ, starting from a critical value g = gc . This anomalous
hardening is restricted to a finite range, and for g much
smaller or larger than gc the frequency softens with increasing θ. The value of gc is empirically identified as
the coupling for which ∆ = k+q/2 − k−q/2 − 2gSz ≈ 0,
which is the value of g where the electronic bands become disentangled (see Fig. 2). For g < gc the difference
δ = k+ − k− has two minima symmetrically located
around k = −π/2, that with increasing g come together
until they merge at k = −π/2 for g ≈ gc . The value of gc
can thus be estimated by requiring that ∆ = 0, which
gives gc ≈ 2 sin(q/2). The resulting values gc ≈ 0.40 for
q = π/8 and gc ≈ 0.76 for q = π/4 are in good agreement with the numerical results of Fig. 1, and indicate
that the anomalous behavior of ω appears for larger g
with increasing q.
To understand the origin of the anomalous hardening,
we compare the frequencies with and without the geometrical torque (Figs. 1c and 1d). We note that the
hardening vanishes for T = 0, and that the main effect of the geometrical torque is seen at small θ. A
likely explanation of the observed trends is that the electrons provide a dynamical torque through the creation
of low-energy excitations. This is corroborated by noting that the expression ∆ = k+q/2 − k−q/2 + 2gSz also
appears as the denominator of the transverse electronic

spin-spin response function [34], so that the condition
∆ ≈ 0 is equivalent to a resonant response of the electronic system. In analogy with the non-adiabatic couplings used to induce transitions at conical intersections
of Born-Oppenheimer surfaces [14, 35], the action of the
geometrical torque can be interpreted as inducing transitions between the energy surfaces ks . We note that
for fixed q and k ≈ −π/2, the energy of spin-flip excitations δ and the non-adiabatic coupling vrk are increasing
and decreasing functions of θ, respectively. Since nonadiabatic transitions should be favored by a small spinflip gap and large non-adiabatic coupling, the electronic
response is expected to be strongest for small θ in line
with the observed trends.
In the non-interacting limit, i.e. for g = 0, Eq. 7
reduces to the frequency ω0q of an isolated Heisenberg
system and is a monotonically decreasing function of θ.
In the opposite limit, where gS  k , the expressions
for s and v can be worked out analytically by noting
that δ ≈ 2gS, sin θk ≈ Sρ /S and cos θk ≈ Sz /S. It
follows that the only non-zero components of the magF
F
netization and Berry potential are sr = (k−
− k+
)/2π
F
F
2
and vr = −(k− − k+ )/4πS . The Berry potential can
thus be written in terms of the magnitude Ms = |s| of
the electronic magnetization like vr = −Ms /2S 2 . If we
denote the magnitude of the electron spin by s = 1/2 the
expression for vr becomes identical to that of a single localized spin, vr = −Ms s/S 2 [27]. In the strong coupling
limit the frequency is thus given by ω = ω0 /(1 − Ms s/S).
For large S the denominator tends to unity, and the
frequency reduces to ω0 . Instead, in the strong coupling
limit g → ∞ with S finite, the frequency is uniformly
renormalized by the Berry potential of the electronic system: since Ms is independent of θ in the large coupling
limit, the renormalization does not affect the q- or θdependence of the frequency. This indicates that the relative canting of the itinerant and isolated spins, present
for intermediate coupling strengths, is necessary to alter
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FIG. 3. Comparison of numerical and analytical results: (a) Time signal Sq+ (t) for semi-adiabatic (dashed) and
non-adiabatic evolution (solid). (b, c) The z-component of
the localized spins Sz and the magnitude s = |s| of the electronic magnetization. (d) Magnon frequency ω as a function
of spin-electron coupling g. Solid (dashed) lines show the nonadiabatic (semi-adiabatic) results. The parameters are as in
Fig. 1 with q = π/4.

the dependence of ω on θ. We note that for g → ∞
the magnetization
Ms = 1, and the spin Chern number
R
C = (2π)−1 dS · v = 1. In contrast, the limit g = 0
corresponds to a spin Chern number C = 0. Thus, the
electronic system undergoes a topological transition as a
function of g. Since the Chern number is only quantized
in gapped systems, we identify the transition point as the
value g = 2 where the system becomes insulating.
To assess the validity of the semi-adiabatic approximation, the magnon frequency of Eq. 7 was compared
to a numerical solution of Eq. 1 assuming classical spins.
Starting from the electronic ground state in presence of
a spin spiral, the electronic system was propagated using the short iterated Lanczos algorithm [36] and the
spin system using the Depondt-Mertens algorithm [37],
coupled using Heun’s predictor-corrector method. The
magnon frequency
was extracted from the time signal
P
Sk+ (t) = i e−ikri (Six (t) + iSiy (t)), which was found to
vanish for all k 6= q. The signal is well described by a
function of the form Sq+ (t) = Aei(qri −ω1 t) + Bei(qri −ω2 t) ,
where B ≈ 0 except for g ≈ gc . By fitting this function
to the numerical time signal we obtained the fundamental frequency ω for given g and θ without the extensive
time propagation needed for a Fourier transform.
Away from the region g ≈ gc the the semi-adiabatic
result is in good quantitative agreement with numerical
frequency, as seen in Fig. 3d. The additional oscillations
in the numerical results are a finite size effect arising from
the k-point sampling in the region around k = −π/2,
where both the mixing angle θk and the Berry curvature
Ω changes rapidly (see Fig. 2). We have checked that the
oscillations diminish in strength with increasing system
size. In the region g ≈ gc the semi-adiabatic theory still
gives a good qualitative description of the frequency, with
the main difference being that the numerical results show
a larger and more rapid drop in ω when g crosses gc .

FIG. 4. Comparison of model and TD-DFT results:
(a) Magnon density of states of BCC Fe for q = 41 (−1, 1, 1),
obtained from a real-time calculation of the magnetic susceptibility within TD-DFT [24]. (b) Fourier transform of the
time signal Sq+ (t) from time-evolving the model of Eq. 1 with
classical spins. The parameters are as in Fig. 1, with g = 0.78
and q = π/4.

When two modes are present in Sq+ (t) there is an associated nutational motion of the localized spins and a
modulation of the magnitude of the electronic magnetization, both with a frequency ω = ω1 − ω2 (see Fig. 3b and
3c). For g < gc the ω2 mode propagates in opposite direction to the ω1 mode, while for g > gc they propagate in
the same direction. This is understood by noting that for
g < gc the operator d†+ d− ≈ c†k−q/2,↑ ck+q/2,↓ responsible
electronic spin-flip excitations corresponds to an excitation of energy δ and momentum q, while for g > gc the
operator d†+ d− ≈ c†k+q/2,↓ ck−q/2,↑ creates an excitation
of energy δ and momentum −q. Thus the mode ω2 can
be associated with spin-flip excitations in the electronic
system, and indeed numerically we find ω2 ≈ δ.
Although the semi-adiabatic approach fails to capture
the presence of a second mode for g ≈ gc , it gives a
good description of the fundamental frequency over the
full range of g. In particular, the semi-adiabatic result
correctly captures the anomalous hardening of ω when
g > gc . This effect is due solely to the presence of the
geometrical torque in the spin equation of motion, which
introduces leading order non-adiabatic effects into the
otherwise adiabatic description. We note that since the
rate of spin-flip excitations is expected to diminish with
θ (because of the decrease of vr and increase of δ), the
magnon lifetime should be a increasing function of θ in
the region g ≈ gc . This leads to sharper spectral peaks
with increasing θ, and thus both the anomalous hardening and narrowing of the spectral peaks are in agreement
with recent first principles calculations of Fe [24].
In Fig. 4 we compare the behaviour of the magnon frequency of bulk Fe found via real-time calculations of the
magnetic susceptibility with TD-DFT [24], to the results
obtain by a numerical solution of Eq. 1. We see that the
qualitative features, namely the shift and narrowing of
the spectral peaks with θ, are in agreement. In contrast,
TD-DFT calculations for the antiferromagnetic insulator
NiO shows a softening of the magnon frequency with increasing θ as expected from a pure spin model [38]. Since
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the model has a very simple band structure compared to
bulk Fe, this indicates the generality of the presented results. We note that the critical value of the spin-electron
coupling where the anomalous behavior is strongest depends on q approximately as gc ≈ 2 sin(q/2), and therefore it is likely that some magnons are affected by the
geometrical torque in a large class of magnetic materials.
In conclusion, the semi-adiabatic spin dynamics presented provides an intuitive understanding of the dynamics of coupled spin-electron systems, where non-adiabatic
effects due to the geometrical torque arise from the spin
Berry curvature of the electrons. Via the Berry curvature the electrons exert a dynamical torque through the
creation of low-energy spin-flip excitations. Since our results only depend on the presence of a non-zero Berry
curvature in the spin equation of motion, we expect similar effects to appear for other coupled systems of fast
and slow degrees of freedom, and to be a generic feature
of the spin dynamics of itinerant magnets.
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M. J. Grzybowski, A. W. Rushforth, K. W. Edmonds,
B. L. Gallagher, and T. Jungwirth, Science 351, 587
(2016).
[11] K. Neeraj, N. Awari, S. Kovalev, D. Polley, N. Z.
Hagström, S. S. P. K. Arekapudi, A. Semisalova,
K. Lenz, B. Green, J.-C. Deinert, I. Ilyakov, M. Chen,
M. Bawatna, V. Scalera, M. d’Aquino, C. Serpico,
O. Hellwig, J.-E. Wegrowe, M. Gensch, and S. Bonetti,
Nature Physics 17, 245 (2020).
[12] Q. Niu and L. Kleinman, Phys. Rev. Lett. 80, 2205
(1998).
[13] Q. Niu, X. Wang, L. Kleinman, W.-M. Liu, D. M. C.
Nicholson, and G. M. Stocks, Phys. Rev. Lett. 83, 207
(1999).
[14] Q. Zhang and B. Wu, Phys. Rev. Lett. 97, 190401 (2006).
[15] C. L. Kane and E. J. Mele, Phys. Rev. Lett. 95, 226801
(2005).
[16] B. A. Bernevig and S.-C. Zhang, Phys. Rev. Lett. 96,
106802 (2006).
[17] R. Chisnell, J. S. Helton, D. E. Freedman, D. K. Singh,
R. I. Bewley, D. G. Nocera, and Y. S. Lee, Phys. Rev.
Lett. 115, 147201 (2015).
[18] L. Chen, J.-H. Chung, B. Gao, T. Chen, M. B. Stone,
A. I. Kolesnikov, Q. Huang, and P. Dai, Phys. Rev. X
8, 041028 (2018).
[19] Q. Niu and L. Kleinman, Phys. Rev. Lett. 80, 2205
(1998).
[20] L. Bergqvist, A. Taroni, A. Bergman, C. Etz, and
O. Eriksson, Phys. Rev. B 87, 144401 (2013).
[21] S. Y. Savrasov, Phys. Rev. Lett. 81, 2570 (1998).
[22] B. Rousseau, A. Eiguren, and A. Bergara, Phys. Rev. B
85, 054305 (2012).
[23] N. Singh, P. Elliott, T. Nautiyal, J. K. Dewhurst, and
S. Sharma, Phys. Rev. B 99, 035151 (2019).
[24] N. Tancogne-Dejean, F. G. Eich, and A. Rubio, Journal of Chemical Theory and Computation (2020),
10.1021/acs.jctc.9b01064.
[25] E. H. Lieb, Communications in Mathematical Physics 31,
327 (1973).
[26] E. Fradkin, Field Theories of Condensed Matter Physics,
2nd ed. (Cambridge University Press, 2013).
[27] C. Stahl and M. Potthoff, Phys. Rev. Lett. 119, 227203
(2017).
[28] M. Elbracht, S. Michel, and M. Potthoff, Phys. Rev.
Lett. 124, 197202 (2020).
[29] A. Altland and B. D. Simons, Condensed Matter Field
Theory, 2nd ed. (Cambridge University Press, 2010).
[30] Z. Qian and G. Vignale, Phys. Rev. Lett. 88, 056404
(2002).
[31] Q. Niu, X. Wang, L. Kleinman, W.-M. Liu, D. M. C.
Nicholson, and G. M. Stocks, Phys. Rev. Lett. 83, 207
(1999).

6
[32] A. W. Overhauser, Phys. Rev. 128, 1437 (1962).
[33] See Supplemental Material at [URL] for a detailed derivation of the electronic spin Berry curvature.
[34] F. G. Eich, S. Pittalis, and G. Vignale, Phys. Rev. B 88,
245102 (2013).
[35] M. Baer, Beyond Born-Oppenheimer (John Wiley &
Sons, Inc., 2006).

[36] T. J. Park and J. C. Light, The Journal of Chemical Physics 85, 5870 (1986),
https://doi.org/10.1063/1.451548.
[37] P. Depondt and F. G. Mertens, Journal of Physics: Condensed Matter 21, 336005 (2009).
[38] Nicolas Tancogne-Dejean and Angel Rubio (private communications).

