arXiv:2206.06896v1 [math.DS] 14 Jun 2022

Model reduction for second-order systems with
inhomogeneous initial conditions
Jennifer Przybilla∗, ⋄
⋄

Igor Pontes Duff†, ⋄

Peter Benner◦, ⋄

Max Planck Institute for Dynamics of Complex Technical Systems, Sandtorstraße, 39106 Magdeburg, Germany.
∗
Email: przybilla@mpi-magdeburg.mpg.de, ORCID: 0000-0002-8703-8735
†
Email: pontes@mpi-magdeburg.mpg.de, ORCID: 0000-0001-6433-6142
◦
Email: benner@mpi-magdeburg.mpg.de, ORCID: 0000-0003-3362-4103

Abstract: In this paper, we consider the problem of finding surrogate models for large-scale second-order
linear time-invariant systems with inhomogeneous initial conditions. For this class of systems, the superposition
principle allows us to decompose the system behavior into three independent components. The first behavior
corresponds to the transfer between the input and output having zero initial conditions. In contrast, the other
two correspond to the transfer between the initial position and the initial velocity conditions having zero input,
respectively. Based on this superposition of systems, our goal is to propose model reduction schemes allowing
to preserve the second-order structure in the surrogate models. To this aim, we introduce tailored secondorder Gramians for each system component and compute them numerically, solving Lyapunov equations. As
a consequence, two methodologies are proposed. The first one consists in reducing each of the components
independently using a suitable balanced truncation procedure. The sum of these reduced systems provides an
approximation of the original system. This methodology allows flexibility on the order of the reduced-order
model. The second proposed methodology consists in extracting the dominant subspaces from the sum of
Gramians to build the projection matrices leading to a surrogate model. Additionally, we discuss error bounds
for the overall output approximation. Finally, the proposed methods are illustrated by means of benchmark
problems.
Keywords: second-order systems, model order reduction, balanced truncation, inhomogeneous systems
Novelty statement: This article proposes two new reduction techniques for second-order systems with
inhomogeneous initial conditions. We make use of the superposition principles to obtain three subsystems
that can be evaluated separately. For this purpose, we derive new Gramians that describe the initial condition
to output behavior. We discuss one algorithm that reduces the subsystems individually and one algorithm that
generates one reduced system approximating the input and initial condition to output behavior. Additionally,
we propose error bounds for both methods.

1 Introduction
Second-order dynamical systems arise in many engineering applications, e.g., electrical circuits, structural dynamics, and vibration analysis. In many setups, these systems
are modeled by partial differential equations having secondorder time-derivatives. In order to compute the numerical
simulations, spatial discretizations are needed, leading to

high fidelity models. However, those high fidelity models
may present a high number of degrees of freedom, which
are not suitable for numerical computations. Consequently,
model order reduction techniques are used to construct
reduced-order models, that approximate the behavior of the
original system.
Most reduction techniques assume that the considered
systems have zero initial conditions. Consequently, these
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methods fail in approximating systems if they have inhomogeneous initial conditions. Additionally, the corresponding
error estimators of these methods are not applicable in this
case. This work is dedicated to finding surrogate models for
second-order systems with inhomogeneous initial conditions
while preserving the system structure.
In the literature, there exist several reduction methods
dedicated to systems with homogeneous initial conditions.
Examples are singular value based approaches such as balanced truncation [9, 20, 31] and Hankel norm approximations [15]. Additionally, there exist Krylov based methods such as the iterative rational Krylov algorithm (IRKA)
[9, 13, 16], as well as, data driven methods such as the
Loewner framework [19]. In this work, we consider secondorder continuous-time dynamical systems governed by the
system of differential equations
Mẍ(t) + Dẋ(t) + Kx(t) = Bu(t),
y(t) = Cx(t),
x(0) = x0 ,

(1a)
(1b)

ẋ(0) = ẋ0 ,

(1c)

where M, D, K ∈ Rn×n , B ∈ Rn×m , C ∈ Rp×n , x(t) ∈ Rn ,
u(t) ∈ Rm and y(t) ∈ Rp . We assume that the position and velocity initial condition are not known a priori.
However, they are assumed to lie in two known subspaces
X0 := span {X0 } and V0 := span {V0 }, respectively, with
X0 ∈ Rn×nx0 and V0 ∈ Rn×nv0 . Hence, the initial conditions can be expressed as
x(0) = X0 z0 , and ẋ(0) = V0 w0 .

(2)

Our main goal in this work is to find low dimensional surrogate models for the system (1) with inhomogeneous conditions (2) preserving the second-order system structure.
By structure-preserving, we mean to determine PetrovGalerkin projection matrices W, V ∈ Rn×r leading to a
reduced second-order system
M̂ẍr (t) + D̂ẋr (t) + K̂xr (t) = B̂u(t),
yr (t) = Ĉxr (t),
xr (0) = X̂0 ẑ0 ,

(3)
ẋr (0) = V̂0 ŵ0 ,

with M̂ = WT MV, D̂ = WT DV, K̂ = WT KV, B̂ =
WT B, Ĉ = CV, X̂0 = WT X0 , V̂0 = WT V0 , and xr (t) ∈
Rr .
In the literature, there exist several methods enabling
model order reduction preserving the second-order structure [11, 14]. These techniques range from balanced truncation as well as balancing related model order reduction
[12, 23, 29] to moment matching approximations based on
the Krylov subspace method [4, 26]. The recent work [25]

2

provided an extensive comparison among common secondorder model reduction methods applied to a large-scale mechanical fishtail model. Additionally, [5] proposed interpolation based methods for systems possessing very general
dynamical structures. More recently, the authors in [7] propose a new philosophy enabling to find the dominant reachability and observability subspaces enabling very accurate
reduced-order models preserving the structure. Moreover,
an extension of the Loewner framework was proposed in [8]
for the class of Rayleigh damped systems and in [28] for
general structured systems.
Up to our knowledge, there is no dedicated work on system theoretical model reduction of second-order systems
with inhomogeneous initial conditions. For the class of firstorder systems with inhomogeneous conditions, we briefly
review four proposed approaches from the literature. In [2],
the authors proposed to shift the state by the initial condition x0 , e.g. the new state is given as x̃(t) := x(t) − x0 .
That way, the initial condition is included in the input and
output equation and therefore considered in the reduction
process. This method, however, is not straightforward applicable to second-order systems if we have a velocity initial
condition and want to preserve the second-order structure.
In [17] the input Bu(t) is extended by the initial condition
space X0 . More detailed, a new input matrix B̃ := [B X0 ]
and a new input [u(t) z0 ]T are defined such that the initial
condition is taken into account applying reduction methods.
As in the previous method, this approach is not feasible if
we consider velocity initial conditions in the second-order
case.
In [3], the authors’ strategy is to decompose the system
into a zero initial condition system and a system with initial
conditions but no input. The sum of the two corresponding
outputs provides the original output. This superposition is
used to reduce these two systems, separately. Extensions of
the proposed methodology for the class of bilinear systems
is proposed in [10] and [22] based on different splittings.
A recent approach [27] proposes a new balanced truncation procedure based on the shift transformation on the
state. This transformation is depending on design parameters allowing some flexibility and enabling the generalization of the methodologies proposed in [17] and [3]. Additionally, those parameters can be optimized, leading to
accurate reduced-order models.
In this paper, the superposition ideas in [3] are extended
to the class of second-order systems. For the later class, we
show that, due to the superposition principle, the original
system can be decomposed into three subsystems. The first
subsystem corresponds to the map between the input u(t)
and the output while the initial conditions are set to zero.
Additionally, the second subsystem is the output resulting
from the position initial condition x(0) and the third one

Preprint (Max Planck Institute for Dynamics of Complex Technical Systems, Magdeburg).

2022-06-15

3

J. Przybilla, I. Pontes Duff, P. Benner: MOR for SO systems with inhomogeneous initial conditions
corresponds to the output obtained using the velocity initial
condition ẋ(0). Hence, we analyze the three corresponding
subsystems separately. For the systems which result from
the initial conditions, we develop balancing based reduction
techniques based on tailored Gramians that are introduced
in this paper.
Here, two model reduction schemes are proposed. The
first one consists in reducing each of the components independently using a suitable balanced truncation procedure.
Hence, the sum of these reduced systems provides an approximation of the original system. As a consequence, an
advantage of this approach is that the reduced dimensions
and therefore the accuracies can be chosen flexibly. The second proposed methodology consists in extracting the dominant subspaces from the sum of Gramians to build the
projection matrices leading to one surrogate model.
The rest of the paper is organized as follows. In Section 2, we present balanced truncation for first and secondorder systems. Afterwards, in Section 3, we deduce a superposition of the second-order system (1). In Section 4,
tailored Gramians for inhomogeneous second-order systems
are derived. Based on these Gramians, two model reduction schemes are proposed in Section 5. Finally, Section 6
provides the resulting error estimation and in Section 7, the
methodologies are illustrated in two numerical examples.

2 Balanced truncation
In this section, we briefly present balanced truncation
method for first-order and second-order systems having zero
initial conditions.

2.1 First-order systems
We consider the first-order dynamical system with zero initial conditions
E ż(t) = Az(t) + Bu(t),
y(t) = Cz(t),
z(0) = 0,

(4)

with A, E ∈ RN ×N , B ∈ RN ×m , C ∈ Rp×N , z(t) ∈ RN ,
u(t) ∈ Rm , y(t) ∈ Rp . We assume that the system is
asymptotically stable, i.e. all eigenvalues λ of the matrix
pencil A − λE fulfill Re(λ) < 0.
The goal of balanced truncation is to find a reduced-order
model, that approximates the input-output behavior of (4).
We recall the Laplace transform L{w} of a function w defined for positive values as
Z ∞
W(s) := L{w}(s) =
w(t) exp(−st)dt.

The Laplace transform fulfills the initial condition property
L{ẇ}(s) = sL{w}(s) − w(0).
Applying the Laplace transform to system (4) provides
Y(s) = C (A − sE)−1 BU(s),
where Y and U are the Laplace transforms of y and u.
−1
The mapping H(s) := C (A − sE) B is called transfer
function.
Definition 2.1. The input to state mapping R and the
state to output mapping S of system (4) are
−1

R(s) := (A − sE)

B,

−1

S(s) := C (A − sE)

.

The corresponding controllability and the transformed observability Gramian are defined as
Z
Z
P=
R(iω)R(−iω)T dω, Q =
S(−iω)T S(iω)dω.
R

R

The Gramian P and the transformed Gramian Q can be
computed by solving the Lyapunov equations
APE T + EPAT = −BBT ,

AT QE + E T QA = −C T C.

Small singular values of P and E T QE correspond to states,
that are difficult to reach and to observe. In order to truncate small singular values of P and E T QE, simultaneously,
we transform the system such that the transformed Gramians P̃, Q̃ fulfill P̃ = Q̃ = Σ = diag (σ1 , . . . , σn ), where
σ1 , . . . , σn are called Hankel singular values. This transformation is called balancing. Afterwards, we truncate the
n − r smallest Hankel singular values σr+1 , . . . , σn , r ≪ n.
Therefore, we consider the low-rank factors RRT = P and
SST = Q and compute the singular value decomposition
ST ER = UΣXT . The resulting projection matrices that
do both, balance and truncate, are
−1

W := SUr Σr 2 ,

−1

V := RXr Σr 2 ,

where Σr := diag (σ1 , . . . , σr ) and Ur and Xr include the r
leading columns of U and X. The balanced and truncated
system is then given by
ẋr (t) = W T AVxr (t) + W T Bu(t),
yr (t) = CVxr (t)

(5)

since W T EV = Ir . For more details about standard balanced truncation, see [6, 20].

0
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2.2 Second-order systems
Balanced truncation for second-order systems (1) with zero
initial conditions is presented in [12]. By applying the
Laplace transform to the second-order system system (1)
with zero initial conditions provides the following transfer
function:

Proof. Applying the Schur complement provides that P1 is
given by
P1 =

Z

((iw)2 M + iwD + K)−1 B
R

· BT ((iw)2 M − iwD + K)−T dw.

HSO (s) = C(s2 M + sD + K)−1 B.
First, we define the input to state and the state to output
mapping that result from the transfer function.
Definition 2.2. The input to state mapping RSO and the
state to output mapping S SO of the second-order system (1)
with zero initial conditions are
−1
RSO (s) := s2 M + sD + K
B,

−1
S SO (s) := C s2 M + sD + K
.

The corresponding second-order controllability Gramian
PSO and observability Gramian QSO are defined by
Z
RSO (iw)RSO (−iw)T dw,
PSO :=
R
Z
QSO :=
S SO (−iw)T S SO (iw)dw.
R

In order to reduce the second-order system (1) with zero
initial conditions, we transform it to a first-order system (4)
by setting




 
I 0
0
I
0
E :=
, A :=
, B :=
,
0 M
−K −D
B


C := C 0 .

The first-order system is then equivalent to the second-order
system and the corresponding transfer function is given by
HSO (s) = C (A − sE)−1 B = C(s2 M + sD + K)−1 B.
Note that there exist several first-order representation that
are equivalent to system (1). We determine the secondorder controllability Gramian of system (1) with zero initial conditions by considering the Gramian of the first-order
system (4) as described in the following proposition.
Proposition 2.1. The second-order controllability
Gramian PSO of System (1) with zero initial conditions
is equal to the upper left block P1 of the first-order
controllability Gramian

 Z
P1 P2
P=
= (A − iwE)−1 BBT (A + iwE)−T dw
PT
P3
2
R
−1  
Z 
−iwI
I
0
BT (A + iwE)−T dw.
=
−D − iwM
B
R −K

The matrix PSO is called position controllability Gramian.
We observe that PSO encodes the important subspaces of the
map between the input to state of the homogeneous secondorder system (1). Hence, PSO spans the controllability space
and is used to apply balanced truncation in the second-order
case.
The same argumentation is used to extract the state
to output mapping
space from the first-order observability

Q1 Q2
Gramian Q =
. The second-order observability
QT
Q3
2
Gramian QSO presented in Definition (2.2) is equal to the
velocity observability Gramian Q3 .
As in the first-order case we use the low-rank factors R1
T
and S3 with P1 = R1 RT
1 and Q3 = S3 S3 and compute the
T
singular value decomposition S3 R1 = UΣXT . The resulting balancing and truncating projection matrices are
−1

W := S3 Ur Σr 2 ,

−1

V := R1 Xr Σr 2 ,

(6)

where Σr is the diagonal matrix containing the r largest
singular values of Σ. Moreover, Ur and Xr include the
r leading columns of U and X. Projecting by W and V
provides the reduced system (3) with zero initial conditions.

3 Superposition principle for
second-order systems
This section aims at decomposing the original system behavior of the second-order system (1) in simpler subsystems. This system decomposition will be the inspiration of
the proposed model reduction schemes.
By applying the Laplace transform to equation (1a) we
obtain
BU(s) = ML{ẍ}(s) + DL{ẋ}(s) + KL{x}(s)
= M(s2 X(s) − sx(0) − ẋ(0))
+ D(sX(s) − x(0)) + KX(s)
where X is the Laplace transform of x and U the Laplace
transform of u. Hence, it holds that
(s2 M + sD+ K)X(s) = BU(s)+ Dx(0)+ sMx(0)+ Mẋ(0).
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Applying the Laplace transform to equation (1b) and defining Y as the Laplace transform of y provides
Y(s) = CΛ(s)BU(s) + CΛ(s)(sM + D)X0 z0
+ CΛ(s)MV0 w0
2

u
x0

y

Σ

ẋ0
(a) Original system

−1

for Λ(s) := (s M+sD+K) . We observe that the output
is a superposition of the input to output mapping, the position initial condition to output mapping and the velocity
initial condition to output mapping. As a consequence, the
global input-output behavior is given by

u

ΣSO

ySO

x0

Σx0

yx0

ẋ0

Σẋ0

yẋ0

Y(s) = CX(s) = HSO (s)U(s) + Hx0 (s)z0 + Hv0 (s)w0
where
HSO (s) := CΛ(s)B, Hx0 (s) := CΛ(s)(D + sM)X0 ,
and Hv0 (s) := CΛ(s)MV0 .

xSO (0) = 0,

(7)

ẋSO (0) = 0.

The transfer function Hx0 (s) = CΛ(s)(D + sM)X0 corresponds to the transfer between the initial position condition
and the output. Hence, the following realization is associated to it:
Mẍx0 (t) + Dẋx0 (t) + Kxx0 (t) = 0,
yx0 (t) = Cxx0 (t),
xx0 (0) = X0 z0 ,

y

(b) Superposition of the system

Up to now, we saw that three independent transfer
functions characterize the inhomogeneous behavior of the
second-order realization (1).
The transfer function HSO (s) = CΛ(s)B corresponds
to the input and output map without initial conditions.
Hence, it is associated with the following realization
MẍSO (t) + DẋSO (t) + KxSO (t) = Bu(t),
ySO (t) = CxSO (t),

+

(8)

ẋx0 (0) = 0.

Finally, we write the realization for Hv0 (s) = CΛ(s)MV0 .
This transfer function corresponds to the transfer between
the initial velocity condition and the output. The following
realization is associated to it:
Mẍv0 (t) + Dẋv0 (t) + Kxv0 (t) = 0,
(9)
yv0 (t) = Cxv0 (t),
xv0 (0) = 0, ẋv0 (0) = V0 w0 .
To summarize, we have seen that the output of the inhomogeneous second-order system in (1) can be decomposed
as
y(t) = ySO (t) + yx0 (t) + yv0 (t)

Figure 1: System structures
governed by the transfer functions HSO , Hx0 and Hv0 . Figure 1a sketches the input and initial conditions to output
behavior of the original second-order system (1), while Figure 1b draws the superposition of the original system into
three independent systems. Therefore, the sum of the separately computed outputs leads to the same output as the
original system (1).

4 Gramians of inhomogeneous
second-order systems
In order to derive the proposed model reduction schemes, we
analyze separately the three subsystems and we introduce
tailored Gramians for each one of them.
Notice that subsystem (7) corresponds to a second-order
realization with homogeneous initial conditions. Hence, the
controllability and observability Gramians PSO and QSO presented in Definition 2.2 can be used to characterize its dominant subspaces.
However, subsystems (8) and (9) have a different structure, and hence, tailored Gramians are required. In Section
4.1 and 4.2, we propose tailored Gramians for these subsystems. Afterwards, in Section 5, we propose two different
MOR schemes based on these Gramians.

4.1 Gramians of Hx0
Considering the transfer function Hx0 (s) of system (8)
more detailed shows that the input to state mapping differs
from the structure in Definition 2.2. The state to output
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mapping, however, is the same. Hence, we define the input to state mapping and the corresponding second-order
Gramian.
Definition 4.1. The input to state mapping Rx0 and the
corresponding controllability Gramian Px0 of the secondorder system (8) are

Definition 4.2. The input to state mapping Rv0 and the
corresponding controllability Gramian Pv0 of the secondorder system (9) are
−1
MV0 ,
Rv0 (s) := s2 M + sD + K
Z
Rv0 (iw)Rv0 (−iw)T dw.
Pv0 :=
R

2

−1

Rx0 (iw) := C(s M + sD + K) (D + sM)X0 ,
Z
Rx0 (iw)Rx0 (−iw)T dw.
Px0 :=
R

Proposition 4.1. The second-order controllability
Gramian Px0 of System (8) described in Definition 4.1 is
the upper left matrix P1 of


P1 P2
P=
PT
P3
2
 
Z

X0  T
X0 0 (A + iwE)−T dw.
(A − iwE)−1
=
{z
} 0
R|
:=Γ(iw)

Proof. Applying the Schur complement to Γ(iw) provides
that its upper left block is −((iw)2 M + iwD+ K)−1(iwM +
D) and hence it holds that
Z
P1 = ((iw)2 M + iwD + K)−1 (iwM + D)X0
R

T
2
−T
· XT
dw
0 (−iwM + D) ((iw) M − iwD + K)

=

Z

We note that the input to state mapping Rv0 (s) and
hence the second-order controllability Gramian Pv0 are of
the same structure as in the homogeneous case, presented
in Definition 2.2.
Proposition 4.2. The second-order controllability
Gramian Pv0 of System (9) described in Definition 4.2 is
the upper left matrix P1 of


P1 P2
P=
PT
P3
2


Z
0
(A − iwE)−1
=
{z
} MV0
R|
:=Γ(iw)



· 0 V0T MT (A + iwE)−T dw.

Proof. Applying the Schur complement to Γ(iw) provides
that its upper right part is −((iw)2 M − iwD + K)−1 and
hence
Z
P1 = ((iw)2 M + iwD + K)−1 MV0
R

· V0T MT ((iw)2 M − iwD + K)−T dw

Rx0 (iw)Rx0 (−iw)T dw.

R

=

Z

Rv0 (iw)Rv0 (−iw)T dw.

R

Proposition 4.1 shows that the second-order controllability Gramian Px0 of System (8) is given by the upper left
part P1 of the controllability
h
i Gramian P of the first-order
X0
system (4) with B := 0 . Moreover, the second-order
observability Gramian Qx0 is equal to QSO since the state
−1
that
to output mapping S x0 (s) := C s2 M + sD + K
is used to derive the observability Gramian is equal to the
state to output mapping S SO (s) from Definition 2.2 for the
homogeneous system case.

4.2 Gramians of Hv0
In order to apply balanced truncation to system (9), we
define the corresponding input to state mapping. As in the
previous section, the state to output mapping is the same
as for system (7).

Again the second-order observability Gramian Qv0 is
equal to the one of the homogeneous second-order system
QSO since their state to output mappings coincide.

5 Model reduction schemes
In this section, we present two model reduction schemes for
the class of systems in (1). The procedures use the tailored
Gramians presented in Section 4 and construct second-order
reduced-order models via balanced truncation as presented
in Subsection 2.2.

5.1 Method 1: Reducing each subsystem
The first method we propose utilizes the superposition properties to reduced the subsystems presented in Section 3 separately based on the Gramians presented in Definition 2.2
and in Section 4.
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Algorithm 1 BT method for inhomogeneous second-order
systems by superposition.

sponding reduced transfer function
Ĥv0 (s) = CVv0 WvT0 (s2 M + sD + K)Vv0

Require: The original matrices M, K, D, B, C, X0 , V0
and the orders r⋆ , where ⋆ is SO, x0 , or v0 and describes
the systems (7), (8) or (9).
Ensure: The reduced matrices M̂⋆ , K̂⋆ , D̂⋆ , B̂⋆ , Ĉ⋆ , X̂0 ,
V̂0 .
1: Compute low-rank factors of the Gramians P⋆ ≈ R⋆ RT
⋆
and Q ≈ SST from Definition 2.2, 4.1 and 4.2.
2: Perform the SVD of ST R⋆ , and decompose as
h
ST R⋆ = U(1)
⋆

(2)

U⋆

(1)

3:

i


h
(1)
(2)
(1)
diag Σ⋆ , Σ⋆
X⋆

(2)

X⋆

iT

with Σ⋆ ∈ Rr⋆ ×r⋆ .
Construct the projection matrices
(1)

(1)

(1)

1

(1)

1

W⋆ = SU⋆ (Σ⋆ )− 2 and V⋆ = R⋆ X⋆ (Σ⋆ )− 2 .
4:

· WvT0 MVv0 WvT0 V0

,

that describes the velocity initial condition to output behavior.
Summarizing, we apply balanced truncation to the three
systems to generate the corresponding reduced transfer
functions ĤSO , Ĥx0 and Ĥv0 associated with the outputs
ŷSO (t), ŷx0 (t), and ŷv0 (t), respectively, such that the overall behavior
ŷ = ŷSO (t) + ŷx0 (t) + ŷv0 (t)
approximates the original output y(t). The detailed reduction procedure for each subsystem is given in Algorithm 1.

5.2 Method 2: Combined Gramians

Construct reduced matrices
M̂⋆ = W⋆T M⋆ V⋆ , D̂⋆ = W⋆T D⋆ V⋆ , K̂⋆ = W⋆T K⋆ V⋆
B̂⋆ = W⋆T B⋆ , Ĉ⋆ = C⋆ V⋆ ,
X̂0 = WxT0 X0 , V̂0 = WvT0 V0 .

For the homogeneous subsystem (7), we aim to apply the
reduction procedure from Subsection 2.2 using the Gramians from Definition 2.2 to derive a reduced-order system
with the transfer function
−1 T
T
(s2 M + sD + K)VSO
WSO B,
ĤSO (s) = CVSO WSO

where WSO and VSO are the corresponding projection matrices given in (6).
For the subsystem (8) describing the system behavior that results from the state initial condition, we build
the corresponding balanced truncation projection matrices
Wx0 and Vx0 as in Equation (6) based on the Gramians
presented in Subsection 4.1. We reduce system (8) accordingly and obtain the reduced position initial condition
transfer function
Ĥx0 (s) = CVx0 WxT0 (s2 M + sD + K)Vx0

−1

−1

· WxT0 (D + sM)Vx0 WxT0 X0 .
Applying second-order balanced truncation to system (9)
using the second-order Gramians from Subsection 4.2 provides the projection matrices Wv0 and Vv0 from Equation
(6). Reducing the system accordingly generates the corre-

We have discussed the approach where we use separated
projections for each subsystem. However, for some applications it might be advantageous to have only one projection
that reduces the original system including the initial conditions at once. That means that we need to determine a projection based on a controllability space which corresponds
to the input and the initial conditions. This controllability
space is spanned by the columns of the sum of the controllability Gramians introduced in the previous sections
 T
SO

 RT
Pc = PSO + Px0 + Pv0 = RSO Rx0 Rv0 Rx0  ,
RT
v0
Qc = QSO = Qx0 = Qv0 = SSO ST
SO

(10)
T
T
where RT
SO , Rx0 , Rv0 and SSO are the corresponding lowT
T
rank factors of PSO , PT
x0 , Pv0 and QSO . Applying balanced
truncation for second-order systems based on the low-rank
factors of the combined Gramains Pc and Qc from equation
(10) results in a reduced-order system that takes into account the input to state and the initial conditions to state
mappings.
Another approach that results in the same controllability
Gramian Pc and therefore the same reduced-order system
would be a modification of the method presented in [17] for
second-order systems. Therefore, we consider the homogeneous first order system (4) with the input matrix


0 X0
0
.
(11)
B=
B 0 MV0
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Proposition 5.1. The position controllability Gramian of
the first order system (4) with B as in equation (11) is equal
to the Gramian Pc in equation (10).
Proof. The position controllability Gramian of system (1)
is described by the upper left part P1 of


P1 P2
P=
PT
P3
2


Z
0 X0
0
BT (A + iwE)−T dw.
(A − iwE)−1
=
B
0
MV
|
{z
}
0
R
:=Γ(iw)

Applying the Schur complement to Γ(iw) provides that the
upper left block is −((iw)2 M + iwD + K)−1 (iwM + D) and
the upper right block is −((iw)2 M+iwD+K)−1 . It follows
that
Z
P1 = ((iw)2 M + iwD + K)−1 B

Algorithm 2 BT method for inhomogeneous second-order
systems by combined Gramians.
Require: The original matrices M, K, D, B, C, X0 , V0
and the order r.
Ensure: The reduced matrices M̂, K̂, D̂, B̂, Ĉ, X̂0 , V̂0 .
1: Build the input matrix


0 X0
0
.
B=
B 0 MV0
2:
3:

4:

Compute low factors of Gramians P ≈ RRT from (10)
and Q ≈ SST from Definition 2.2.
Perform the SVD of ST R, and decompose as


T


ST R = U(1) U(2) diag Σ(1) , Σ(2) X(1) X(2) ,
with Σ(1) ∈ Rr×r .
Construct the projection matrices

R

· BT ((iw)2 M − iwD + K)−T

+

Z

((iw)2 M + iwD + K)−1 (iwM + D)X0

Z

((iw)2 M + iwD + K)−1 MV0

5:

R

+

·

XT
0 (−iwM

−T

+ D)

2

−T

((iw) M − iwD + K)

1

1

Wc = SU(1) (Σ(1) )− 2 and Vc = RX(1) (Σ(1) )− 2 .
Construct reduced matrices
M̂ = WcT MVc , D̂ = WcT DVc , K̂ = WcT KVc
B̂ = WcT B, Ĉ = CVc , X̂0 = WcT X0 , V̂0 = WcT V0 .

R

= PSO + Px0

· V0T MT ((iw)2 M − iwD + K)−T
+ Pv0 .

The final method is presented in Algorithm 2 and generates the reduced transfer function
−1 T
Wc B.
Ĥ(s) = CVc WcT (s2 M + sD + K)Vc

The advantage of this approach is the fact that we obtain
only one second-order reduced-order model approximating
the behavior of the original system. The disadvantage of
this method is the inflexibility of the different controllability
space dimensions. It follows, that the combined Gramian
leads possibly to reduced dimensions significantly larger
than the dimensions of the separately reduced systems to
reach the same approximation quality.

6 Error bounds

Firstly, we use the above inequality to find a posteriori
error bounds for the reduction scheme presented in Subsection 5.1. As a consequence, a possible error bound for the
reduced subsystems approximation is
ky − ŷkL2 ≤ kHSO − ĤSO kH2 kL(u)kH∞
+ kHx0 − Ĥx0 kH2 kz0 k2
+ kHv0 − Ĥv0 kH2 kw0 k2 .
Using the H2 norm has the advantage of less computational
costs. However, one needs to have u ∈ H∞ , which applies
some restrictions to the family of inputs u because u ∈ H∞
is a stronger condition than u ∈ H2 .
We compute the H2 norm of the difference between the
transfer function H(s) := C (A − sE)−1 B and the reduced

−1
transfer function Ĥ(s) := Cˆ Â − sÊ
B̂ in the following
way

In this section we develop a posteriori error bounds for the
methods of this article. Therefore, we use the fact that
kykL2 = kh ∗ ukL2 = kHUkH2 ≤ kHkH2 kUkH∞
where U = L{u} and h(t) := C exp(E −1 At)E −1 B.
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kH − Ĥk2H2
Z ∞ 
H 

=
tr
H(s) − Ĥ(s)
H(s) − Ĥ(s)
ds
0
Z ∞
Z ∞ 


=
tr H(s)H H(s) ds − 2
tr H(s)H Ĥ(s) ds
0
Z0 ∞ 

+
tr Ĥ(s)H Ĥ(s) ds




 0 
T
T
T
ˆ
= tr CPC − 2 tr C P̃ C + tr CˆP̂ Cˆ ,
(12)
where P and P̂ are the controllability Gramians of the
original first-order system and the reduced first-order system. The cross Gramian P̃ solves the Sylvester equation
T

T

9

The computations were done on a computer with 4 Intel®
Core™i5-4690 CPUs running at 3.5 GHz. The experiments
use MATLAB® R2017a. In the second example, the Lyapunov equations are solved using the methods from the MM.E.S.S. toolbox [24].
We will refer to the original system (1) as FOM, in the following, and to the reduced system generated by standard
balanced truncation that considers homogeneous systems,
i.e, by applying second-order balanced truncation as described in Subsection 2.2 by ROM HOM. The reduced system
approximation that is obtained by applying method 1 introduced in Subsection 5.1 is referred to as ROM SPL and
the reduced system that is generated by applying method
2 introduced in Subsection 5.2 as ROM COM.

7.1 Building example

T

AP̃ Ê + E P̃ Â = −BB̂ .
The controllability Gramians P of the full system needs to
be computed anyway to apply balanced truncation and the
reduced Gramians P̃ and P̂ are cheap to compute.
The error estimation for the combined Gramian and the
resulting reduced-order system is equal to the error estimate above, where the projection matrices that lead to the
reduced system are the same for the three subsystems. On
the other hand one can evaluate

In this section we consider the building example from page
17 of the technical report [1]. The data are available in
[21]. The dimension of the matrices are n = 24, m = p = 1.
For the projection matrix WSO that results from the balanced truncation procedure for the homogeneous secondorder system (7) we consider the singular value decomposition
UΣXT = WSO .
Assume that rank(W) = ℓ. The position and velocity initial
condition are the (ℓ + 1)-st column of U:

ky − ŷkL2 ≤ kH − ĤkH2 kL(uc )kH∞
= kH − ĤkH2 (kL(u)kH∞ + kz0 k2 + kw0 k2 )
"
#

for the matrix B as in (11) and uc :=

u(t)
z0 δ(t)
w0 δ(t)

. This

estimation can be computed using the equation (12).

7 Numerical results
In this section, we illustrate the procedure presented in this
article using two different examples. The first example is a
vibrational model of a building and the second one a mass
spring damper system. We evaluate and compare for each
example three reduced systems. We obtain the first one
by applying balanced truncation to the full system (1) that
does not consider the initial conditions. Hence, the projection matrices result from the evaluation of the Gramians of
the homogeneous system (7). The second reduced system
is obtained by reducing the three subsystems, separately,
as presented in this article. The third method uses the
combined Gramian presented in Section 5.2 to obtain the
reduced-order model. For all reduced systems, we evaluate
the output behavior and the corresponding output error.

X0 = x0 = V0 = ẋ0 = U[ : , ℓ + 1 ].
In this example, the separately reduced systems and the
combined reduced system are truncated with a reduced dimension r = 10. Figure 2a shows the output behavior
of the original system and the reduced ones for an input
u(t) = 0.2 · e−t . We observe that the original output behavior that is depicted in green is well approximated by the
separately reduced system ROM SPL that is depicted by the
blue, dashed line. The reduced system ROM COM using the
combined Gramian (depicted by the orange colored, dashed
line) provides a proper approximation of the original output
as well. Additionally, we see that the reduced output of the
reduced system ROM HOM, which is depicted in red, fails in
approximating the original system’s transient behavior.
Figure 2b depicts the errors and their ℓ2 -norms. The light
blue line with markers depicts the error of the separately
reduced system ROM SPL and the dashed, brown colored line
the error of the reduced system ROM COM using the combined
Gramian. The reduced system ROM HOM leads to the error
depicted by the dashed, orange colored line. We observe,
that the separately reduced system and the reduced system
that uses the combined Gramain lead to errors that are
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1

·10−3

7.2 Mass spring damper example
FOM
ROM HOM
ROM SPL
ROM COM

0.8
0.6

The mass spring damper model we consider in this section
is presented in [30]. More detailed background can be found
in [18].
We choose the model of dimensions n = 2000, m = p = 1.
The input is the external forcing on the n-th mass and the
output observes the n-th mass.
The initial conditions are set to be the last and the first
unit vector

output
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Figure 2: Build example
significantly smaller than the error corresponding to the reduced system ROM HOM. Additionally, we evaluate the actual
ℓ2 -norm error. Therefore, we plot the integral
s
Z t
ky(t) − ŷ(t)k2 dt
(13)
0

that converges to the ℓ2 -norm of the error. The dark blue,
dashed line with markers is the integral (13) converging to
the actual ℓ2 -norm error of the separately reduced system
ROM SPL. The error bound from Section 6 provides a value
of 3.2740 · 10−5 (depicted by the black line). We see that
this error estimator provides a proper upper bound of the
actual ℓ2 -norm error. The green line with markers provides
the integral (13) corresponding to the combined Gramian
reduced system ROM COM and its error estimation 1.5469 ·
10−4 is depicted by the dashed, black line. The red line
shows the integral (13) of the reduced system ROM HOM. It
confirms again, that this method fails for this example.

X0 = x0 := en ,

V0 = ẋ0 := e1 .

In this example, we truncate the systems with a tolerance
of 10−4 , i.e. all Hankel singular values smaller than 10−4 ·σ1
are truncated. That way, we obtain reduced systems of
dimensions 147, 180, 98 of the three systems resulting from
the superposition method and the dimension 157 for the
system reduced using the combined Gramians.
Figure 3a shows the output behavior of the systems for
the input u(t) = 0.2 · e−t . The output behavior of the
original system is depicted in green. The blue, dashed line
displays the output composed by the separately reduced
systems ROM SPL and the orange colored, dashed line the
reduced system ROM COM using the combined Gramian. The
reduced output resulting from the reduced system ROM HOM
is depicted in red. We observe that all outputs approximate
the original system behavior. although ROM HOM shows oscillations of slightly higher magnitude than the FOM for some
time.
The output errors and their ℓ2 -norms are illustrated in
Figure 3b. The light blue line with markers, the brown colored, dashed line and the orange colored, dashed line show
the error of the separately reduced outputs, the output corresponding to the combined Gramian and the output resulting form the reduced system ROM HOM, respectively. We observe again that the separately reduced system ROM SPL and
the reduced system ROM COM using the combined Gramian
lead to smaller errors. Additionally, we evaluate the actual
ℓ2 -norm error and plot the integral (13) that converges to
the ℓ2 -norm of the error. The dark blue, dashed line with
markers shows the integral (13) for the separately reduced
system ROM SPL and the green one the integral for the reduced system ROM COM using the combined Gramian. The
error estimator from Section 6 provides ℓ2 error estimation
values of 7.5490 · 10−3 and 3.1922 · 10−2 for this example.
It is depicted in Figure 3b by the black and black, dashed
lines. We observe that the error estimations are conservative. The integral (13) of the reduced system ROM HOM is
depicted in red. It converges to a ℓ2 error that is larger
than for the first two reduction methods.
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Figure 3: Mass-spring-damping example

8 Conclusion
We have proposed two approaches for constructing a reduction of second-order linear time-invariant systems with
inhomogeneous initial conditions. First, we have used a superposition of the output into the input to output mapping,
the state initial condition to output mapping and the velocity initial condition to output mapping. The three subsystems have been reduced, separately, such that the original
system can be approximated well. Afterward, a combined
Gramian has been used to derive projection matrices that
reduce the system, including the initial conditions, all at
once. For those reduction processes we have suggested new
Gramians for inhomogeneous second-order systems.
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