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ABSTRACT

Strong lensing of gravitational waves (GWs) is attracting growing attention of the community.
The event rates of lensed GWs by galaxies were predicted in numerous papers, which used
some approximations to evaluate the GW strains detectable by a single detector. The jointdetection of GW signals by a network of instruments will increase the detecting ability of
fainter and farther GW signals, which could increase the detection rate of the lensed GWs,
especially for the 3rd generation detectors, e.g., Einstein Telescope (ET) and Cosmic Explorer
(CE). Moreover, realistic GW templates will improve the accuracy of the prediction. In this
work, we consider the detection of galaxy-scale lensed GW events under the 2nd, 2.5th,
and 3rd generation detectors with the network scenarios and adopt the realistic templates to
simulate GW signals. Our forecast is based on the Monte Carlo technique which enables us
to take Earth’s rotation into consideration. We find that the overall detection rate is improved,
especially for the 3rd generation detector scenarios. More precisely, it increases by ∼37%
adopting realistic templates, and under network detection strategy, further increases by ∼58%
comparing with adoption of the realistic templates, and we estimate that the 3rd generation
GW detectors will detect hundreds lensed events per year. The effect from the Earth’s rotation
is weakened in the detector network strategy.
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1

INTRODUCTION

Since the first gravitational wave (GW) detection from binary black
hole merger, the door of the new area, GW astronomy, has been
opened (Abbott et al. 2016). The first detection of the GW from
binary neutron star (BNS) merger accompanied by multi-band electromagnetic counterparts(Abbott et al. 2017) became the landmark
of multi-messenger astronomy. The discovery of the first two neutron star-black hole events, GW200105 and GW200115, have also
been announced recently, although the electromagnetic counterparts
have not been detected yet (Abbott et al. 2021c). With the current
and upcoming observations, new paths have been opened for ex-
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ploration. General relativity predicts that GW signals travel along
null geodesics, like photons. Therefore, when a GW signal propagates near a massive foreground object, e.g., a galaxy or a cluster,
it could be strongly lensed into multiple signals like the optical
light is lensed into multiple images. During the first three observing runs (O1, O2, and O3) Advanced LIGO and Advanced Virgo
have already released two catalogs “Gravitational-wave Transient
Catalog -1 and -2” (GWTC-1 and GWTC-2) yielding 50 events
in total (Abbott et al. 2019, 2020a). Besides the main catalogs,
two newly discovered neutron star-black hole events also have been
released (Abbott et al. 2021c). Moreover, searches for gravitationalwave lensing signatures have been performed in the GWTC-1 and
GWTC-2 (Hannuksela et al. 2019; Abbott et al. 2021a) following
strategy proposed by Haris et al. (2018) and others, but no convincing evidence for lensing was found. Recently, a pair of events,
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GW170104 and GW170814 has been suspected to be a lensed event,
but it was not possible to confirm it convincingly (Dai et al. 2020;
Liu et al. 2020). Although no lensed GW event has been confirmed
yet, future detection of lensed GW can be expected with upcoming
observations.
Propagation of GW signal far away from the source, and its
strong lensing in particular, can be described by geometric optics (Wang et al. 1996). Two important parameters characterizing
a strongly lensed GW event, comprise: magnifications of lensed
signals and time delay between them. Unlike in the optical, we will
never be able to resolve lensed GW images. The most likely imprint
of GW lensing would be a detection of delayed merger signals from
the same location in the sky with similar (up to magnification) temporal structure. For each lensed GW signal (i.e. for each “image”)
√
signal-to-noise ratios (SNRs) are augmented by a factor 𝜇, where
𝜇 is the flux magnification – a concept known from the optical observations. While the augmented SNR would benefit the detection,
especially for farther and fainter sources (Wang et al. 1996), the
degeneracy between intrinsic chirp mass and magnification would
lead to a bias in estimating the intrinsic masses of the binary star
systems (Oguri 2018). Moreover, since the lensed signals arrive
with delays, the detected waveforms could change due to the rotation of the Earth. This is an important practical issue discussed
in (Yang et al. 2019), especially because of the usefulness of GW
lensing time delays. Namley, the time delays between lensed GW
signals can be used to test the GW propagation speed (Fan et al.
2017) and accurately determine the Hubble constant (Liao et al.
2017; Oguri 2019). In the geometric optics approximation, which
we adopt here, the intrinsic waveform of the lensed signal would
not be distorted for a (time delay functional) minimum point and
would only be shifted by an additional phase for a saddle point (Dai
& Venumadhav 2017). In other cases when the lens scale is comparable to the GW wavelength, one should take the diffraction effect
into consideration, i.e., the wave optics description (Takahashi &
Nakamura 2003). Due to long wavelength and coherent emission of
GWs, their propagation could be different from the light.
Many works have discussed GW lensing rate using the approach developed by Finn & Chernoff (1993); Finn (1996) to translate the intrinsic merger rate into the detection rate (Piórkowska et al.
2013; Biesiada et al. 2014; Ding et al. 2015; Li et al. 2018; Ng et al.
2018; Yang et al. 2019; Piórkowska-Kurpas et al. 2020; Wierda et al.
2021; Wang et al. 2021; Hou et al. 2021; Mukherjee et al. 2021a).
Detection of lensed GW events enables investigating the properties
of the binaries (Contigiani 2020; Xu et al. 2021), constraining the
cosmological parameters (Hou et al. 2021), breaking the mass-sheet
degeneracy in lensing system (Cremonese et al. 2021), figuring out
the binary formation channel (Mukherjee et al. 2021b). Moreover,
Wang et al. (2021) proposed a method to distinguish different types
of lensed images. However, the key requirement necessary to pursue
the above mentioned ideas is a sufficient event rate of lensed GW.
With the growing number of detectors constituing the network and
developing the quality of GW templates, more lensed GW events
are expected to be detected.
In this work, our goal is to investigate the improvement of event
rate by the continuing upgrade detector network and more realistic
GW template. To provide some quantitative insights, we examine
the effect from above two factors, while keep other aspects of calculations as same as our previous predictions Yang et al. (2019), such
as mass model of lenses, the underlying source population. First, we
consider the networks composed of the 2th and the 3rd generation
detectors (in different combinations). Observations based on the
2nd generation GW detectors comprising LIGO Handford, LIGO

Livingston, Advanced Virgo (HLV). Two LIGO detectors were operating alone during the fist and the second observation runs (O1 and
O2). After that, when the Advanced Virgo joined in, HLV detector
network began the third observation run (O3). Recently KAGRA
has joined the HLV, and HLVK network is expected to operate at the
fourth observation run (O4). The upgrades of these detectors are still
underway – this setting we call 2.5th GW detectors, i.e., the upgrade
of the Advance LIGO, Advanced Virgo and KAGRA corresponding to Advanced LIGO Plus (A+), Advanced Virgo Plus (AdV+)
and KAGRA+, respectively. Some papers refer it as “PlusNetwork”,
e.g. Zhu et al. (2020). The PlusNetwork will come into service at
the fifth observation run (O5). The 3rd generation of ground-based
detectors like the Einstein Telescope (ET) and Cosmic Explorer
(CE) is being planned. With continuing upgrade of the detectors,
in particular with the increased sensitivity of the 3rd generation,
the detection of lensed GWs is expected. Second, we use more realistic templates to simulate GW signal, e.g., IMRPhenomPv3 and
IMRPhenomPv2_NRTidalv2 rather than an approximation. The detected event rates are expected to be improved by considering these
two aspects. We perform Monte Carlo simulation to evaluate the
detection rates, making use of the similar strategy as our previous series of papers (Piórkowska et al. 2013; Biesiada et al. 2014;
Ding et al. 2015; Yang et al. 2019; Piórkowska-Kurpas et al. 2020).
Hence, we will not repeat here most of the details already described
in these papers.
The paper is organized as follows. We introduce the methodology of detecting a lensed GW signal emitted from compact binary coalescences (CBCs) in Section 2. Monte Carlo simulation
approach to evaluate the event rate is described in Section 3. Results and discussions are presented in Section 4. Conclusions and
perspectives are given in Section 5. Concerning the cosmological
background, we assume the flat ΛCDM model with ΩM = 0.3 and
𝐻0 = 70 km s−1 Mpc−1 .

2

METHODOLOGY

This section introduces the methodology concerning three aspects:
detection of GW signal, intrinsic event rates of compact object
coalescence (CBC), and the lensing statistics.

2.1

GW signal detectability

The detection of a GW signal from CBC is achieved by using the
matched filtering method. For a single detector, the square of the
signal to noise ratio (SNR) is:
∫ 𝑓max ˜
| ℎ( 𝑓 )| 2
𝜌2 = 4
𝑑𝑓 ,
(1)
𝑆𝑛 ( 𝑓 )
𝑓min
˜ 𝑓 ) is the signal’s strain in the frequency domain (i.e.
where the ℎ(
Fourier transformed time domain signal), 𝑆 𝑛 ( 𝑓 ) is the one-sided
power spectral density of the GW detector. The condition for registering a GW signal requires, that 𝜌 > 𝜌0 , where 𝜌0 is the threshold.
The choice of the threshold is arbitrary and the usual choice is
𝜌0 = 8. When a network consists of 𝑖 detectors, the optimal SNR is
defined as:
√︃
(2)
𝜌network = 𝜌12 + 𝜌22 + ... + 𝜌𝑖2 ,
which means that SNRs from individual detectors are added in
quadrature over all network.
We strive to make our forecast realistic, and thus we employ
MNRAS 000, 1–7 (2021)
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the standard GW software LALSuite (LIGO Scientific Collaboration 2018), which includes actual templates to describe waveforms
from CBCs. For binary black hole systems (BBH) signals, we inject them into the recently improved frequency-domain precessing quasi-circular phenomenological approximant IMRPhenomPv3
(Khan et al. 2019). The updated model IMRPhenomPv3 treats the
precession dynamics better, which allows for a more accurate description of double-spin precession effects, comparing to the previous single-precessing-spin model IMRPhenomPv2 (Khan et al.
2016). For NS related signals, we neglect tidal parameters for simplicity and make use of the model IMRPhenomPv2_NRTidalv2 (Dietrich et al. 2019). The study of Zhu et al. (2020) shows that different
choices of the NS’s equation of state (EoS) do not change the magnitude of detection rate of the NS related systems. Hence, for NSBH
systems, we also use the template IMRPhenomPv2_NRTidalv2 to
generate signals, and we draw the intrinsic parameters of BH and
NS from BBH and BNS priors, respectively.
2.2

Intrinsic CBC rates

To assess the event rates of lensed GW emitted from CBCs, first we
need to estimate the rates of the CBCs up to redshift 𝑧 𝑠 :
∫ 𝑧𝑠 ¤
𝑑𝑁
¤
𝑁 (𝑧 𝑠 ) =
𝑑𝑧,
(3)
𝑑𝑧
0
¤

where 𝑑𝑑𝑧𝑁𝑠 is the merger rate of the CBC sources at the redshift
interval [𝑧 𝑠 , 𝑧 𝑠 + 𝑑𝑧 𝑠 ]


𝑑 𝑁¤
𝑐 3 𝑛¤ 0 (𝑧 𝑠 ) 𝑟˜2 (𝑧 𝑠 )
,
(4)
= 4𝜋
𝑑𝑧 𝑠
𝐻0
1 + 𝑧 𝑠 𝐸 (𝑧 𝑠 )
where 𝑛¤ 0 (𝑧 𝑠 ) denotes the intrinsic merger rate density at redshift
𝑧 𝑠 , 𝑟˜ (𝑧 𝑠 ) ∫is the dimensionless comoving distance to the source
0
𝑧
𝑟˜ (𝑧 𝑠 ) = 0 𝐸𝑑𝑧
(𝑧 0 ) , and 𝐸 (𝑧 𝑠 ) is the dimensionless (with 𝑐/𝐻0
factored out) expansion rate of the Universe at redshift 𝑧 𝑠 . We use
merger rates 𝑛¤ 0 (𝑧 𝑠 ) for each of the CBC systems (BBH, NSBH,
BNS) as a function of cosmological redshift according to Dominik
et al. (2013), which used the StarTrack population synethesis
code (Belczynski et al. 2008) 1 . Dominik et al. (2013) provided a
suite of evolutionary models including the standard one and three of
its modifications, i.e., Optimistic Common Envelope, delayed SN
explosion and high BH kicks scenario. The mass ratio 𝑞 = 𝑚 2 /𝑚 1 ,
where 𝑚 1 is primary mass and 𝑚 2 is the mass of the secondary, is a
fundamental parameter for the binary system evolution. At ZAMS
StarTrack code assumes a flat mass ratio distribution between 0
and 1, primary mass 𝑚 1 is assumed to follow initial mass function
of Kroupa and Weidner (see Dominik et al. (2013) for details).
Concerning the final stages of evolution, which are relevant for
detectability of GW signals, Dominik et al. (2012) reported that
regardless of the evolutionary models BH-BH systems have average
mass ratio close to one, 𝑞 ∼ 0.8, similarly NS-NS have 𝑞 ∼ 0.85
only BH-NS population displays significant mass ratio 𝑞 ∼ 0.2.
In addition, to investigate the uncertainties of the chemical evolution of the Universe, Dominik et al. (2013) employed two distinct
scenarios for metallicity evolution, with median value of metallicity
of 1.5 𝑍 and 0.8 𝑍 at 𝑧 ∼ 0 labeled as high-end and low-end,
respectively. Intrinsic merger rates predicted by different evolutionary scenarios lead to different detection rates of CBCs, (see Table
1 in Biesiada et al. (2014)). Among these scenarios, the low-end
1

We used the data available
syntheticuniverse.org.
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metallicity, standard scenario has been considered in all previous
works. Therefore, to make a direct comparison and understand the
level of improvement, we focus only on this evolutionary scenario.
2.3

Lensed GW signal statistics

Similar to the approach used in our previous works Piórkowska et al.
(2013); Biesiada et al. (2014); Ding et al. (2015); Yang et al. (2019);
Piórkowska-Kurpas et al. (2020), we focus on galaxy-scale lensing,
and assume that lensing galaxies consist of elliptical galaxies that
can be modeled as singular isothermal spheres (SIS). Strong lensing
phenomenon has a characteristic angular scale: the Einstein radius
2 𝑑 𝐴 (𝑧𝑙 ,𝑧𝑠 )
𝜃 𝐸 , which in SIS case is 𝜃 𝐸 = 4𝜋( 𝜎
𝑐 ) 𝑑 𝐴 (𝑧𝑠 ) , where 𝜎 is
the central velocity dispersion of the lens galaxy, 𝑑 𝐴 (𝑧𝑙 , 𝑧 𝑠 ) and
𝑑 𝐴 (𝑧 𝑠 ) are angular diameter distances between the lens and the
source and to the source, respectively. Considering the source at
the angular position 𝛽, if 𝛽 < 𝜃 𝐸 , two strongly lensed images
(brighter one 𝐼+ and fainter one 𝐼− ) will appear on the opposite of
the lens center. The corresponding angular positions of the these
two images are 𝜃 ± = 𝜃 𝐸 ± 𝛽. Introducing dimensionless quantities:
𝛽
𝑥 = 𝜃𝜃𝐸 and 𝑦 = 𝜃𝐸 , strong lensing condition becomes 𝑦 < 1 and
the lensed images appear at positions 𝑥± = 1± 𝑦 with magnifications
𝜇± = 1𝑦 ± 1.
Optical depth 𝜏0 capturing the lensing probability corresponding to 𝑦 = 1 for a GW source at redshift 𝑧 𝑠 is:
𝜏0 (𝑧 𝑠 ) =



∫ ∞
∫ 𝑧𝑠
2
1
𝑐 3 𝑟˜𝑙
𝑑𝑛
𝑑𝑧𝑙
𝑑𝜎 4𝜋
𝑆 𝑐𝑟 (𝜎, 𝑧𝑙 , 𝑧 𝑠 )
4𝜋 0
𝐻0 𝐸 (𝑧𝑙 )
𝑑𝜎
0
(5)

where 𝑧𝑙 is the redshift of lens, and 𝑆 𝑐𝑟 is the cross section for
lensing which reads:
 𝜎  4  𝑟˜  2
𝑙𝑠
𝑆 𝑐𝑟 (𝜎, 𝑧𝑙 , 𝑧 𝑠 ) = 𝜋𝜃 2𝐸 = 16𝜋 3
.
(6)
𝑐
𝑟˜𝑠
Then, we model the velocity dispersion function (VDF) 𝜎 in
the population of lensing galaxies as
a modified Schechter func 𝛼
  𝛽0  0
𝛽
𝑑𝑛
𝜎
𝜎
1 , with the parameters
tion 𝑑 𝜎 = 𝑛∗ 𝜎∗ exp − 𝜎∗
Γ( 𝛼 ) 𝜎
𝛽0

𝑛∗ ,𝜎∗ ,𝛼 and 𝛽 0 taken after Choi et al. (2007). The reason why we
choose this particular velocity distribution function is that it is representative to elliptical galaxies (the population we consider to be a
population of lenses). Other, most recent VDFs have been assessed
on mixed population of elliptical and spiral galaxies. Additionally,
Biesiada et al. (2014) have demonstrated that the different choice of
VDFs would not affect the results significantly.

3

MONTE CARLO STRATEGY TO EVALUATE THE
EVENT RATES

Yang et al. (2019) proposed a Monte Carlo simulation to assess the
rates of detectable lensed GW events, taking into account the effect
of Earth’s rotation on event rate. This is an important ingredient.
Namely, because of the rotation of the Earth the time delayed signal, even though coming from the same location in the sky as the
first signal, reaches the detector from a different direction. Therefore the amplitudes of time delayed signals would be affected not
only by lensing magnifications. We further optimize the simulation
procedure, calculating the SNRs of signals through realistic CBC
templates and considering detector network. We describe the main
steps of these improvements and mocking procedures in this section.
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The intrinsic total number of CBC events originating in the redshift interval [𝑧 𝑠 , 𝑧 𝑠 + 𝑑𝑧 𝑠 ] is determined by StarTrack population
under low-end metallicity, standard scenario. In one realization, we
sample the lensed events according to the probability 𝜏0 (𝑧 𝑠 ) (given
by Eq. (5)). We perform this strategy for CBC events up to redshift z∼18 and obtain 𝜏0 (𝑧 𝑠 ) fraction of lensed CBCs at redshift
𝑧 𝑠 randomly. Since the optical depth for lensing is a small number,
this strategy avoids wasting computational time on the non-lensed
events.
Once a CBC event satisfies the strong lensing condition, two
lensed signals 𝐼− and 𝐼+ will arrive at the detector at different times
𝑡 − and 𝑡 + . We evaluate the intrinsic SNR of them 𝜌𝑖𝑛𝑡𝑟 .± according
˜ 𝑓 ) is calculated via realistic
to Eq. (1), where the GW strain signal ℎ(
templates in the geocentric frame. The templates depend on source
parameters, which include eight intrinsic parameters describing the
quasi-circular CBC systems (i.e., primary and secondary masses 𝑚 1
and 𝑚 2 , spin parameters, spin angles) and seven external parameters
(i.e., luminosity distance 𝑑 𝐿 , inclination angle 𝜃 𝐽 𝑁 , polarization
angle 𝜓, phase of coalescence 𝜙 𝑐 , right ascension RA and declination DEC, and time of coalescence 𝑡 𝑐 in geocentric frame (Ashton
et al. 2019)). The prior distributions of the source parameters for
BBH systems and BNS systems are presented in Table 1 similarly
as in Abbott et al. (2020b).
For BBH systems, we assume that masses 𝑚 1 , 𝑚 2 are distributed according to a power-law with the index of 𝛼 = −2.3, mass
range 5-50 𝑀 , and spins aligned or anti-aligned with uniformly
distributed magnitudes between (0, 0.99). We only consider their
dimensionless spin magnitudes 𝑎 1,2 , and other four spin angles are
set to zero. For BNS systems, we adopt the Gaussian distribution of
𝑚 1 , 𝑚 2 with mean 𝜇 𝑚 = 1.33 and standard deviation 𝜎𝑚 = 0.09,
based on BNS properties found in Milky Way, although this distribution has been challenged (Farrow et al. 2019). The spins aligned
or anti-aligned with uniformly distributed magnitudes between (0,
0.05). For NSBH systems, the distributions of masses and spins
are the combination of BNS and BBH populations. The detection
rate depends on the CBC’s mass function, which is still not well
established. Thus as a supplementary material, we also present the
results obtained with different choice of mass function parameters.
Namely, for BBH we adopt the power-law index of 𝛼 = −1, and
mass range 5 − 85 𝑀 , the upper boundary mass value referring to
GW190521 (Abbott et al. 2020c). For BNS, we set the uniform distribution between 0.8 − 2.3 𝑀 , and the combination of BNS and
BBH populations for NSBH. The source parameters of two lensed
signals 𝐼− and 𝐼+ are identical, but note that 𝜌𝑖𝑛𝑡𝑟 .− and 𝜌𝑖𝑛𝑡𝑟 .+ are
differently registered in the geocentric frame due to the time delay
between them and the fact that during this period the Earth rotates
(Yang et al. 2019).
The intrinsic SNRs of two lensed signals, denoted by 𝜌𝑖𝑛𝑡𝑟 .±
√
will be modified by lensing magnification to 𝜌± = 𝜌𝑖𝑛𝑡𝑟 .± 𝜇± =
√︃
𝜌𝑖𝑛𝑡𝑟 .± 1𝑦 ± 1, where the dimensionless quantity 𝑦 2 follows a uniform distribution U ( [0, 1]).
Detection of a lensed pair of signals requires that both 𝜌± exceed the detection threshold. Here, we consider network scenarios
from the 2nd to 3rd generation of GW detectors. For the 2nd generation detectors, HLV and HLVK, we assume a CBC to be detected
if its has 𝜌 > 4 in at least two detectors and a network SNR should
be 𝜌 𝑛𝑒𝑡 𝑤 𝑜𝑟 𝑘 > 12 (Abbott et al. 2020b). For 2.5th generation detectors, aka PlusNetwork, we keep the same detection criteria as for
the 2nd generation. For the 3rd generation detectors, we consider
two conditions, ET alone and the combination of ET and CE. We
require both a single and a network have 𝜌, 𝜌 𝑛𝑒𝑡 𝑤 𝑜𝑟 𝑘 > 8. Network

Table 1. Priors for BBH and BNS. The intrinsic variables contain two
black hole masses 𝑚1,2 and their dimensionless spin magnitudes 𝑎1,2 . The
extrinsic parameters are the luminosity distance 𝑑𝐿 , the right ascension RA
and declination DEC, the inclination angle 𝜃 𝐽 𝑁 between the observer’s line
of sight and the total angular momentum, the polarization angle 𝜓, and the
phase at coalescence 𝜙𝑐 . We randomly generate the coalescence time 𝑡 in
geocentric frame.
parameters
𝑚1,2 (BBH)
𝑚1,2 (BNS)
𝑎1,2 (BBH)
𝑎1,2 (BNS)
𝑑𝐿
RA
DEC
𝜃𝐽 𝑁
𝜓
𝜙𝑐
𝑡

unit
𝑀
𝑀
1
1
Mpc
rad.
rad.
rad.
rad.
rad.
s

shape
Power-law, 𝛼 = −2.3
Gaussian, N(1.33, 0.09)
Uniform
Uniform
UniformSourceFrame
Uniform
Cos
Sin
Uniform
Uniform
-

min
5
-0.99
-0.05
100
0
− 𝜋/2
0
0
0
-

max
50
0.99
0.05
198657.3
2𝜋
𝜋/2
𝜋
𝜋
2𝜋
-

detection lowers the threshold of signal at a single detector, hence
a signal is easier to be detected by a network detectors than in one
detector alone.
We preformed more than 106 realizations for all CBC systems
and accumulated the events that meet the requirements above to
obtain the event rates. In our simulation, the sensitive curves expressed as the amplitude spectral densities (ASD) are adopted from
the public data for the 2nd 2 and 2.5th 3 generation detectors. For
the 3rd generation detectors, we have selected “ET-D" (xylophone
design) and “CE1" for ET 4 and CE 5 from the official websites,
respectively.

4

RESULTS AND DISCUSSION

Table 2 shows the expected yearly detection rates of galaxy-scale
lensed GWs based on the standard model of CBC formation in lowend metallicity scenario calculated up to the 3rd generation of GW
detectors network, with mass distribution of BBH and BNS following power-law with 𝛼 = −2.3, mass range 5-50 𝑀 and Gaussian
distribution N(1.22, 0.99), respectively. One can see that the lensed
GW signals have negligible chance to be detected under the design sensitivity of both the 2nd and 2.5th generation of detectors.
Fortunately, when GW detectors are upgraded to the 3rd generation, the total number of the lensed GWs significantly increases
to > 200 for ET and > 350 for combined ET+CE network. The
results obtained with alternative GW sources mass distribution are
presented in Table 4. We note that the predictions for both BNS and
NSBH populations do not differ much. For BBH events, however,
the number of lensed BBH events increases for PlusNetwork, ET
and ET+CE as expected, see Appendix A for details.
Total number of lensed GW events detectable by ET increases
by 37% with respect to the forecasts obtained without using templates to generate GW signals as presented in Yang et al. (2019)

2

https://dcc.ligo.org/LIGO-P1200087-v42/public
https://gwdoc.icrr.u-tokyo.ac.jp/cgi-bin/DocDB/
ShowDocument?docid=9537
4 http://www.et-gw.eu/index.php/etsensitivities
5 https://dcc.cosmicexplorer.org/cgi-bin/DocDB/
ShowDocument?docid=T2000017
3
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(see Xylophone design in their Table 1). Especially, the detection
rate of BNS is increased by more than 50%. The increase of the
event rate is associated with the fact that the prediction performed
in this work is more realistic, because of adopting reliable GW templates. Moreover, to mock GW signals as authentic as possible, we
assigned masses of compact objects via a distribution rather than a
fixed value and the spin parameters are also considered. As expected
the network detection will boost the event rate. It is because the net√
work setting decreases the detection threshold by a factor about 𝑖,
where 𝑖 is the number of detectors. Taking 3rd generation detector
network ET and CE as an example, with additional detector CE, the
rates of lensed GWs (both 𝐼− and 𝐼+ detected) are 3.88, 7.13 and
342.93 for BNS, NSBH, and BBH, which improves capabilities of
the ET alone by 2.5, 1.1 and 0.6 times, respectively. The detector
network benefits not only from decrease of detection threshold, but
also from the reduction of the effect of the Earth’s rotation. Due to
the Earth’s rotation, the SNRs for two lensed images 𝐼− and 𝐼+ are
not only affected by lens magnification, hence the detection of the
fainter 𝐼− image no longer guarantees the detection of the brighter
one 𝐼+ . Interplay between time delay and Earth’s rotation complicates the issue by changing direction to the signal with respect to the
detector. But multiple detectors spread on the Earth counterbalance
this effect. For example, for the BBH systems in the 3rd generation network case, the difference between 𝐼− and (𝐼− , 𝐼+ ) detection
rate decreases from 3% with a single ET detector to 0.5% with the
addition of CE detector.
We conservatively discussed galaxy-scale lensing assuming the
SIS model (producing two images), for the purpose of discussing
the relative increase of event rate considering the detector networks
and realistic GW template comparing to our previous works. The
quadruple (four-images) lensing systems have been ignored, because
according to estimates of (Li et al. 2018) they comprise a fraction
of about 6% of all strong lensing systems detectable by the ET.
Galaxy clusters are also an important population of strong lenses,
especially regarding high magnification lensing events. Robertson
et al. (2020) reported that they found half of all high magnification
lensing (𝜇 > 10) is due to galaxy groups and clusters while the
other half is due to galaxies. The numbers of GW lensing event
will certainly increase with consideration of cluster-scale lensing,
although the fraction of observed lensed events at cluster-scale is
much rarer than the rates at galaxy-scale (Abbott et al. 2021a).
Again, we do not discuss it in more detailed way for the sake of
comparison with previous forecasts.
The models to describe CBC merger rates as a function of redshift are closely related to the redshift evolution of star formation
rate (SFR), whose most popular form is that of (Madau & Dickinson 2014). Our prediction is based on merger rate predicted by
StarTrack code, which is based on the SFR model due to Strolger
et al. (2004). Hence, one may worry about the reliability of StarTrack model. On the one hand, we present the expected yearly
detection rate of non-lensed GW in Table 3. Comparison with the
rates of lensed events indicates the lensing probability, and we find
that under most detection scenarios, lensing probability is about ∼
0.1%, in accordance with results reported in many previous works,
such as earlier analytic prediction (Turner et al. 1984), simulation
of the fraction of lensed quasar (Pindor et al. 2003), and GW lensing rate prediction (Wang et al. 2021). However, the lensing rates
of BNS and NSBH under the 2nd and 2.5th generation detectors
scenarios are much smaller than the overall lensing probability. Two
factors explaining this are: first, the distribution of BNS and NSBH
populations mainly located at lower redshifts resulting in smaller
lensing probability than the overall value. Second, neglecting high
MNRAS 000, 1–7 (2021)
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magnification contributed from cluster lensing, which leads to the
underestimation (Smith et al. 2018). In other words, the overall
lensing probability is the integrated optical depth 𝜏(> 𝜇) ∼ 𝜇−2 to
lens magnification of 𝜇 > 2, which is the threshold of image pair
formation in SIS model. In order to be detectable before ET+CE
era, such sources need to be magnified at least by factors of about
𝜇 ∼ 100. Neglecting cluster lensing, we are essentially ignoring the
high magnification tail, where the lensed BNS and NSBH population in pre-3G era could come from (if detected).
We also note that the predicted detection rate of CBC signals
for the 2nd generation is at the same level as the up-to-date reported detected signals in GWTC-2. While the HLV network has
not reached its design sensitivity, it has discovered 39 candidate
events during ∼26 weeks (∼1.5 per week). We predict that this network, with design sensitivity, can detect ∼141 candidates during
one year (∼2.7 per week). It can be expected that during the 4th observing run, HLVK network would detect ∼5 events per week. On
the other hand, the GW lensing rate and CBC’s merger rate history
can be constrained by the amplitude of the stochastic gravitational
wave background (SGWB). Mukherjee et al. (2021a) demonstrated
a close relation between the GW lensing rate and the expected level
of SGWB as function of magnification faction for different merger
rates of CBC sources. Also, the BBH merger rate as a function of
redshift can be constrained by the SGWB and BBH detection as
demonstrated in Callister et al. (2020); Abbott et al. (2021b). The
posterior constraints on BBH merger rate history has been presented,
especially at high redshift (see Figure 6 in Abbott et al. (2021b)),
e.g., upper limits is about 103 /Gpc3 /yr at z>2. The merger rate evolution of BBH adopted in this work (see Figure 3 in Dominik et al.
(2013)) is consistent with the limitation. Moreover, since the first
detections of GWs and after HLVK network became fully operative,
StarTrack code predictions have been confronted with empirical
data Belczynski, K. et al. (2020). Most recently Périgois et al. (2021)
discussed the StarTrack predictions of SGWB due to unresolved
CBC for HLVK and ET. Even though some non-standard original
scenarios might be incompatible with the current data, yet the lowmetallicity standard scenario adopted here is compatible with the
HLVK data. Furthermore, we checked the mass ratio distribution
of detected binary systems in our simulation, and the result shows
that systems with mass ratio 𝑞 ∼ 0.6 dominate the detected population, which is slightly smaller than the empirical results released by
LIGO/Virgo/KAGRA collaboration. In fact, we also note that the
latest results (The LIGO Scientific Collaboration et al. 2021) support the systems with substantially smaller mass ratio. In summary,
the above aspects confirm the accuracy of the StarTrack model.
Based on our prediction, 200-400 lensed GW events would
be registered by future 3rd generation detectors. Obviously, not all
lensed events predicted in this work can be identified, because it
is challenging to discriminate whether a pair of GW signals are
lensed or not. Only those events with highly overlapped parameter
space can be statistically identified as pairs. We plot the distributions
of the SNRs of lensed CBCs in Figure 1. There are few pairs have
𝜌 𝐼+ < 𝜌 𝐼− , which is due to the Earth’s rotation resulting in 𝜌𝑖𝑛𝑡𝑟 .− >
𝜌𝑖𝑛𝑡𝑟 .+ . It is expected that a pair of events, where both lensed
signals have higher SNRs is easier to be identified. For a pure
GW signal without electromagnetic counterparts, it is expected that
lensed BBHs are the primary targets since they dominate the scatter
plot part in Figure 1, with SNR constrating on 20-30. A quantitative
analysis based on the method proposed by Haris et al. (2018) is
worth conducting in the future.
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Table 2. Predictions of yearly lensed GW detection rates for which only 𝐼− image or both 𝐼− and 𝐼+ images are magnified above the threshold under the 2nd,
2.5th and 3rd generation detectors scenarios. Results are shown for the standard model of CBC formation in low-end metallicity scenario. The mass distribution
of BBH follows power-law with 𝛼 = −2.3 in the mass range 5-50 𝑀 , BNS follows Gaussian distribution N(1.22, 0.99), and NSBH follows the combination
of two above populations.
CBC type
BNS
NSBH
BBH
Total

HLV
II-,I+
< 10−6
< 10−6
< 10−6
< 10−6
0.33
0.24
0.33
0.24

HLVK
II-,I+
< 10−6
< 10−6
< 10−6
< 10−6
0.31
0.29
0.31
0.29

PlusNetwork
II-,I+
< 10−6
< 10−6
< 10−6
< 10−6
0.70
0.62
0.70
0.62

ET
I1.55
3.78
226.19
231.52

I-,I+
1.10
3.40
219.22
223.72

ET+CE
II-,+
4.06
3.88
7.21
7.13
344.95
342.93
356.22
353.94

Table 3. Predictions of yearly GW detection rates (non-lensed signals) under the 2nd, 2.5th and 3rd generation detectors scenarios. Results are shown for the
standard model of CBC formation in low-end metallicity scenario.
CBC type
BNS
NSBH
BBH
Total

HLV
4.92
5.11
130.94
140.97

HLVK
39.28
39.33
164.34
242.95

PlusNetwork
43.18
211.25
1104.75
1747.80

ET
4851.70
14888.29
261993.09
281733.08

ET+CE
10737.11
26101.67
337973.94
374812.72

power-law with 𝛼 = −2.3 in mass range 5-50 𝑀 and Gaussian
distribution N(1.22, 0.99), respectively, and we found that,
• 1. Total yearly detection rates of lensed GW signals from CBCs
are respectively: 0.24, 0.29, 0.62, 223.72 and 353.94 for the 2nd
generation detector network, i.e. HLV and HLVK, 2.5th generation “PlusNetwork” and the 3rd generation detectors, i.e. ET and
ET+CE. For BNS and NSBH systems, the detection probability is
extremely low for the 2nd and 2.5th generations of detector, while a
few lensed signals from such systems can be detected yearly by the
3rd generation detectors. The total event rate is dominated by BBH
systems which would be primary candidates for searching lensed
pairs of GW signals.
• 2. 200-400 lensed GW events would be detected by the 3rd
generation detectors. The rate increases by 37% with respect to
previous estimates due to application of realistic signal templates.
Moreover, the joint detection by a couple of 3rd generation detectors,
i.e. ET+CE, further improves the event rate by about 58% versus a
single detector, e.g. ET. We also observed that the multiple detectors
alleviate the effect from the Earth’s rotation on lensed GW detection
rate.
Figure 1. SNR comparison of lensing pairs, 𝐼− and 𝐼+ , under 3rd generation
network detection scenario. Grey, blue and red colors represent the lensing
pairs from BBH, BNS, and NSBH, respectively. The panels on the top and
right show the SNR distribution of 𝐼− and 𝐼 +, respectively. The dashed line
shows the detector’s detection threshold.
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CONCLUSION

In this work, we used Monte Carlo simulation technique to estimate the galaxy-scale strong lensing rates of GWs for the detector
networks of the 2nd and 3rd generation. We have used the StarTrack population synthesis code to estimate the intrinsic merger
rate of CBCs. To make our prediction realistic, we adopted the
reliable templates, e.g., IMRPhenomPv3 for BBH, and IMRPhenomPv2_NRTidalv2 for BNS and NSBH, and we considered the
effect of the Earth’s rotation on the detection of time delayed signals. We assumed that mass distribution of BBH and BNS followed
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Table 4. The same as Table 2, but for BBH modeled with power-law mass distribution with 𝛼=-1 in the mass range 5-85 𝑀 , BNS modeled with flat mass
distribution in the mass range 0.8-2.3 𝑀 , and NSBH modeled as a combination of the above two.
CBC type
BNS
NSBH
BBH
Total

HLV
II-,I+
< 10−6
< 10−6
< 10−6
< 10−6
0.39
0.17
0.39
0.17

HLVK
II-,I+
< 10−6
< 10−6
< 10−6
< 10−6
0.73
0.55
0.73
0.55
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APPENDIX A: SUPPLEMENTARY PREDICTION
Table 4 shows predictions of yearly lensed GW detection rate analogous to Table 2, but with different mass distribution of CBC populations. Comparing with Table 2, we note that results for both BNS
and NSBH populations do not differ significantly. However, for BBH
events modeled with more flat and massive upper-boundary mass
distribution, the number of lensed BBH events increases to 2.74 for
PlusNetwork and to > 300 for ET and > 400 for ET+CE network .
This paper has been typeset from a TEX/LATEX file prepared by the author.

