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Abstract
Using the Atiyah-Singer index theorem, we formally compute gravitational anomalies
for fermionic higher-spin fields in two, six and ten dimensions, as well as the U (1) mixed
gauge-gravitational anomaly in four dimensions. In all cases, anomaly cancellations are
found for an infinite tower of fields with alternating chiralities.
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Introduction

We consider gravitational anomalies for chiral fermionic symmetric higher-spin fields. These
are massless tensor-spinor fields ψµα1 ...µs of rank s which are symmetric in their space-time
indices and describe, in four space-time dimensions, higher-spin particles of half-integer helicity h = s + 1/2 [1]. These fields are notoriously difficult to couple to dynamical gravity,
c.f. [2] for the spin 5/2 case and [3] for a useful review of no-go theorems. However, there is
by now growing evidence that higher-spin gravity theories should in fact exist and are of a
non-conventional nature, containing an infinite tower of massless fields of all spins. We refer
to [4] for a recent review of the field.
In any putative higher-spin theory containing chiral fermions coupled to gravity, an important consistency requirement at the quantum level is the vanishing of the total gravitational anomaly. We compute here the local gravitational anomalies of such fields on an
arbitrary Euclidean manifold M in two, six and ten dimensions, as well as the U (1) mixed
gauge-gravitational anomaly in four dimensions. This is done using the Atiyah-Singer index
theorem [5, 6], following [7–10]. We treat this method as a ‘formal black box’ which takes
as only input the field and ghost content of the theory and returns the anomaly polynomial,
a (D + 2)-form written in terms of the Pontryagin classes of M (with D = dim M). This
computation therefore comes with some assumptions:

1. We assume that the number of independent gauge transformations of the field is the
same as in flat or AdS space, where the free action has been constructed long ago [1].
2. We assume that the link between the anomaly and the index density computed with
the theorem still holds; in particular, it is unclear to us how non-minimal couplings of
higher-spin fields to gravity affect this result, if at all.
The first of these assumptions is very reasonable. Further investigation of the second assumption, in particular using the explicit couplings of chiral higher-spin gravity [11, 12], is
left for future work.
Despite these caveats, we find a very suggestive result, namely: in every case, the (regularised) total anomaly for an infinite tower of fields with alternating chiralities vanishes.
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The index theorem

(s)
The anomaly polynomial IˆD+2 is given by the (D + 2)-form part of the index density of a
certain Dirac operator [7–10] which is written in the form

/ : C ∞ (S + ⊗ Vs ) −→ C ∞ (S − ⊗ Vs ) ,
D

(2.1)

where S + (resp. S − ) denotes the positive (resp. negative) spinor representation of SO(D)
and Vs is a formal sum of tensor representation spaces of SO(D) carrying the information
about the index structure of the field and ghosts. Then, using the index theorem [5, 6] one
has
h
i


(s)
b
/ D+2 = ch(−F)A(M)
IˆD+2 = Ind(D)
ch(R, Vs )
.
(2.2)
D+2

The subscript indicates that one has to pick out the (D + 2)-form part of this expression,
which is a sum of forms of even degrees. We now briefly explain the various components of
this formula, and refer to [13, 14] for a pedagogical introduction.
Chern character of the gauge group. First of all, if the field transforms in a representation v of a Yang-Mills gauge group, one has the Chern character


iF
i
1
ch(−F) = trv exp −
= dim(v) −
trv (F) −
trv (F2 ) + . . .
(2.3)
2π
2π
2(2π)2
(v)

where traces are taken in the representation v, and F = F a Ta is the curvature two-form
contracted with the generators of the gauge group in that representation. The factor ch(−F)
is thus a sum of forms of even degree.
b
Dirac genus. The second factor is the Dirac genus (or roof genus) A(M)
of the manifold:
it is a sum of forms of degrees that are multiple of four and reads, up to the twelve-form
component,

1
1
1
b
A(M)
=1−
p1 +
(7 p21 − 4 p2 ) +
−31 p31 + 44 p1 p2 − 16 p3 + . . . . (2.4)
24
5760
967680
This is written in terms of the Pontryagin classes of the manifold M; each pk is a form of
degree 4k. Up to p3 , they are given in terms of the Riemann curvature two-form Ra b by


1
1
2
p1 =
− tr R
(2.5)
(2π)2
2


1
1
1
4
2 2
p2 =
−
tr
R
+
(tr
R
)
(2.6)
(2π)4
4
8


1
1
1
1
6
2
4
2 3
p3 =
− tr R + tr R tr R − (tr R )
.
(2.7)
(2π)6
6
8
48
2

Chern characters of SO(D) and trace identities. To evaluate the last factor ch(R, Vs )
in formula (2.2), we will need the Chern character of the rank s symmetric tensor representation of SO(D). It is defined as


iR(s)
ch(R(s) ) = Tr exp
2π
1 1
(D + s − 1)!
1 1
2
4
)+
) + ... .
(2.8)
=
−
Tr(R(s)
Tr(R(s)
2
s!(D − 1)!
2! (2π)
4! (2π)4
ab ,
Here, R(s) is given in terms of the curvature two-form of the manifold by R(s) = 12 Rab T(s)
ab are the generators of the rank s symmetric representation of SO(D):
where the T(s)

ab i1 ...is
)
(T(s)
j1 ...js = s!

s
X

i )

(i

δj11 δji22 · · · (tab )il jl · · · δjss ,

(2.9)

l=1
b]

with (tab )i j = 2δ i[a δj the generators of the fundamental (vector) representation. In formula

(2.8), we used Tr(1) = D+s−1
= (D+s−1)!
s
s!(D−1)! and the fact that traces of odd powers of R(s)
b
identically vanish here. Thus ch(R(s) ), like A(M),
is a sum of forms of degrees that are
multiple of four. For our purposes (up to D = 10), we need explicit formulas up to the
6 ).
twelve-form component, i.e. Tr(R(s)
As a next step, one needs to write the traces of powers of R(s) in terms of Pontryagin
classes or, equivalently, in terms of traces in the fundamental representation. This is achieved
by expanding the generating function (see e.g. [15, 16])
∞
X



i
h

iR −1
iR
xs ch(R(s) ) = det 1 − x e 2π
.
= exp − tr log 1 − x e 2π

(2.10)

s=0

We find the following explicit formulas, for arbitrary rank s and dimension D. For the
four-form, one has simply
2
Tr(R(s)
) = Q2 (s) tr R2 ,

Q2 (s) =

(D + s)!
.
(s − 1)!(D + 1)!

(2.11)

For the eight-form, two types of terms are possible: tr(R4 ) and (tr R2 )2 . Indeed, one finds
4
Tr(R(s)
) = Q4 (s) tr R4 + 3 A4 (s)(tr R2 )2

(2.12)

where Q4 (s) and A4 (s) are

(D + s)!
6s2 + (6s − 1)D + D2
(D + 3)!(s − 1)!
(D + s + 1)!
A4 (s) =
.
(D + 3)!(s − 2)!

Q4 (s) =

(2.13)
(2.14)

Finally, for the twelve-form one has the following combination of the three possible terms
tr R6 , tr R2 tr R4 and (tr R2 )3 :
6
Tr(R(s)
) = Q6 (s) tr R6 + 15 A6 (s) tr R2 tr R4 + 15 B6 (s)(tr R2 )3

3

(2.15)

with
Q6 (s) =



(D + s)!
120s4 + 240s3 − 90s2 + 4 D
(D + 5)!(s − 1)!


+ 150s2 − 90s + 11 D2 + (30s − 16)D3 + D4


(D + s + 1)!
6s2 − 4 + (6s − 3)D + D2
(D + 5)!(s − 2)!
(D + s + 2)!
B6 (s) =
.
(D + 5)!(s − 3)!

(2.16)
(2.17)

A6 (s) =

(2.18)

These formulas can equivalently be written in terms of Pontryagin classes, using (2.5) – (2.7).
Field and ghost content. Finally, the object Vs is a formal sum of SO(D) representation
spaces, determined by the field and, after quantisation, ghost content of the theory. The
result is
Vs = Syms T ∗M − Syms−1 T ∗M − Syms−2 T ∗M + Syms−3 T ∗M ,
(2.19)
so the factor ch(R, Vs ) appearing in (2.2) is defined as
ch(R, Vs ) = ch(R(s) ) − ch(R(s−1) ) − ch(R(s−2) ) + ch(R(s−3) ) .

(2.20)

For s ≤ 2, one should omit the terms with a negative index.
We now indicate how to derive this result. For definiteness, we take the field ψµ1 ...µs to
be of positive chirality (for a negative-chirality field, the anomaly simply gets an extra minus
sign). First of all, in the Fang-Fronsdal “metric-like” formulation [1], the field ψµα1 ...µs and
the gauge parameter ζµα1 ...µs−1 satisfy the gamma-trace conditions
γ µ γ ν γ ρ ψµνρσ4 ...σs = η µν γ ρ ψµνρσ4 ...σs = 0 ,

γ µ ζµν3 ...νs = 0 .

(2.21)

Therefore, the field ψµ1 ...µs can be seen as an element of the formal difference
C ∞ (S + ⊗ Syms T ∗M − S − ⊗ Syms−3 T ∗M) ,

(2.22)

that is, a positive-chirality, symmetric tensor-spinor of rank s, without (since the chirality
matrix anticommutes with gamma matrices) its negative-chirality rank s − 3 component. To
unclutter notation, we will write
(s)± = C ∞ (S ± ⊗ Syms T ∗M)

(2.23)

from now on for the space of rank s symmetric tensor-spinor fields of positive or negative
chirality, without gamma-trace condition. So, ψ ∈ (s)+ − (s − 3)− and, similarly, ζ ∈
(s − 1)+ − (s − 2)− .
We will impose the gauge condition χ(ψ) = 0, where
χµ2 ...µs (ψ) ≡ γ µ1 ψµ1 µ2 ...µs −

s−1
η νρ γ(µ2 ψµ3 ...µs )νρ .
D + 2(s − 2)

(2.24)

This condition satisfies γ µ2 χµ2 ...µs (ψ) = 0 identically, which is consistent with the gammatracelessness of the gauge parameter ζ. To understand what this does, let us denote by ψ̂ (s)
a gamma-traceless, symmetric tensor-spinor of rank s. The triple gamma-trace condition on
the field ψ means that it only contains components of type ψ̂ (s) , ψ̂ (s−1) and ψ̂ (s−2) ; imposing
the gauge condition χ(ψ) = 0 then sets ψ̂ (s−1) = 0, leaving ψ̂ (s) and ψ̂ (s−2) .
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Now, in the usual delta-function gauge-fixing (after integrating out auxiliary fields), one
only integrates over fields ψ satisfying the gauge condition χ(ψ) = 0. There is also a pair
(Ĉ (s−1) , C̄ˆ (s−1) ) of Faddeev-Popov ghosts: they are positive-chirality, symmetric, gammatraceless tensor spinors of rank s − 1 just as the gauge-parameter ζ, but they are bosonic
fields (with wrong spin-statistics). Together, the fields and ghosts are then an element of the
formal space
Xδ = [(s)+ − (s − 1)− ] + [(s − 2)+ − (s − 3)− ] − 2 [(s − 1)+ − (s − 2)− ] ,

(2.25)

where the first term corresponds to ψ̂ (s) , the second to ψ̂ (s−2) , and the third to the two
ghosts (Ĉ (s−1) , C̄ˆ (s−1) ) which come with a negative sign because of the wrong spin-statistics.
Now, since a negative-chirality spinor contributes to the index density with an extra sign
compared to a positive-chirality spinor, we can effectively write Xδ as
Xδ = (s)+ + (s − 1)+ + (s − 2)+ + (s − 3)+ − 2(s − 1)+ − 2(s − 2)+
= (s)+ − (s − 1)+ − (s − 2)+ + (s − 3)+ .

(2.26)

Using these formal rules, Xδ has therefore been brought in the canonical form C ∞ (S + ⊗ Vs )
required in (2.1), where Vs is indeed as in (2.19).
As a cross-check, one could also quantise the system with Gaussian gauge-fixing. The
gauge-breaking term then takes the schematic form χ · ∂/ χ, with an extra differential operator
to ensure that the quadratic part of the action is homogeneous in derivatives as is customary
for spin 3/2. Then, a third ghost b̂(s−1) is needed, the Nielsen-Kallosh ghost [17, 18] (see
also [14, 19] for a general description in the Batalin-Vilkovisky quantisation formalism). It
satisfies the same properties as the gauge condition χ(ψ): it is a symmetric, gamma-traceless
tensor spinor of rank s − 1, of the opposite chirality as ψ. Importantly, it is also a fermionic
field with the correct spin-statistics. In this scheme, the two Faddeev-Popov ghosts have
opposite chiralities but otherwise identical properties and their contribution to the index
density cancels. The fields and ghosts are then an element of
XG = [(s)+ − (s − 3)− ] + [(s − 1)− − (s − 2)+ ]
= (s)+ − (s − 1)+ − (s − 2)+ + (s − 3)+ ,

(2.27)

i.e., XG = C ∞ (S + ⊗ Vs ) with the same Vs , as expected: the choice of quantisation scheme
should not affect the result.

3

Gravitational anomalies

With these formulas in hand, we now compute the pure gravitational anomalies in two,
six and ten spacetime dimensions, and the U (1) mixed gauge-gravitational anomaly in four
dimensions. In all cases, the total anomaly polynomial is found to cancel when summed over
all values of s with alternating signs.
The two-dimensional case. In D = 2 and up to the four-form component, the Chern
character ch(R(s) ) reduces to
1
ch(R(s) ) = (s + 1) + s(s + 1)(s + 2)p1 + . . . .
6

5

(3.1)

The anomaly polynomial is then found to be
i
h
(s)
b
ch(R, Vs )
Iˆ4 = A(M)

 4

1
=
1 − p1
ch(R(s) ) − ch(R(s−1) ) − ch(R(s−2) ) + ch(R(s−3) )
24
4
= (2s − 1) p1 .

(3.2)

This formula is valid for all s ≥ 2. For s = 0 and 1, the complex Vs is smaller and one gets





1
1
23
1
(1)
(0)
1 − p1 (1 + p1 ) = p1
(3.3)
Iˆ4 = 1 − p1 = − p1 , Iˆ4 =
24
24
24
24
4
4
as expected [7]. For s = 2, formula (3.2) is still valid since formally ch(R(−1) ) = 0 in (3.1).
With this result in hand, we now investigate anomaly cancellations for a tower of higherspin fields. If we consider onePfield for each integer s, all fields having the same chirality,
we are led to the infinite sum ∞
s=2 (2s − 1) over odd numbers, which diverges and needs to
be regularised. There are several ways to do this. One rather elegant way is to analytically
continue the identity
∞
X
(2s − 1)−τ = (1 − 2−τ )ζ(τ ) ,
(3.4)
s=1

valid for Re(τ ) > 1. The right-hand side has a smooth limit when τ goes to −1:
τ →−1

(1 − 2−τ )ζ(τ ) −−−−→ (1 − 2)ζ(−1) =

1
,
12

(3.5)

thus assigning the value 1/12 to the divergent sum. Another way to regularise the sum is to
introduce an exponential regulator e−s , and to drop the poles: this gives
∞
X
s=1

(2s − 1)e−s =

2
1 1
− + + O() ,
2

 3

(3.6)

assigning this time the value 13 toPthe divergent sum. (This is of course equivalent to the
1
naive zeta function regularisation ∞
s=1 (2s−1) → 2ζ(1)−ζ(0) = 3 .) Slightly more generally,
one can use the regulator e−(s+x) , as was done in [20, 21] with simple dimension-dependent
values for the extra parameter x, giving
∞
X

1
(2s − 1)e−(s+x) = (singular) +
1 + 3x + 3x2 + O() .
3

(3.7)

s=1

This agrees with (3.5) for x = −1/2, with (3.6) for x = 0, and can also produce many other
values. Clearly, there is a big ambiguity and some extra physical input is required to choose
a natural regularisation. Let us note, however, that the choice 1/12 leads to
!
∞
∞
X
X
23
1
(s)
Iˆ4 = − +
+
(2s − 1) p1
24 24
s=0
s=2


1
23
1
→ − +
+
− 1 p1
24 24 12
= 0.
(3.8)
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Remarkably, the situation is much less ambiguous when one considers an alternating sum.
Then, the exponential regulator e−s gives an expression that is regular as  → 0:
∞
X

(−1)s (2s − 1)e−s = 1 + O() .

(3.9)

s=2

(One does not need to “drop the poles”; the finite part is unambiguous.) Moreover, there is
no extra parameter in this scheme: using e−(s+x) clearly does not change the result. Now,
since the anomaly of a right-handed spinor is the opposite of that of a left-handed one,
this formula then leads to a cancellation of anomalies for a tower of fields with alternating
chiralities:
!
∞
∞
X
1
23 − X
s ˆ(s) −s
s
−s
= − − e +
(−1) I4 e
(−1) (2s − 1)e
p1
24 24
s=0
s=2


1
23
= − −
+ 1 p1 + O()
24 24
= 0 + O() .
(3.10)
Mixed gauge-gravitational anomaly in four dimensions. There is no purely gravitational anomaly in four spacetime dimensions. However, there are mixed gauge-gravitational
anomalies: using (2.2), the complete anomaly polynomial is given by the six-form
h
i
(s)
b
Iˆ6 = ch(−F)A(M)
ch(R, Vs )
6
h
i
i
i
b
= − (tr F) A(M)
ch(R, Vs ) +
tr(F3 ) .
(3.11)
2π
6(2π)3
4
The second term, proportional to tr(F3 ), is the usual gauge anomaly for chiral fermions: it
is insensitive to the index structure of the field and takes the same value here as in the spin
1/2 case. The first term is the mixed gauge-gravitational anomalies. Only the U (1) factors
can contribute and we have tr F = −iqs F , where F = dA is the U (1) gauge connection and
qs the charge of the field (if there are several U (1) factors, one gets a sum of such terms).
The second factor is evaluated as before: one needs the Chern character ch(R(s) ) up to the
four-form component,
1
1
ch(R(s) ) = (s + 1)(s + 2)(s + 3) +
s(s + 1)(s + 2)(s + 3)(s + 4)p1 + . . . .
6
120

(3.12)

Putting things together, the mixed U (1)-gravitational anomaly is



qs
1
(s)M
ˆ
I6
=− F
1 − p1
ch(R(s) ) − ch(R(s−1) ) − ch(R(s−2) ) + ch(R(s−3) )
2π
24
4
1
2 qs
= − (1 + 2s)(−1 + 4s + 4s ) F p1 .
(3.13)
24
2π
This formula is valid for all s ≥ 0 (including s = 0, 1 and 2).
We now investigate anomaly cancellations for a tower of higher-spin fields. As a first
step, let’s consider a tower of fields with equal charges, qs = Q1 for all s, and with the same
chirality. Using the exponential regulator e−(s+x) yields
∞
X
s=0

 Q1
1
(s)M
Iˆ6 e−(s+x) = (singular) −
10x4 − 20x3 + 5x2 + 5x − 3
F p1 + O() .
5!
2π
7

(3.14)

This can be made to vanish after dropping the singular part, but this requires picking a
rather unnatural and ad hoc value for the parameter x (which is not of the simple forms
considered in [20]).
As in the two-dimensional case, however, the alternating sum is much better behaved.
Then, one finds simply
∞
X
(s)M
(3.15)
(−1)s Iˆ6 e−(s+x) = 0 + O() .
s=0

This is regular as  → 0, and independent of x. The alternating sum can be arranged
by alternating the chirality of the field, as before, or by keeping the same chirality but
alternating the sign of the charge. Furthermore, we find that having all charges equal is not
the only possibility: for example, taking
qs = Q1 + Q2 s(s + 1)

(3.16)

(still with alternating signs) also gives zero in this regularisation scheme. It would be interesting to know the most general function qs that still leads to a cancellation.
The six-dimensional case. For the anomaly polynomial in six spacetime dimensions, we
find the eight-form
i
h
(s)
b
ch(R, Vs )
Iˆ8 = A(M)
8



1
=
(s + 1)(s + 2)(2s + 3) C1 (s) p21 − C2 (s) p2
5760 × 42

(3.17)

where C1 (s) and C2 (s) are the fourth-degree polynomials
C1 (s) = 48s4 + 288s3 + 324s2 − 324s + 49
4

3

2

C2 (s) = 48s + 288s + 576s + 432s + 28 .

(3.18)
(3.19)

This formula is valid for all s ≥ 0, and reproduces the classic results of [7] for s = 0 and 1.
Summing this expression over all values of s using the regulator e−(s+x) as before, one
has the same behaviour as in (3.14): the finite part is a polynomial in x, which can be made
to vanish only by picking “by hand” an unnatural value of the parameter x. However, with
alternating chiralities the regularised sum vanishes:
∞
X
(s)
(−1)s Iˆ8 e−s = 0 + O() .

(3.20)

s=0

The ten-dimensional case. In ten dimensions, we find the following formula for the
anomaly polynomial, valid for all s ≥ 0:
h
i
(s)
b
Iˆ12 = A(M)
ch(R, Vs )
12

1
=
(s + 1)(s + 2)(s + 3)(s + 4)(s + 5)(s + 6)(2s + 7)
967680 × 720720


× E1 (s) p31 − 2E2 (s) p1 p2 + E3 (s) p3 ,

(3.21)

with
E1 (s) = 112s6 + 2352s5 + 15736s4 + 28224s3 − 36015s2 − 2401s − 4433 ,

(3.22)

E2 (s) = 112s6 + 2352s5 + 16828s4 + 43512s3 + 9758s2 − 56546s − 3146 ,

(3.23)

6

5

4

3

2

E3 (s) = 112s + 2352s + 17920s + 58800s + 68544s − 19600s − 2288 .
8

(3.24)

The sum over all values of s displays the same features as in the lower-dimensional cases:
with all fields of the same chirality, the vanishing of the sum requires an unnatural choice of
the regulator parameter x; with alternating chiralities, one gets the remarkable cancellation
∞
X
(s)
(−1)s Iˆ12 e−s = 0 + O() .

(3.25)

s=0

4

Conclusion

In this short note, we have computed the anomaly polynomials for fermionic higher-spin fields
in various dimensions using the Atiyah-Singer index theorem. This requires the computation
of some interesting SO(D) trace identities, and careful consideration of the ghost content of
the theory. There are of course some assumptions in this computation, detailed above, but
nevertheless we find a remarkable result: the total anomaly polynomial vanishes when one
considers an infinite tower of fields of all spins with alternate chiralities. The sum over all
spins was performed with the natural regulator e−s , which gives a smooth result as  → 0.
This work is only a starting point for the investigation of higher-spin gravitational anomalies and should be extended. First of all, it is unclear if non-miminal couplings to gravity
affect the result; this should be confirmed using the explicit complete couplings available
in [11]. Another question is whether higher-spin multiplets containing a tower of fermions
with alternating chiralities exist and can be constructed; in fact, in dimensions D ≥ 6 it
would be interesting to repeat the computations of this paper in the case of fermions of
mixed symmetry and see whether similar cancellations can be arranged. Finally, in higher
dimensions there are chiral bosonic higher-spin fields which would contribute to the anomaly;
these are rectangular mixed symmetry fields that generalise the self-dual p-forms familiar
from supergravity [22]. Gravitational anomalies of such fields are yet to be computed (see
however [23] for the two-column case).
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