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a b s t r a c t
The impact of a coherent twin boundary (CTB) on the size scaling of the shear stress in micropillar compression tests has been investigated through microcompression of bi-crystalline pillars containing a vertical CTB, as well as single-crystalline pillars in three different nominal diameters of 1, 3 and 5 μm. While
both, single- and bi-crystalline pillar results follow the size scaling trend typically observed in micropillars, namely “smaller is stronger”, we could identify a size-dependent contribution of the CTB in the
increase of the shear stress at 2% strain (τ 2% ). A probabilistic analysis was performed to quantify the
magnitude of the effect and to separate the CTB contribution from the single crystal size scaling contribution of the strength increase. The CTB-related strengthening was most prominent for smaller pillars
and tended to be small for larger pillar diameters. The behavior can be explained by attributing an excess
dislocation curvature in the scaling law according to the double-hump dislocation line shape model for
bi-crystals, which requires parallel alignment of the dislocation line and the Burgers vector at the CTB.
© 2022 The Authors. Published by Elsevier Ltd on behalf of Acta Materialia Inc.
This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/)

1. Introduction
Grain boundaries (GBs) mediate the mechanical behavior of
polycrystalline metals. Employing the idea that GBs serve as obstacles to dislocation motion, the classic Hall-Petch relationship explained empirically that the strength is proportional to the inverse
square root of the grain size [1,2]. Nonetheless, more recent studies show that GBs do not always act as a barrier to dislocation
motion. Dislocations can be nucleated [3–5], absorbed [3,6], reﬂected [7,8], or even transmitted through GBs [7,9,10]. In metals
with grain sizes smaller than 100 nm, GBs can also substantially
contribute to plastic deformation by means of GB sliding [11], grain
rotation [12], and shear-coupled GB motion [13].
 3{111} coherent twin boundaries are ubiquitous in face centered cubic (FCC) metals [14]. Arising from the interaction of lattice dislocations with GBs during deformation, twin boundaries can
endow exceptional properties to polycrystalline materials such as
concurrent high strength and ductility [15]. Thus, understanding
the precise mechanisms of twin boundary-dislocation interaction
is pivotal for improving the mechanical behavior of metals. These
mechanisms include dislocation transmission [3], detwinning [16],
∗
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dislocation emission [5], and/or absorption of dislocations at twin
boundaries [17].
Slip transmission of {111} < 110 > dislocations through  3{111}
coherent twin boundaries (CTB) in FCC crystals can occur via two
modes, depending on the crystallographic direction of the involved
grains. In the “hard” mode, the Burgers vector of the lattice dislocation cannot be conserved in transmission. This leads to complex transmission states and results in higher transmission stresses
leading to dislocation pile-ups [17,18]. In the “soft” or “ideal”
mode, the Shockley partials of lattice dislocations constrict to form
a perfect screw dislocation which is shared by both grains adjacent
to the twin boundary. The possibility to conserve the Burgers vector of a screw dislocation in both grains facilitates a cross-slip-like
transmission to the other grain [17].
Ideal slip transmission can be explained similarly to FriedelEscaig-like cross-slip [10], and has been the focus of much experimental [3,10,19–24] and computational [17,25,26] research. Quantifying the stress required for slip transmission can shed light on
the underlying mechanism of dislocation-CTB interaction. In contrast to a transmission stress of 510 MPa in copper calculated by
molecular dynamics simulations by Jin et al. [17], Caillard et al.
measured the shear stress required for constricting partial dislocations for cross-slip to be much lower, 24 ± 2 MPa, using a technique to produce bursts of cross slip at the yield point [27]. Con-
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sidering the low stress values for cross-slip, it is understandable
that in situ transmission electron microscopy (TEM) compression of
bi-crystalline pillars showed no pile-up of dislocations at the CTB
at stresses as high as 500 MPa [21]. Due to the sub-micron dimensions of TEM samples, high stresses for the activation of dislocation
sources are required, which is more than suﬃcient for transmission
to occur.
Using in situ μLaue diffraction to investigate the micrometersized samples containing a CTB, Malyar et al. also observed no
pile-up at the CTB and stated that the ideal transmission occurs at
shear stresses as low as 17 MPa [22]. Malyar et al. tested singleand bi-crystalline pillars (Sxx and Bxx, respectively) with a diameter of 3 μm to measure the shear stress difference due to
the presence of the CTB [10]. The micropillars deform at shear
stresses higher than what is required for ideal cross-slip-like slip
transmission, so a similar stress for single and bi-crystalline samples (Sxx, Bxx) could be expected (similar to the observations of
Liebig et al. in bi-crystalline micropillars for <112> oriented samples [23]). However, increasing the number of tested samples to
more than 120 facilitated a statistical analysis that resulted in a
shear stress difference (τ 2% ) of 5-7 MPa between Sxx and Bxx
pillars at a nominal sample diameter of 3 μm [10]. The small τ 2%
indicates that the dislocation source size is not truncated by the
CTB and expands from one grain to another. This is in contrast to
pillars containing a large angle grain boundary [28], where the pillar strength is increased with regards to d/2 due to the size effect
[29]. Malyar et al. proposed a double-hump shape of the dislocation line to explain the unexpectedly low τ 2% [10]. In this model,
the dislocation experiences an additional curvature (penalty curvature) near the CTB in Bxx pillars due to the parallel alignment of
the dislocation line to the CTB plane, required to form a pure screw
character to cross slip (Fig. 1b and Fig. 1d).
Direct observation of dislocation transmission at low stresses
via the double-hump was so far impossible, and as such, no experimental veriﬁcation exists to support the assumption of dislocation curvature effects in micropillars. However, if the additional
curvature is responsible for the strength increase of Bxx pillars, it
can be expected that τ 2% increases with decreasing pillar sizes,
as the additional curvature compared to the whole dislocation curvature is relatively larger. Therefore, a larger strengthening effect
due to the CTB (a larger τ 2% ) is expected in smaller diameters.
The effect of the pillar geometry on different dislocation line shape
in Sxx and Bxx pillars based on the double-hump model is shown
schematically in Fig. 1.
The expected size-dependence of τ 2% can be understood using
the analogy of dislocation curvature controlled dislocation sources,
in the simplest case to a Frank-Read source. In a Frank-Read source
the critical shear stress τ required for the spontaneous source operation is inversely related to the distance of the pinning points
(2L in Fig. 1a and 2(L1 − L˜ ) in Fig. 1b) following Eq. (1) using the
shear modulus G and the Burgers vector b,

τSxx ∝

Gb
2L

τBxx ∝ 

Fig. 1. Schematic showing the operation of a dislocation source in the slip plane in
a a) large single crystal; b) a large bi-crystalline pillar containing a CTB; c) a small
single crystal; d) a small bi-crystalline pillar containing a CTB. In the case of pillars
with a CTB, dislocation constriction near the CTB is required so that the dislocation
line aligns parallel to the Burgers vector, so it can cross-slip to the next grain. This
causes a double-hump shape of the dislocation line that results in an extra curvature compared to Sxx pillars. The extra or penalty curvature can be interpreted by
the decrease in the effective dislocation source size like L1 − L˜ in (b). In smaller bicrystalline pillars (d), the ratio of the penalty curvature to the existing curvature
line is larger; therefore, a higher τ 2% is expected.

Notably, Eq. (2) uses the pillar diameter d as the characteristic
length scale instead of the actual dislocation source size 2L (which
is not accessible in micron-sized pillars). The shear stress difference of Sxx and Bxx (τ ) can then be written as:

τ = τBxx − τSxx =

Gb



(1b)

In the pillar source-size dominated regime one can assume
that the dislocation source size scales with the pillar diameter (d),
which can be used to rewrite Eq. (1),

τSxx ∝
τBxx ∝

Gb
d
Gb
d − d˜

d − d˜

−

Gb
Gbd˜
= 

d
d d − d˜

(3)

The term d − d˜ (and not d˜) is the characteristic length scale of
the Bxx pillars, which is smaller than d in Sxx pillars. No direct
measurement of d˜ (or better to say d − d˜) is currently possible,
as during compression, the bowing of the dislocation takes place
within the microscale pillar volume. Based on Eq. (3) and assuming a constant d˜ (as a ﬁrst order approximation), one expects a
negligible τ for large pillar diameters, where d˜/(d − d˜) is relatively small. In contrast, a larger τ is expected for pillars with
small diameter.
Since a direct observation of the double hump in micron sized
samples remains impossible, we aimed to measure the size-scaling
behavior of the shear stress difference at 2% strain (τ 2% ) of Sxx
and Bxx pillars. As micron-sized compression tests of metals shows
stochastic behavior due to the distribution of dislocation sources,
multiple measurements for each size were required. For this purpose, 63 copper Sxx and 19 Bxx (containing CTB) micropillars were
fabricated and compressed at three different nominal diameters
of 1, 3, and 5 μm. To obtain the τ 2% , a statistical analysis was

(1a)

2 L − L˜

Gb

(2a)

(2b)
2
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performed to decouple the additional strengthening effect of the
CTB in Bxx from the size-effect seen for both, Sxx and Bxx. Subsequently, the experimental ﬁndings were compared to the physical
model derived from the double-hump shape to get a quantitative
insight into the role of geometrical constraints on the dislocation
shape during ideal slip transmission through CTB.

and Derby [33], a power-law formulation was used to describe micropillar size effects:

τ2% = τ0 +

k
dn

(4)

where τ 0 is the bulk yield shear stress, k is the strengthening coeﬃcient, and n is the size scaling exponent. A weighted non-linear
least squares (NLLSQ) analysis was used to determine the parameters of the power-law relation. Uncertainties resulting from force
and diameter recordings for the stress measurements of each experiment were taken into the account through a weighted sum-ofsquares criterion. The uncertainties of the power-law ﬁt were calculated in terms of conﬁdence bands around each ﬁt. To separate
the size-effect from the strengthening caused by the presence of
CTB, a joint model was developed to take the two effects on the
different diameters into account.

2. Experimental details and data analysis
2.1. Sample fabrication
The Bridgman technique was employed to fabricate a bulk bicrystalline sample containing a vertical  3{111} CTB from 99.88
at.% pure copper. Electro-discharge machining was used to cut 0.5
mm thin slices of the bi-crystalline sample with a nominal surface normal of < 123 >also corresponding to the compression direction. Slices were next ground, polished, and electrochemically
etched using phosphoric acid at 15 V for 45 s to achieve a ﬂat
surface without GB grooving as described in Ref. [30]. Cylindrical micropillars were milled using a focused ion beam (FIB, Zeiss
Auriga®) workstation in three steps with milling currents ranging
from 16 nA to 240 pA. The micropillars were fabricated at nominal diameter sizes of 1, 3, and 5 μm, with an aspect ratio of 2-3
to suppress buckling instabilities. The pillars were milled within
one of the two single crystalline regions (Sxx) or at the coherent
twin boundary (Bxx). There were in total 96 pillars produced, out
of which 82 were tested successfully (63 Sxx and 19 Bxx micropillars milled at the twin boundary).

3. Results
Single crystalline micropillars (Sxx) or micropillars containing
a CTB (Bxx) parallel to the loading direction were compressed to
a ﬁnal strain of ca. 5 - 15% and then imaged using SEM. Post
mortem imaging for the Sxx pillars of different sizes (not shown)
showed the expected parallel slip traces, indicating that only the
primary slip system was activated. In the case of Bxx pillars shown
in Fig. 2, the glide traces of the two grains meet at the CTB and
form a dove-tail shaped slip pattern at the pillar surface, irrespective of the pillar size. This is well known and agrees with the observations of other studies on bi-crystalline micropillar specimens
[10,22,23,28,34].
The shear stress at a strain of 2% (τ 2% ) was then determined for
each pillar from load-displacement data based on the micropillar
geometries determined by SEM imaging. The stress-strain curves of
the 3 representative Bxx pillars with different diameters are shown
in Fig. 2d. The curves exhibit size-scaling and load drops typical
for small scale mechanical testing. The single data points of both
Sxx and Bxx with their individual error bars, as well as the best
power-law ﬁt for Sxx and Bxx and their 68% conﬁdence belts are
shown in Fig. 3. For the nominal pillar sizes of 3 and 5 μm, the
standard error bars from measurement are smaller than the plotting symbols. As shown in Fig. 3, for all performed tests, the diagram τ 2% versus diameter highlights a clear size effect of “smaller
is stronger”, along with a more stochastic response in the ﬂow
stress for smaller micropillars with approximately 1 μm diameter.
Comparing the two curves against pillar diameter, it is evident that
a signiﬁcant non-zero τ 2% is present at smaller diameters, while
the ﬁtted curves and their conﬁdence belts overlap at larger pillar
diameters.
The data presented in Fig. 3 was then ﬁtted with the powerlaw model based on Eq. (4) for the shear stress of Sxx and Bxx
(τSxx,2% , τBxx,2% , respectively). The resulted parameters are shown
in Table 1. Table 1 additionally gives the 95% conﬁdence limits of
the best ﬁt parameters that are obtained from the non-linear least
squares analysis.
While the best ﬁt parameter estimates and their estimated uncertainties provide some information on the overall quality of the
NLLSQ approximation, we would rather have some information
about the uncertainty in the ﬁtting curve itself. For this purpose,
we calculate the probability that a future measurement will lie
within a certain distance above or below our predictive curve. This
probability depends on the global approximation error of our ﬁt
(in terms of the mean sum of squares, MSS) and on the covariance
matrix of the estimated model parameters as well as on the local
derivative of the model function with respect to the parameters.
The calculations are provided in the supplementary ﬁle (see S2).
This probability can be visualized in terms of e.g. 68% prediction

2.2. Mechanical testing
Compression of 3 μm and 5 μm pillars was performed using an
ASMEC UNAT 2, while due to increased load resolution a Bruker
Hysitron PI 88 was employed to compress the 1 μm pillars. All
tests were performed in displacement controlled mode at a strain
rate of 10−3 s−1 . To reduce the effect of lateral constraints, each
pillar was unloaded at about every 5% of strain to reduce the instrumental constraints [22,31,32]. All tests were conducted in situ
inside the Zeiss Gemini 500® scanning electron microscopy (SEM),
and were followed by post mortem imaging using secondary electrons in an in-lens detector with the acceleration voltage of 5 kV
to verify the slip traces on the surface. The post mortem images
were used to validate that slip occurred on one single slip system
at each grain, which has the highest Schmid factor.
2.3. Analysis of compression data
The pillar diameter was measured at both top and bottom
cross-section. An average of the top and bottom diameters of each
pillar was used to determine the engineering stress. A Mathematica® script was utilized to calculate the stress-strain data from
the force-displacement input. The stress at an engineering strain of
2% was chosen for analysis to minimize the impact of dislocationdislocation interactions, which becomes more prominent at higher
strains. The highest Schmid factor for each grain was calculated
and used to obtain the shear stress at 2% engineering strain, denoted as τ 2% . This was done to remove the impact of the slight deviation from the nominal compression direction. In the case of Bxx
pillars, the average value of the Schmid factor of the two grains
was utilized for shear stress calculation. The error bars of the
stress, resulting from uncertainties in force and displacement measurements were calculated for each data point. This is explained in
detail in the supplementary ﬁle (see S1).
To ﬁt the stress data over the whole pillar diameter range, a
continuous analysis was conducted. Applying the approach of Dou
3
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Fig. 2. Post mortem SEM micrographs of Bxx pillars with nominal diameter of 1 μm (a), 3 μm (b), and 5 μm (c) compressed at a strain rate of 10−3 s−1 . Nominal compression
direction is < 123 > . (d) shows the strain-stress curves of three representative Bxx pillars that are 1, 3 and 5 μm in diameter.
Table 1
Optimized ﬁt parameters for Sxx and Bxx pillars from the NLLSQ analysis based on Eq. (4). The
optimized parameters for the joint analysis (see Eq. (6)) are also shown in the table.

τSxx,2%
τBxx,2%
τjoint,2%

Number of samples

τ0 (MPa)

k

n (1)

d˜ (μm)

63
19
82

23.6 ± 7.2
28.7 ± 6.7
23.8 ± 5.8

82.7 ± 6.7
112.3 ± 12.5
82.0 ± 6.1

1.10 ± 0.30
1.38 ± 0.33
1.10 ± 0.24

0.27 ± 0.08

bands around the model prediction curve as a function of the pillar diameter d. Fig. 4. shows the probability density function (PDF)
curves P rob[τSxx ] as well as P rob[τBxx ] from which these bounds
are obtained for two diameter values, d = 1 μm and d = 5 μm.
While the two PDF curves for 5 μm are nearly identical (see also
the overlap of the 68% conﬁdence belts in Fig. 3 at d = 5 μm), a
pronounced shift towards higher strength is observed for the PDF
curves at d = 1 μm (corresponding to the separation of the prediction belts in Fig. 3 at d around 1 μm).
While the prediction bands give some qualitative insight into
the strength behavior of single- and bi-crystalline pillars in the observed diameter range, a quantitative analysis is preferable in order
to assess the strength of the CTB effect for a given pillar diameter.
In other words, we want to know how plausible it is that the Bxx
PDF shown in Fig. 4 for τ 2% at two diameters is located towards
larger values compared to the Sxx PDF. We aim to obtain this information in the whole range of pillar diameters.
This can be done with the help of the predictive probability
curves that are obtained from the predictive probability distributions P rob[τSxx ], P rob[τBxx ] as function of the diameter d. Since the

Fig. 3. The shear stress at 2% strain vs. pillar diameter for Bxx and Sxx pillars with
their individual error bars. The best ﬁt model of each pillar type and the 68% conﬁdence belt (corresponding to the standard error of the ﬁt) are also shown.

4
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Fig. 4. Probability density function of the predictive distribution around the ﬁt
curve, corresponding to Sxx (blue) and Bxx (red) at 1 and 5 μm. The peak of each
curve (corresponding to the ﬁt curve) is marked by vertical dashed lines, and the
68% prediction tail areas of each distribution are also shown. Comparing the two
sizes of each pillar type indicates that smaller pillars of each type are stronger.
However, the shift between Bxx and Sxx shear stress for the two diameters is much
larger for the 1 μm pillars.

Fig. 5. Probability of τ Bxx being larger than τ sxx + τ n versus the pillar diameter.
The red curve shows this probability for τ n = 0, indicating the probability of Bxx
pillars being stronger than their Sxx counterparts. The orange curve predicts the
probability of τ Bxx being at least 5 MPa stronger than the Sxx pillars, which intersects with 50% probability at 3 μm. The other colors represent the other values for
τ n . This shows that τ 2% increases with decreasing pillar diameter.

“Flag” and added to Eq. (4) to describe the shear stress of both Sxx
and Bxx in Eq. (6). In this formulation, all data points contribute
in the same way to the determination of the parameters; therefore, Eq. (6) is valid for both types of pillars. When Flag = 0, it
corresponds to Sxx, while with Flag = 1, the second part of the
relation is included, which describes the additional stress caused
by the penalty curvature in the Bxx case. This is called the “joint
analysis” model and it separates the known size-effect (ﬁrst term)
from the dislocation curvature penalty near the CTB (second term),
assuming that they do not interact with each other.

pillar data are independently obtained, their joint probability is
just the product P rob[τSxx ] ∗ P rob[τBxx ] of the two individual probabilities. To obtain the probability of a strengthening caused by CTB
being larger than a prescribed τ 2% (which we call τ n ), we have
to integrate the joint predictive probability over a [τ Sxx , τ Bxx ] region with τ Bxx > τ Sxx + τ n :

P rob[τBxx > τSxx + τn ]
∞ ∞
=
P rob[τSxx ] ∗ P rob[τBxx ]d

τBxx d τSxx

(5)


τ ( d ) = τ0 +

= τ0 +

= τ0 +

0 τSxx +τn

Setting τ n = 0 in Eq. (5), we obtain the probability of having any CTB-caused strengthening at all. Increasing τ n to values
larger than zero allows the assessment of positive strengthening
effects of CTB. A series of such probability curves with different
values for τ n as a function of the pillar diameter is depicted in
Fig. 5.
The intersection of the 50% probability gridline with the calculated probability curves provides the desired prediction of τ 2% .
The 50% selection was considered appropriate for two reasons: a)
for large diameters it corresponds to τ n = 0 (disappearing twin
boundary strengthening); b) the 50% level intersects with all τ n
> 0 curves. The 50% probability meets the dark orange curve (corresponding to τ n = 5 MPa) curve at 3 μm and therefore predicts
that for diameters below 3μm it is more likely to have a τ 2% of at
least 5 MPa than less. Notably, Malyar et al. measured the τ 2% for
3 μm pillars to be 5-7 MPa [10]. It is worth mentioning that probabilities in diameters less than 1 μm and larger than 5 μm correspond to extrapolation beyond the data range, and due to high
uncertainties in diameters less than 1 μm, the model is considered
invalid for this regime.
From Fig. 5 it can be concluded that τ 2% is not constant in
the range of the 1-5 μm pillar diameter. The probability of having
a large τ 2% is higher at 1 μm and tends towards zero as the pillar
diameter increases. This matches our initial assumption based on
the double-hump shape of the dislocation line in the Bxx pillars,
as the penalty curvature that dislocation needs to pay for ideal slip
transmission depends on the characteristic length scale, i.e. pillar
diameter.
Next, we aimed to relate the experimental results to the physical understanding of the double-hump shape in the ideal slip
transmission Eq. (2). was re-formulated with an indicator variable

k
dn
k
dn
k
dn



1+



d˜ ∗ Flag
d − d˜



(for Sxx pillars)


1+

d˜
d − d˜

(6)


(for Bxx pillars)

Eq. (6) was then ﬁt to the micropillar data using the shear
stress at 2% strain, pillar diameter, and Flag value (Fig. 6). Joint
analysis parameters obtained from ﬁtting all datasets are reported
in Table 1. The weighted sum of squares of the joint analysis automatically take the number of samples (63 Sxx and 19 Bxx) into account, and gives more weight to the larger data set. The additional
consideration of the Bxx data in the joint analysis leads to a reduction in the parameter uncertainties compared to the analysis of
the individual data sets, i.e. the (smaller) Bxx data but also to the
(larger) Sxx data. More importantly, it can clearly be seen that the
joint analysis retains the estimators for the parameters τ 0 , k and
n obtained from the Sxx data, and the Bxx strengthening effect is
solely described via the d˜ parameter. It must be noted that all data,
regardless of being Sxx or Bxx, can contribute to the joint analysis,
meaning that the analysis ﬁt parameters (τ 0 , k, n, and d˜) are valid
to describe either pillar type. (For more information regarding the
joint analysis, refer to the S3 in the supplementary ﬁle)
Notably, n (both in separate and in the joint analysis) is close
to one, which indicates that our micropillar compression tests are
in a dislocation curvature-controlled regime. Fig. 6 shows both the
separate power-law ﬁts for each pillar type and the joint analysis (once for Flag = 1 and once for Flag = 0) with a very good
overlay. This indicates that with the added term of the penalty
curvature, the joint analysis predicts the Bxx behavior extremely
5
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larger τ 2% ) is present. This ﬁnding is qualitatively in line with
the existence of the double-hump shape.
4.2. Decoupling size-effect from CTB-strengthening
While the varying τ 2% points towards the double-hump, the
penalty curvature of the dislocation line could be better examined
by comparing a model, driven from the double-hump, to the experimental data. In such model, the separation of the strengthening mechanisms (namely size-effect and strengthening caused by
CTB) is vital to fundamentally and quantitatively understand the
important role of CTBs in the mechanical properties at the micron
scale.
It is notable that other models based on possible dislocationCTB interaction scenarios were also considered. These models include: (i) CTB being no barrier to the transmission, in this case
τ 2% would be zero; (ii) CTB requiring a ﬁxed stress value to allow
the transmission to happen, in other words τBxx = τSxx + τtransmission ,
in which τtransmission is a constant value; (iii) CTB being a hard barrier that does not allow the ideal transmission. The small and varying τ 2% across the studied diameter range rejects all 3 models;
therefore, only the model driven from the double-hump shape was
chosen for further analysis. Section S4 of the supplementary ﬁle
discusses these models based on the calculated probability function.
We assume that in the Sxx pillars, the strength is dictated by
the ease of operating a dislocation source. According the doublehump mechanism, the same should hold for twin boundary pillars,
however, the effective source size is smaller due to the dislocation
curvature near CTB. Given that the two strengthening mechanisms
are independent, i.e. there is no mutual interaction, this separation
can be done in the joint analysis based on Eq. (6).
Remarkably, the joint analysis can successfully describe both
the Sxx and Bxx data. The observation is remarkable because both,
the dislocation source size effect as well as the double-hump are
dominated by dislocation curvatures, and an inﬂuence of one effect
on the other seems to be reasonable. Nevertheless, the joint analysis describes the data well and one can conclude, that the mutual
interaction of the two mechanisms can be neglected in the investigated size regime.

Fig. 6. Shear stress at 2% strain vs pillar diameter of both Bxx and Sxx pillars. The
best power-law ﬁts for the Sxx data set (blue curve) and Bxx (red curve) is also
shown. The green curves correspond to the joint analysis of the whole data set at
Flag=0 for Sxx pillars, and Flag=1 for Bxx pillars. The good match between the individual ﬁts and the two branches of the joint analysis shows that the joint analysis
could predict the behavior of the Bxx pillars by adding an additional term to describe the penalty curvature of the dislocation under ideal slip transmission.

closely. Therefore, it can be concluded that the predicated doublehump shape and the dislocation curvature theory can successfully
describe the different τ 2% values obtained from our experimental
data.
An interpretation of the reported value of d˜ in Table 1 can be
misleading and caution should be applied, as it is only intended
to model the penalty curvature of dislocations in Bxx compared to
the Sxx samples. As discussed in the introduction, a direct measurement of the penalty curvature d˜ or the effective source size
of Bxx pillars (d − d˜) was not possible in microscale pillars. As a
ﬁrst order approximation d˜ was assumed to be constant. While our
joint analysis (Eq. (6)) describes our experimental data with a constant d˜ in the investigated size regime well, this assumption might
break down at smaller pillar diameters.

4. Discussion
4.1. Size scaling behavior of bi-crystalline pillars

4.3. Extrapolation towards smaller and larger dimensions

It is evident from our work, that the general trend of “smaller
is stronger” holds true also for CTB containing pillars. Moreover,
Bxx pillars are stronger than the Sxx ones across the entire investigated size range. The NLLSQ analysis was employed to obtain the
difference of the shear stress at 2% strain between Sxx and Bxx
pillars (τ 2% ). The analysis removed the concerns about diameter
variations, which affects the pillar strength due to the size-effect.
The result of the probabilistic analysis (See Fig. 5) show that τ 2%
increases with decreasing pillar diameter. At the largest pillar diameter of 5 μm, τ 2% reaches values smaller than 5 MPa. Consequently, Sxx and Bxx pillars exhibit differences in their size scaling
behavior on the ﬁrst glance.
The changes of τ 2% within the diameter range can be explained using the double-hump shape of the dislocation line in the
Bxx pillar, which has been introduced by Malyar et al. [10]. In the
presence of a CTB in Bxx pillars, the dislocation needs to fall parallel to the twin boundary. This geometrical constraint requires additional curvature (i.e. additional stress) in order to reorient along
with the CTB, so it has a pure screw character and can cross-slip
to the next grain (as illustrated in Fig. 1). In smaller diameters, the
additional stress compared to the dislocation line tension is relatively large; therefore, a larger strengthening due to CTB (i.e. a

τ 2% was investigated in the pillar diameter range from 1 to
5 μm. While describing our data within this size regime worked
well (see Section 4.2), an extrapolation of the twin boundary behavior to larger and smaller twin spacing remains challenging. At
the upper size limit, at 5μm, τ 2% is as low as 5 MPa. We postulate, that further increasing the pillar diameter results in an
ever smaller τ 2% , as long as the shear stress on the transmitting slip system exceeds the value for cross slip of pure copper,
i.e. 24 ± 2 MPa [27]. The reduction of τ 2% is rationalized by any
curvature penalty due to the double hump, which vanishes with
increasing pillar size (see Eq. (3)). As soon as the minimum shear
stress for dislocation cross-slip is not reached anymore, dislocations will not be able to transmit through the boundary and an
increased difference of Sxx and Bxx could be prognosticated. However, based on Eq. (4) and the data in Table 1, the aforementioned
scenario does not happen for pillars smaller 200 μm. In such large
samples however dislocation sources are easily activated and may
obscure the effect of a CTB.
The extrapolation to smaller sizes is more challenging; a comparison is best made to nanotwinned materials. Lu et al. reported
elevated yield stress of 900 MPa in nanotwinned Cu [35]. Kini
et al. recently suggested that the pillar strength scales inversely
6
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with twin spacing. They showed the dislocation curvature in nanotwinned Ag thin ﬁlms from cross-slip of dislocations across numerous twin boundaries in twin spacing down to 15 nm [24]. Obviously, the dislocation line shape is not a single double-hump in
these cases, but rather a periodic bowing out of the dislocations at
each grain boundary to facilitate the cross slip. The extrapolation
of our data is dangerous because (i) the mechanisms at play might
change and (ii) larger scatter of stress data obtained from 1 μm
sized pillars render a prediction to smaller diameters challenging:

fully be done by our probabilistic analysis, which provided probability curves for the prediction of plausible τ 2% amounts over the
whole range of the pillar diameters in the experiments. For pillars
larger than 5 μm in diameter, the CTB strengthening is expected to
be marginal. The extrapolation of the probability curves towards
diameters smaller than 1 μm bears large uncertainties to it. The
predictive function might be used to determine the strengthening in other CTB-containing systems, for example in nano-twinned
structures. Likewise, the probabilistic tools used in the joint analysis can be employed for other similar experimental settings, e.g. in
studies that aim at separating the GB strengthening contribution
from the general size-effect in case of other GBs.

(i) CTBs frequently contain defects like ledges or Frank partial dislocations, which can act as dislocation sources at high stresses
[5]. In the underlying case, we did not see evidence of extensive dislocation source activation at the twin boundary, e.g. by
multiple small slip steps. In contrast, in all our cases compatibility of slip with large slip steps is observed. Assuming the
model and data in Eq. (1) and Table 1, as well as a dislocation
source activation strength in the CTB of 2500 MPa [5], dislocation source activation at the CTB would not happen for pillars
larger than ∼50 nm. Such small pillars cannot be tested with
high conﬁdence (and low scatter) by micro pillar compression.
Besides, as soon as the dislocation splitting width is close to
the pillar diameter, partial slip activation is expected and the
deformation behavior might be considerably different.
(ii) The scatter in the data is likely not caused by instrumental scatter, rather by the stochastic nature of dislocation slip at the micron scale [36,37]. A signiﬁcant increase of the sample number is required to understand the strength distribution of even
smaller pillars tested here. This, however, is hardly possible because of FIB time required to get suﬃcient statistics.
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4.4. A comment on the probabilistic analysis scheme
A highly detailed probabilistic analysis of the Sxx/Bxx strength
could be obtained based on the full analysis over the experimental pillar diameter range, as opposed to a separate analysis of the
strength distribution for each nominal pillar diameter. Using the
double hump CTB strengthening approach, we obtained predictive
probability distributions for the strengths as function of the pillar diameter, from which we could directly calculate (via Eq. (5))
the probability of prescribed CTB strengthening amounts τ n , as
shown in Fig. 5. Such a direct probability cannot be obtained from
the comparison of credibility bands based on a pre-speciﬁed credibility level as is common in conventional statistical analysis procedures. We also want to emphasize that this type of analysis can be
generalized to multi-twin systems, provided a suitable strengthening model is available or can be hypothesized.
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