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SU(3)c SU(2)L U(1)Y
QL 3 2
uR 3 1
dR 3 1
LL 1 2
eR 1 1
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1The following is an underestimate, as there could also be tuning within µ2
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imply the UV completion to appear at an even lower scale.
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the region of interest.
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Figure 2.5:
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four-dimensional

R

5 = 4⊕ 1.

E � 1/R

E � 1/R

Hosotani
Mechanism

SU(6)



Minimal Gauge-Higgs Grand Unification

grand

S1

modded out
S1/Z2

y → −y y = 0
(−πR, πR]

Z2
y = 0

L y =
0, L G G

Higgsless

L
y = 0 y = L



s2 = GMN xMxN = ηµν xµxν − y2,

ηµν y
y = 0 y = L

G (T aT b) =
δab/2

SYM =
∫ L

0
4x y

√
G
(
− 1

2G
MNGAB (FMAFNB)

)
=
∫ L

0
4x y

(
− 1

4F
a
µνF

µν,a + 1
2F

a
µ5F

µ,a
5

)
.

Aµ A5

SGF =
∫ L

0
4x y

(
− 1

2ξ
(
∂µA

µ,a − ξ∂5A
a
5

)2
)
.

SYM +
SGF

(+) : A5|y=0,L = 0, ∂5Aµ|y=0,L = 0,
(−) : Aµ|y=0,L = 0, ∂5A5|y=0,L = 0,

Aµ A5
(+)/(−)

Aµ
Aaµ, A

a
5, T a

G
G

Aµ(x, y) =
∑
n

fn,A(y)Aµ,n(x), A5(x, y) =
∑
n

fn,5(y)A5,n(x),
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−m2
nfn,A = ∂2

5fn,A, −m2
5,nfn,5 = ξ∂2

5fn,5.

(+,+)

ξ

mn > 0
fn,A

f5
n = ∂5fn,5/mn

m5,m =
√
ξmn

ξ →∞

ξ

Aµ
broken

(+,+)

(−,−)

〈A5,â(x)〉 = vâ.

A5
FMNF

MN



LYM ⊃ −
1
4g

2
5f

abef cdeAµ,aAcµ〈A5,b〉〈Ad5〉,

R G DR
M

DR
M ⊃ ∂M − ig5A

a
MT

R,a.

vâ

Ω(x, y) G

AM → ΩAMΩ† − i

g5
Ω∂MΩ† , Ω(x, y) = exp

(
ig5

∫ y

0
dy′f5(y′)vâT â

)
,

f5(y)

Aâ5(x, y)T â → Ω
(
Aâ5(x, y)T â − f5(y)vâ(x)T â

)
Ω†.

Ω(y = 0) = 1

Ω(y = L) = exp
(
i
√
Lg5v

âT â
)
.

Aµ(y = L)→ Ω(y = L)Aµ(y = L)Ω(y = L)†

Ψ(y = L)→ Ω(y = L)Ψ(y = L) .

vâ
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Aâ5

Aâ5 → Aâ5 + ∂5ξ
â ξ

W = P exp
(
i
∫
Aâ5T

â
)

SU(3) SU(2)L × U(1)Y
U(1)Y SU(3) T8

SU(2)L1 W 1,2
µ

fn,W (y) = Cn cos(mny),

Cn
SU(3)L

W

mn(v) = g5v

2
√
L

+ πn

L
,

n = 0, 1, 2, ..

1This will give the wrong Weinberg angle sin2 θW = 3/4, resulting in a Z boson mass twice
the W boson mass. This can be solved by either adding an extra U(1)X in the bulk and
identifying the hypercharge with a linear combination of T8 + TX or using brane localized
gauge kinetic terms [144].



VCW(v) = N

2
∑
n

∫ 4k

(2π)4 log
(
p2 +m2(v)

)
,

N

V (α) = − 2× 3
32π2L4F(α), F(α) = 3

2

∞∑
n=1

cos(2παn)
n5 ,

α = gvL
2π

y ∼ g

∼ L
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SEH = −2M2
pl

∫
4x
√
gR,

L

s2 = (ηµν + hµν) xµ xν − y2,

ηµν = (1,−1,−1,−1)
hµν

S5D−EH = −2M3
5

∫
4x y

√
g5R5,

g5 R5
M5

g5, R5 g,R

S5D−EH = −2M3
5L

∫
4x
√
gR.

M2
pl = M3

5L.

L ∼ 1/103

M5 ∼ 1011

v/Mpl � 1
M5L � 1

y = L M5L ∼ 1



n ≥ 1
M2

pl = M2+nLn,

Ln

M ∼ v

L ∼ 1030/n−17 .

n = 1
n > 1

n = 2

n = 2 M > 4 95%

L
M

s2 = e−2krcφηµν xµ xν − r2
c φ2,

φ φ ∈ [0, π]
rc

S1/Z2
φ = 0, π
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SRS =
∫

4x

∫ π

0
φ
√
G(−Λ− 2M3R5)+

∫
4x
√
−gUV(−VUV)

+
∫

4x
√
−gIR(−VIR),

GMN gUV/IR,µν
Λ

VUV/IR
brane tensions

e−2σ(φ)

σ(φ)
Λ < 0

σ(φ) = krφ,

k ≡

√
−Λ

24M3 ,

k

VUV = −VIR = −Λ.

M, k
rc Λ k

Mpl

gµν
s2 = e−2kφT (x)gµν xµ xν − T (x)2 φ2.

rc
T (x)

〈T (x)〉 = rc
rc



rc rc

rc

gµν(x)
T (x)

SRS-eff = 2M3

k

∫
4x
√
−g
[(

1− (ϕ/h)2)R+ 1
2∂µϕ∂

µϕ
]
,

ϕ(x) ≡ h exp(−kπT (x)) h ≡
√

24M3/k
R gµν

M2
pl = M3

k

(
1− e−2πkrc).
M5 k

rc → ∞

k < M R5 = −20k2

M5

SIR =
∫

4x
√
−gIR

(
gµνIR (DµH)†DνH − λ(H†H − v2

0)2),
gIR,µν = e−2πkrcgµν

H → eπkrcH

SIR =
∫

4x
√
−g
(
gµν(DµH)†DνH − λ(H†H − e−2πkrcv2

0)2).
v0
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M ∼ k

v ≡ e−πkrcv0.

e−πkrc 10−15

krc ≈ 10 1019

krc ≈ 10
T (x)

Φ

SGW,bulk =
∫

4x φ
√
G(1

2G
MN∂MΦ∂NΦ− 1

2m
2Φ2).

SGW,UV/IR = −
∫

4x
√
−gUV/IRλUV/IR(Φ2 − v2

UV/IR)2.

λUV/IR Φ
vUV/IR

Φ(x, φ) = Φ(φ) +
∑
n

fn(φ)φn(x),

Φ(φ)

V (ϕ) = k3

144M6ϕ
4(vIR − vUV(ϕ/h)ε

)2
.

krc = 4k2

πm2 log
(vUV
vIR

)
.

krc ≈ 11
ε = m2/4k2 � 1

m2
ϕ = ∂2V (ϕ)

∂ϕ2 = k2v2
IR

3M3 ε
2e−2πkrc ,



ε

3.83ke−πkrc

φ

z ≡ ekrcφ

k
,

s2 =
(R
z

)2
(ηµν xµ xν − z2),

z = R ≡ 1/k z = R′ ≡ ekrcπ/k

G
G
GSM SU(3)c

G × SU(3)c
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SU(3)
SO(5) SU(3)c

G

grand

SU(3)c × SU(2)L × U(1)Y ⊂ G.

G
T â

H0,H1 ⊂ G

AâT â = G/(H0 ∪H1).

SU(6) SO(11)

SU(6)

SU(6)

SU(6)



SU(6)
SU(6)

H0 H1

H0 = SU(3)c × SU(2)L × U(1)Y , H1 = SU(5).

SU(6)

AaµT
a =



(++) (++) (−+) (−+) (−+) (−−)
(++) (++) (−+) (−+) (−+) (−−)
(−+) (−+) (++) (++) (++) (−−)
(−+) (−+) (++) (++) (++) (−−)
(−+) (−+) (++) (++) (++) (−−)
(−−) (−−) (−−) (−−) (−−) (−−)


,

(−)
SU(2)L SU(3)c

X,Y SU(3)c SU(2)L
(X4/3, Y 1/3) ∼ (3∗,2)5/6 (−,+)

(−,+) ∼ 2.45/R′ (−,−)

G/(H0 ∪H1) = (1,2)1/2 ⊕ (3,1)−1/3 ⊕ (1,1)0.

20 15 SU(6)
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6 SU(6)

1

20
15

15
6

SU(5)

20→10 = q′(3,2)+,−
1/6 ⊕ ER(3∗,1)−,−−2/3 ⊕ e

c′(1,1)+,−
1

10∗ = (3∗,2)+,−
−1/6 ⊕ u(3,1)−,−2/3 ⊕ (1,1)+,−

−1 ,

15→10 = q(3,2)+,+
1/6 ⊕ EL(3∗,1)+,+

−2/3 ⊕ e
c(1,1)+,+

1

5 = d′(3,1)−,+−1/3 ⊕ l
c′(1,2)−,+1/2 ,

6→5 = d(3,1)−,−−1/3 ⊕ l
c(1,2)−,−1/2 ⊕ ν

c(1,1)+,+
0 ,

1→νc′(1,1)+,−
0 .

q, u, d, lc, ec, νc

q′, d′, lc′, ec′, νc′

20 15

SU(6) exotics

EL ER −2/3

SU(5)

SIR = −
∫

4x
(R′
R

)4(
Mq/eΨ̄20

R,10Ψ15
L,10 +Md/lΨ̄6

R,5Ψ15
L,5 +MνΨ̄1

RΨ6
L,1
)
|z=R′ ,



R SU(6) ΨR =
(ΨR

L ,ΨR
R )T

20 15

SUV =−
∫

4x
(
MũΨ̄20

R,(3∗,1)Ψ
15
L,(3∗,1) +

)
.

3 × 3

20

ΨuR(z, x) =
( 1√

R′

( z
R

)2( z
R′

)c20
f(−c20)

)
uR,0(x) +

∑
n>0

fn(z)uR,n(x),

uR,0(x) f(c) flavor function

f(c) =
√

1− 2c√
1− (R′/R)2c−1

,

c
20

qL
qL 15

q′L 20 15
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20

ΨqL(z, x) = C1
( 1√

R′

( z
R

)2( z
R′

)−c15
f(c15)

)
qL,0(x) +

∑
n>0

fn(z)qL,n(x)

Ψq′L
(z, x) = C2

( 1√
R′

( z
R

)2( z
R′

)−c20
f(c20)

)
qL,0(x) +

∑
n>0

fn(z)qL,n(x),

C1 C2

Ψq′L
(R′) = Mq/eΨqL(R′),

C2 C1

ΨqL(z, x) =C1
( 1√

R′

( z
R

)2( z
R′

)−c15
f(c15)

)
qL,0(x) + ...

Ψq′L
(z, x) =C1

( 1√
R′

( z
R

)2( z
R′

)−c20
f(c15)

)
Mq/eqL,0(x) + ...,

C1
qL,0(x)

qL,0(x)

Sbulk ⊃
∫

4xC2
1

[
1 + f(c15)M∗

q/ef(c20)−2Mq/ef(c15)
]
q̄L,0γ

µ∂µqL,0

≡
∫

4xC2
1Kq q̄L,0γ

µ∂µqL,0,

Kq

qL,0 → C−1
1 K−1/2

q qL,0.

qL,0
uR,0

20

Sbulk ⊃
∫

4x zΨ̄20γ5(∂5 − ig5A
â
5T

â)Ψ20

⊃ig5

∫
4x zΨ̄20

L (Aâ5T â)Ψ20
R +

⊃ig5

∫
4x zΨ̄q′L

(Aâ5T â)ΨuR +



20 q′L uR
T â

ΨuR Ψq′L

Aâ5

q̄L,0MuuR,0 = q̄L,0
g∗v

2
√

2
f(c15)M∗

q/ef(−c20)uR,0,

g5 g∗

g∗ ≡ g5/
√
R.

g5 SU(2)L
g 2

Mq/e 3×3

3 3× 3

fc = (f(c1), f(c2), f(c3)).

20 15 ER EL
ER EL

ΨER(z, x) =
( 1√

R′

( z
R

)2( z
R′

)c20
f(−c20)

)
ER,0(x) +

∑
n>0

fn(z)ER,n(x),

ΨEL(z, x) =
( 1√

R′

( z
R

)2( z
R′

)−c15
f(c15)

)
EL,0(x) +

∑
n>0

fn(z)EL,n(x).

2In models of gauge-Higgs grand unification this creates the problem that the gluons and
hypercharge bosons couple with identical strength as the weak bosons, although this can be
easily solved by using brane-localized field strengths on the UV brane to lift the degeneracy.

3We work in a basis where the bulk is diagonal in flavor and the sole source of flavor mixing
are the brane masses, see [189].
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SUV =−
∫

4xMũΨ̄ER(z = R)ΨEL(z = R)

⊃−
∫

4x
Mũ

R′
( R
R′

)c20−c15f(−c20)f(c15)ĒR,0EL,0

≡−
∫

4xmEĒR,0EL,0,

mE

ΨER ΨEL c20 < −0.5 c15 > 0.5

1/R

mE ∼
Mũ

R
, c15 > 0.5, c20 < −0.5

mE ∼
Mũ

R′
( R
R′

)c20−c15 , c15 < 0.5, c20 > −0.5,

c15 ∼ c20

me ∼ 0.5
mt ∼ 173

VCKM ∼

|Vud| |Vus| |Vub||Vcd| |Vcs| |Vcb|
|Vtd| |Vts| |Vtb|

 ∼
 1 λ λ3

λ 1 λ2

λ3 λ2 1

 ,



λ ≈ 0.23

VPMNS ∼

0.82 0.55 0.15
0.37 0.58 0.71
0.40 0.59 0.69

 ,

f(c)

Mu = g∗v

2
√

2
fc15M

†
q/ef−c20 ,

Md = g∗v

2
√

2
fc15M

†
d/lf−c6 .

UL,d ∼


1 f(c15,1)

f(c15,2)
f(c15,1)
f(c15,3)

f(c15,1)
f(c15,2) 1 f(c15,2)

f(c15,3)
f(c15,1)
f(c15,3)

f(c15,2)
f(c15,3) 1

 ,

15

f(c15,1)/f(c15,2) ∼ λ, f(c15,2)/f(c15,3) ∼ λ2, f(c15,1)/f(c15,3) ∼ λ3,

VCKM = U †L,uUL,d
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15
20

15

20 6

mc

mt
∼ λ2 f(−c20,2)

f(−c20,3) ,
mu

mt
∼ λ3 f(−c20,1)

f(−c20,3)
mb

mt
∼ f(−c6,3)
f(−c20,3) ,

ms

mt
∼ λ2 f(−c6,2)

f(−c20,3) ,
md

mt
∼ λ3 f(−c6,1)

f(−c20,3) ,

Mec = g∗v

2
√

2
f−c6Md/lfc15 .

SU(5)
GSM

SU(5)
lcR 6

κ

Skin,UV =
∫

4x iκR l̄cRσ̄
µ∂µl

c
R|z=R.

KlcR
=1 + f−c6Md/lf

−2
−c15M

†
d/lf−c6

→1 + κRf2
lcR

(z = R) + f−c6Md/f
−2
−c15M

†
d/lf−c6

≈1 + (−2c−6 − 1)κ+ f−c6Md/lf
−2
−c15M

†
d/lf−c6 ,

c < −0.54 κ

4For IR localized fermions, unsurprisingly, the effect of a UV kinetic term is negligible.



κ =


(md/me)2−1
−2c6,1−1 0 0

0 (ms/mµ)2−1
−2c6,2−1 0

0 0 (mb/mτ )2−1
−2c6,3−1

 .

Mνc = g∗v

2
√

2
f−c6fc6 .

6
6

6

1 6
c1 > 0.5

1 6

mνi

mνj

' f(−c6,i)f(c1,i)
f(−c6,j)f(c1,j)

.

f(c)
c1,i

VPMNS = U †L,νUL,e

(UL,ν)ij ∼ (UL,e)ij ∼
f(−c6,i)
f(−c6,j)

, i ≤ j.

VPMNS
6

15

f(−c6,2)
f(−c6,1) ∼ 4, f(−c6,3)

f(−c6,2) ∼ 2.
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6
1

1/R′

∼ 104

1/R′



∆F = 2 Bs− B̄s Bd− B̄d
D − D̄ K − K̄

SU(3)c

L = (gijL,q q̄
α,i
L γµq

j
β,L + gijR,q q̄

α,i
R γµq

j
β,R)(T a)βαGa,1µ ,

q = u, d i, j

gL,u =gsU †L,uK
− 1

2 †
qL

(
λ(+,+),c15 + fc15M

†
q/ef

−1
c20λ(+,+),c20f

−1
c20Mq/efc15

)
K
− 1

2
qL UL,u

gR,u =gsU †R,uλ(+,+)c20UR,u

gL,d =gsU †L,dK
− 1

2 †
qL

(
λ(+,+),c15 + fc15M

†
q/ef

−1
c20λ(+,+),c20f

−1
c20Mq/efc15

)
K
− 1

2
qL UL,d

gR,d =gsU †R,dK
− 1

2 †
dR

(
λ(+,+),−c6

+ fc−6Md/lf
−1
−c15λ(+,+),−c15f

−1
−c15M

†
d/lf−c6

)
K
− 1

2
dR
UR,d.

λ(+,+),c
c (+,+)

uR
Kψ

mG1 = 2.45/R′
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H =Cij1 (mG1)(d̄α,iL γµd
j
L,α)(d̄β,iL γµdjL,β) + C̃ij1 (mG1)(d̄α,iR γµd

j
R,α)(d̄β,iR γµdjR,β)

+Cij4 (mG1)(d̄α,iL djR,α)(d̄β,iR djL,β) + Cij5 (mG1)(d̄α,iL djR,β)(d̄β,iR djL,α),

Cij1 (mG1) =
gijL,dg

ij
L,d

6m2
G1

, C̃ij1 (mG1) =
gijR,dg

ij
R,d

6m2
G1

,

Cij4 (mG1) = −
gijL,dg

ij
R,d

m2
G1

, Cij5 (mG1) =
gijL,dg

ij
R,d

3m2
G1

.

C21
4 (Λ) ∼ 104

∼ mG1

C21
4 (Λ)

µ+ → e+e−e+ µ − e

Z

L = g

cW

(
gijL ē

i
Lγµe

j
L + gijR ē

i
Rγµe

j
R

)
Z0,µ + g

cW

(
g′ijL ē

i
Lγµe

j
L + g′ijR ē

i
Rγµe

j
R

)
Z1,µ.

gL =(−1/2 + s2
W )
(
U †L,ecK

†,−1/2
lcR

(
λZ0,−c6

+f−c6Md/lf
−1
c15 λZ0,−c15 f

−1
c15M

†
d/lf−c6

)
K
−1/2
lcR

UL,ec
)

gR =s2
W

(
U †R,ecK

†,−1/2
ecL

(
λZ0,−c6

+f−c6Md/lf
−1
c15 λZ0,−c15 f

−1
c15M

†
d/lf−c6

)
K
−1/2
ecL

UR,ec
)
.

λZ0,c c Z
Z

λZ0,c → λ(+,+),c



µ+ → e+e−e+

µ → 3e

L =− 4GF√
2

(
g1(ēRµL)(ēReL) + g2(ēLµR)(ēLeR) + g3(ēRγµµR)(ēRγµeR)

+ g4(ēLγµµL)(ēLγµeL) + g5(ēRγµµR)(ēLγµeL) + g6(ēLγµµL)(ēRγµeR)

+mµARēRσ
µνµLFµν +mµALēLσ

µνµRFµν +
)
.

µ → eγ
g1 = g2 = 0

(µ→ 3e) = 2(g2
3 + g2

4) + g2
5 + g2

6 .

µ→ 3e

(µ→ 3e) < 10−12.

(µ→ 3e) < 10−16 .

Z mZ1 =
2.45/R′ µ→ 3e

g3 = 2
(
g12
R g

11
R + g′12

R g′11
R

( mZ

mZ1

)2)
,

g4 = 2
(
g12
L g

11
L + g′12

L g′11
L

( mZ

mZ1

)2)
,

g5 = 2
(
g12
R g

11
L + g′12

R g′11
L

( mZ

mZ1

)2)
,

g6 = 2
(
g12
L g

11
R + g′12

L g′11
R

( mZ

mZ1

)2)
.

µ− e

µ − e

L = −2GF√
2

(
ē(s− pγ5)µ

∑
q

q̄(sq − pqγ5)q

+ēγα(v − aγ5)µ
∑
q

q̄γα(vq − aqγ5)q +
)
.
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(µ→ e)N =
G2
FF

2
pm

5
µα

3Z4
eff

2π2ZΓcapt
×
(
|4eALZ + (s− p)SN + (v − a)QN |2

+|4eARZ + (s+ p)SN + (v + a)QN |2
)
,

Γcapt QN , SN

SN = su(2Z +N) + sd(2N + Z),
QN = vu(2Z +N) + vd(2N + Z).

48
22 /27

13 /197
79 Fp ∼ 0.55/0.66/0.16 Zeff ∼

17.61/11.62/33.5 Γcapt ∼ (2.6/0.71/13.07) × 106 −1
48
22

197
79

(µ→ e)Ti < 6.1× 10−13,

(µ→ e)Au < 9.1× 10−13.

µ − e

(µ→ e)Al < 8× 10−17,

Z

v
a

v =
(
g12
L + g′12

L

( mZ

m(+,+)

)2)
+
(
g12
R + g′12

R

( mZ

m(+,+)

)2)
,

a =
(
g12
L + g′12

L

( mZ

m(+,+)

)2)
−
(
g12
R + g′12

R

( mZ

m(+,+)

)2)
.

µ →
eγ



Z W
SU(6)

µ(p)→ e(p′)γ(q) A = e ε∗µ(q)Mµ

εµ → εµ + qµ

Mµ = ūp′(CLΣµ
L + CRΣµ

R)up/mµ,

Σµ
L =(pµ + p′,µ)PL − γµ(mePL +mµPR),

Σµ
R =(pµ + p′,µ)PR − γµ(mePR +mµPL).

CL/R
q2 = 0

ε∗µq
µ = 0

Mµ = ūp′i
σµνqν
mµ

(CLPL + CRPR)up.

µ→ eγ

Γ(µ→ eγ) =
(m2

µ −m2
e)3(|CL|2 + |CR|2)
16πm5

µ

.

µ → eνν̄ Γ(µ → eνν̄) =
m5
µG

2
F /192π3

(µ→ eγ) = 12π2(C2
L + C2

R)
(GFm2

µ)2 .

(µ→ eγ) < 4.2× 10−13,

(µ→ eγ) < 6× 10−14.

µ → eγ

dl = (C lL − C lR)/2ml = (C lL)/ml

al = (C lL + C lR)/e = 2 (C lL)/e C l∗R = C lL ≡ (CL)ll

de/e < 0.11× 10−28
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(µ→ eγ)

W/Z



0 5 10 15 20 25 30

10
-20

10
-17

10
-14

10
-11

1/R' [TeV]

B
R
(μ
-
>

3
e
)

0 5 10 15 20 25 30

10
4

10
5

10
6

10
7

1/R' [TeV]

(I
m

C
K4
)-

1
2

[T
e
V
]

Figure 3.2: µ → 3e
( C4

K)−1/2

1/R′

0 5 10 15 20 25 30
10-15

10-12

10-9

10-6

1/R' [TeV]

B
R
(μ
-
>
eγ

)

0 5 10 15 20 25 30

10-17

10-15

10-13

10-11

10-9

10-7

1/R' [TeV]

B
R
(μ
-
>
eγ

)

Figure 3.3: µ → eγ

Z W
1/R′

µ → eγ



Minimal Gauge-Higgs Grand Unification

0 5 10 15 20 25 30

10-28

10-25

1/R' [TeV]

d e
/e

[c
m
]

0 5 10 15 20 25 30

10-32

10-30

10-28

10-26

10-24

1/R' [TeV]

d e
/e

[c
m
]

Figure 3.4:

Z W
1/R′

V (h, c, s) =
∑
r

Vr(h, c, s) =
∑
r

Nr

(4π)2

∫ ∞
0

dp p3 log
(
ρr(−p2, h, c, s)

)
,

Nr = 3 Nr = −4Nc ρr
−p2 = m2

n;r, n ∈ N
r ρr

Ω(z = R′) = exp
(
ivâT â/f

)
, f ≡ 2

√
R

g5R′
.

f



100 120 140 160 180 200
0

20

40

60

80

100

120

140

mtop [GeV]

m
h
[G

e
V
]

100 120 140 160 180 200
1

2

3

4

5

mtop [GeV]

m
S
[T
e
V
]

Figure 3.5:
Mũ > 0
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20

V (h) ≈ α sin2(v/f) + β sin4(v/f),

α, β

sin(v/f)2 = −α2β , m2
h = 8β/f2 sin2(v/f).

µ→ eγ
f ∼ 10

∼ (v/f)2

Mũ

c s
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c

mS = 0.3m∗ m∗ ∼ 2/R′

c
S(3)c×U(1)Y → ×

Zc
Wc

mZc = gsc

2 cos θW,c
,

mWc =gsc

2 ,

cos2 θW,c = 9g2
s/(12g2

s + 4g′,2) color

Tc
SU(5) yt

mTc = ytc√
2
.

fr;1 → a/p2 p→ 0 a

m∗

V (c) =4× 3
16π2

∫ ∞
0

dpp3 log
(
1 + (gsf/m∗)2 sin2(c/2f)

sinh2(p/m∗)

)
+ 3

16π2

∫ ∞
0

dpp3 log
(
1 + (gsf/m∗ cos θW,c)2 sin2(c/2f)

sinh2(p/m∗)

)
− 4

16π2

∫ ∞
0

dpp3 log
(
1 + (ytf/m∗)2 sin2(c/

√
2f)

sinh2(p/m∗)

)
.



cos2 θW,c ≈ 1

m2
S = ∂2V (c)

∂2c
|c=0 = 3ζ(3)(15g2

s − 8y2
t )

64π2 m2
∗ ≈ (0.3m∗)2.

mS > 1.4
tτ

mS ≈ (0.15 − 0.2m∗)

m∗

s
SU(6)

TX = c× (1, 1, 1, 1, 1− 5),

c = 1/
√

15
SU(5)

6→ 51 ⊕ 1−5

15→ 102 ⊕ 5−4

20→ 10−3 ⊕ 10∗3.

U = exp
(
iTXs/f

)
,

SIR = −
∫

4x
(R′
R

)4(
Mq/ee

i5cs
f Ψ̄R,20,10ΨL,15,10 +Md/le

−i5cs
f Ψ̄R,6,5ΨL,15,5+

Mνe
− i5cs

f Ψ̄R,1,1ΨL,6,1 +
)
|z=R′ .
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s
ΨL/R → eins/fΨL/R

SU(6) GSM
ΨL/R

LWZW = + 1
32π2

1
f
s(g2

Y nBε
µναβBµνBαβ+g2nW ε

µναβTr(WµνWαβ)

+g2
snGε

µναβTr(GµνGαβ)),

ni

U(1)A

m2
singletf

2 ∼ m2
πf

2
π .

TX

f
f > 108

SU(6)

f ∼ 10

s

p > m∗ cosh(p/m∗)2

mE

mE/(p2 +m2
E)

yt



V (s) = −4× 3
16π2

∫ ∞
0

dpp3 log
(
1 + mEyt

p2 +m2
E

m∗
f2

m2
∗

sin2(s/
√

2f)
cosh2(p/m∗)

)
,

m2
singlet = ∂2V (s)

∂2s
≈
{
−(0.3m∗)2(m∗/mE), m∗ � mE

−(0.3m∗)2(mE/m∗), mE � m∗
,

mE

mE < 0
mE ∼ 1/R

mE � m∗ mE � m∗
mE ∼ m∗

msinglet ≈ 0.3m∗

nG

grand
SU(6)

SU(6)
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A Natural Composite Higgs

minimal composite Higgs model

SU(3)c

SU(2)L × SU(2)R → SU(2)V .

SU(2)
SU(2)V

〈Ψ̄iΨj〉 = Λ3
QCDδij ,



i = 1, 2

π0, π±

W a
µ

Jaµ,L = (q̄LγµτaqL)1

πa

JaA,µ = JaR,µ − JaL,µ
〈Ω|JaA,µ|πb(p)〉 = ipµfπδ

ab,

fπ
JaA,µ∂

µπa
W a

W a W

mW = gfπ
2 ∼ 29 ,

Q = T 3
L + Y

dimensional transmutation

technicolor technifermions

fTC = 246 .

1For simplicity we omit the U(1)Y gauge group which gauges the linear combination Y =
T 3
R +B/2
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GTC
GETC ΛETC GTC ψL/R

QL/R

LETC ⊃ βab
Q̄LT

aQRψ̄RT
bψL

Λ2
ETC

.

mψ ∼ β
Λ3
TC

Λ2
ETC

.

GETC

γab
ψ̄LT

aψRψ̄RT
bψL

Λ2
ETC

,

〈Q̄Q〉

ΛETC

0+



G
f

H

H
SU(2)L × U(1)Y ⊂ H.

f
v

v f
v � f

G
H

SU(2)
G/H ⊃ (1, 2)1/2.

phenomenological
G → H

Πâ(x)
G ~V

~Φ(x) = exp
(
i
2
f

Πâ(x)T â
)
~V .

T â T â~V 6= 0
T a

T a~V = 0 G

〈Πâ〉 6= 0 Πâ

G

G

〈Πâ〉 = vâ

G
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v
v ∼ f

~V

ξ ≡ v2

f2 � 1.

ξ → 0

ξ

f v

∆CH = f2

v2 ,

f

Πâ(x)
G

U [Π] = exp
(
i
2
f

ΠâT â
)
,

g ∈ G
U [Π]→ g · U [Π] · h−1[Π; g],

h[Π; g] ∈ H g



h = eiα
aTa

Πâ → (eiαaTaπ )b̂âΠb̂,

T âπ rπ H
G Ad H

Ad = Ad ⊕ rπ.

G g = eiα
âT â

Πâ → Πâ + f

2αâ +O(Π2).

G
shift

U †[Π]U [Π] = 1

iU [Π]−1∂µU [Π] = dµ,â[Π]T â + eµ,a[Π]T a ≡ dµ + eµ,

d e

dµ[Π]→ h[Π, g] · dµ[Π] · h[Π, g]−1,

eµ[Π]→ h[Π, g] · (eµ[Π] + i∂µ) · h[Π, g]−1.

d rπ

dµ,â = −
√

2
f
∂µΠâ +O(Π2).
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d G
e

H

d e

G h ∈ H
H G

L∂2 = f2

4 d
â
µd

µ,â = 1
2∂µΠâ∂µΠâ +O

(
(∂Π)2(Π/f)2).

G→ H f

G

L → L+Aµ,AJ
µ,A.

iU [Π]−1(Aµ + ∂µ)U [Π] = dµ,â[Π, A]T â + eµ,a[Π, A]T a ≡ dµ + eµ,

d e A

power counting rule

m∗
g∗ σ Ψ

One Scale One
Coupling



LEFT = m4
∗

g2
∗
Ltree

[ ∂
m∗

,
g∗Π
m∗

,
g∗σ

m∗
,
g∗Ψ
m

3/2
∗

,
gAµ
m∗

,
λψ

m
3/2
∗

]
,

ψ Aµ
λ g

(1/16π2)n

f

m∗ = g∗f.

1 < g∗ < 4π
f

m∗
g∗ ≈ 4π fπ ∼ 100

∼ 1

G
G

G
Jµ

Lgauge
int = gAµJ

µ.

G
SU(2)L × U(1)Y ⊂ H G
G

ψ
OR R G

LPC
int = λψ̄OR + .

G
G OR
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m∗

partners

λ

R

G

L/G = gEΦSR,

Φ = ψ̄, Aµ SR

R
gE

gE = g, g′, gs, λL, λR
Φ G

G

L/G = gEΦαΛαI (SR)I ,

I R
α

Λ
G

G dress
UR

G h ∈ H

ΛD = UR,†Λ.

ΛD H
H

G

gE G

V2[Π/f ] V4[Π/f ]



gE

L = Nm4
∗

64π2

[(gE
g∗

)2
V2[H/f ] +

(gE
g∗

)4
V4[H/f ] + ...

]
,

N

gE < g∗.

G

G/H

G/H
G

H

G → H

SU(N)2/SU(N) SU(N)/SO(N) SU(2N)/Sp(2N)

SO(5)/SO(4)
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Λ = m∗ = g∗f

collective symmetry breaking

G
G × G H × H

G×G

G×G

G × G
collectively

little Higgs

littlest Higgs
SU(5)/SO(5) λ ∼ O(1)

v2/f2 � 1

collective quartic

AdS5



AdS5

s2 =
(R
z

)2
(ηµν xµ xν − z2).

z → eαz
x → eαx

z
z

This is a potential resolution to the hierarchy problem akin in
spirit to ideas of strongly coupled gauge theories which generate
the low scale through an exponential times a fundamental high
energy scale.

minimal
composite Higgs SO(5)/SO(4)

SU(6)/SU(5)

custodial
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ρ ≡ M2
W

M2
Z cos2 θW

≈ 1.

SU(2)L × SU(2)R =
SO(4) → SO(3) = SU(2)V

W/Z

SU(2)R

ρ OT

Ld=6 ⊃
cT
2f2 (H†←→D µH)2,

ρ T̂

∆ρ = T̂ = cT
v2

f2 ,

T̂ = αT T

SU(6)/SU(5) T
cT = 2/5

95 T < 0.25

f >
√
cT ,

f > 3.5 SU(6)/SU(5)

SO(4)

SO(5)/SO(4) cT = 0
OT



V = W,Z

kV ≡
gCHhV V
gSMhV V

=
√

1− ξ, gCHhhV V
gSMhhV V

= 1− 2ξ.

S T

f & 800 ,

SO(5)/SO(4)

LPC = λRt̄RO
R
L + λLq̄LO

R′
R + .

R R′

4 4
Zbb̄

5
10 14

f
f & 800

5 SO(5)
SO(5)

5 SO(5)

∆R = (0, 0, 0, 0, 1), ∆L = 1√
2

(
0 0 −i 1 0
i 1 0 0 0

)
,

SO(5)

U5 SO(4)

(∆D,4
R ,∆D,1

R ) ≡ U5,†∆R, (∆D,4
L ,∆D,1

L ) ≡ U5,†∆L.

SO(4)
tR

qL
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tR

O5
L

∆R∆R ,

qL

O5
R

∆L∆L

Figure 4.1: 5

V2(h) = 3m4
∗

16π2g2
∗

(cL2 λ
2
L − cRλ2

R) sin2(h/f),

cL/R ∼ 1
v = 0, f π2

v < f sin4(h/f)
O(λ2

L/R)
O(λ4

L/R)
λL/R

V (h) ≈ 3m4
∗

16π2g2
∗

[
aλ2

t sin2(h/f) + b
λ4
t

g2
∗

sin4(h/f)
]
,

λt = [λL, λR] a, b ∼ 1

〈h〉 = v

sin2(v/f) =
( a

2b
)(g∗
λt

)2
.

v � f a, b
minimal tuning (f/v)2 (g∗/λt)2

sin4(h/f)
double-tuning

∆5 ∼
(f
v

)2(g∗
λt

)2
.

14
sin4(h/f)

∆14 ∼
(f
v

)2
.



m2
h,5 = 3

2π2λ
4
t v

2.

λL/R

top partner

mt ∼
λLλRf√
2mpartner

v.

λt λL ∼ λR

mh,5 ∼
√

3
π

mpartner
f

mt.

V (h) ∼ λ2h2 + λ2(λ2/g∗)2h4,

g∗ λ
G λ < g∗
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O(λ4) mirror fermions
G/H

R G

Mirror Fermions: The quadratic contribution of a chiral fermion,
ψ, to the pNGB potential of a coset G/H can be cancelled, at the
price of a new massless conjugate fermion which we call the mirror
fermion, ψ′, if the fermion ψ talks to a composite operator trans-
forming under a representation R of the group G

L = λψ̄OR + h.c.

such that it decomposes in subrepresentations of H in the following
way

R = C⊕C,

with C a representation of H and C its complex conjugate. The can-
cellation occurs whenever the conjugate mirror fermion ψ′ connects
to the same fermionic operator OR

L = λψ̄′OR + h.c.

R G
SU(6)/SU(5)

20

20→ 10⊕ 10,

SU(5)
SO(11)/SO(10) 32

32→ 16⊕ 16.

G/H ψ
H OR

R G

LPC ⊃ λψ∆OR + ,



ψ

OR

∆∆ +

ψ′

OR

∆′∆′ = 0

Figure 4.2:

∆

∆i =
{

∆{α} = 1,
∆i\{α} = 0,

i
R G α/α̇ C/C̄
H {α}

ψ ψ
C {α} ⊂ α

ψ′ opposite
C̄ H

OR

LPC = λψ∆OR + λ′ψ
′∆′OR + .

G λ = λ′

∆′i =
{

∆′i\{α̇} = 0,
∆′{α̇} = 1,

ψ ψ′

OR

ψ ψ′ C C̄ H

∆(′)

UR
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R G ∆(′)
D

H C C̄

(∆C
D,∆C̄

D) ≡ (UR)∆,

(∆′CD ,∆′C̄D ) ≡ (UR)∆′.

C
OR C̄

VI = (∆C
D)†∆C

D + (∆′CD )†∆′CD .

VI = λ2ψj(UR,−1)jα(UR)αi ψi + λ′2ψ′j(UR,−1)jα(UR)αi ψ′i,

G λ = λ′

VI = λ2(ψj(UR,−1)jα(UR)αi ψi + ψ′j(UR,−1)jα(UR)αi ψ′i).

VI = λ2(Ψj(UR,−1)jα(UR)αi Ψi),

Ψ {α} {α̇}

Ψi =
{
ψ{α} = 1,
ψ{α̇} = 1.

VII α

VII = λ2(Ψj(UR,−1)jα̇(UR)α̇i Ψi).

VI + VII = λ2(Ψj(UR,−1)jk(U
R)ki Ψi) = λ2(Ψjδ

j
iΨ

i) = λ2(2N),

N ≡ #{α} ψ/ψ′

VI = VII α̇ VII
α α C α̇

C̄

VII = λ2(Ψj(UR,−1)jα̇(UR)α̇i Ψi) =λ2(Ψj(UR,−1)j,α(UR)α,iΨi)
=λ2(Ψj(UR,−1)jα(UR)αi Ψi)
=VI .



ψ

OR

∆∆ +

ψ′; mE

OR

∆′∆′ = O
((mE

m∗

)2)

Figure 4.3:

VI

VI = λ2N.

mE

Lmass = mEψ̄
′ψ′.

2

O
(
(mE/m∗)2)

G

G/H

G/H = SU(6)/SU(5)
GSM ⊂ SU(5)

2If the chiral partner does talk to the composite sector there will be a new type of Feynman
diagram connecting LH to RH spurions since the vector-like mass can provide a flipping of
chirality whose overall contributions goes as mE/m∗ which could still be quite suppressed.
However, there will be new quadratic contributions from the chiral partner of the exotic that
remain uncancelled, defeating the whole mechanism.



A Natural Composite Higgs

20 SU(6)
SU(5)

20 = 10⊕ 1̄0.

G/H = SO(11)/SO(10) 32
SO(10)

32 = 16⊕ 1̄6.

10 SU(5)
GSM

10 = (3,2)1/6 ⊕ (3∗,1)−2/3 ⊕ (1,1)1,

16 10
SO(11)/SO(10) f

R = C ⊕ C̄

SU(6)/SU(5) SO(11)/SO(10)
GSM

G/H = (3,1)−1/3 ⊕ (1,2)1/2,

SU(6)/SU(5)
3

S 4

V (S) = m4
∗
3× 5
64π2

g2
s

g2
∗

sin2(S/f),

3 × 5 5

SU(3)c × U(1)Y → SU(2) × U(1)
mS = (15αs/8π)1/2m∗ ≈ 0.25m∗

3The mass of the singlet for the non-custodial coset SU(6)/SU(5) can be easily lifted by
breaking this symmetry for example with a Majorana neutrino sector.

4Gauge bosons always tend to stabilize the potential [307].



qL tR

θL ωR

exotic

LPC = λL(q̄L + θ̄L)OR
R + λR(t̄R + ω̄R)OR

L + +mθθ̄θ +mωω̄ω,

OR
L/R

R qL θL
tR ωR

OR
L/R

qL θL OR
R

λL
dR OR

R

λL ∼ λL(ΛUV)
( ΛIR

ΛUV

)dR−5/2
,

λL(ΛUV)
G λR

dL OR
L tR ωR

OR
L/R

λL = λR
λ

5

bR
R′ G SU(6)/SU(5) R′ 15

5The first and second generation can be modelled in a similar fashion, however due to their
small interaction strength with the composite sector, their contribution to the potential is less
problematic.
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3
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(
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,
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∗
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λL/R = λL ∼ yt

m2
h,14+1 = m2

h,mirror.

14+1
tR
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g∗

mθ,ω

m ∈ [−5f,+5f ]
f = 1600 λ ≡ λL = λR
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λ mt
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E

& 1500
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∂ log pi

|.

Z



0 100 200 300 400
0

1000

2000

3000

4000

mh [GeV]

m
Tm
in
[G
eV

]

0 100 200 300 400
0

1000

2000

3000

4000

mh [GeV]

m
Em
in
[G
eV

]

Figure 4.4:
mh f = 1600

m > 1500
90 < mh < 130

∆BG = (∆BG(v2),∆BG(m2
H).

∆ ∼ 1/ξ
f = 1600 ∆ ∼ 42

∆

∆BG ∼ 20 ∆BG ∼ 10

∆BG ∼ 10
f = 1600 cost

mmin
E . mmin

T .
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Figure 4.5:
∆ ∼ 1/ξ ∼ 42

SO(11)/SO(10) SU(6)/SU(5)

B = 2/3
SU(6)/SU(5))

6

G
16(10⊕5⊕1)

SO(10)(SU(5))

(3,1)−1/3 1/3
tτ mmin

E > 1.4
mexotic < mS

S E → Sb
X−4/3/Y −1/3

E → X−4/3t, Y −1/3b X−4/3 Y −1/3

X−4/3 → bτ Y −1/3 → tτ/bν

E → tbτ E → bbν

6However such a global baryon number is not protected from higher dimensional operators
suppressed by merely the compositeness scale m∗. It therefore becomes necessary to gauge
the baryon number, see [166,311].



EĒ → tbτ t̄b̄τ̄

SU(6)/SU(5) SO(11)/SO(10)

z = R
z = R′ f

s2 =
(R
z

)2
(ηµν xµ xν − z2).

G
H

R
λL 6= λR

qL, θL tR, ωR R

λL, λR λL = λR

R
H

mθ,ω

mθ,ω . m∗

7 coincidence
7Radiative corrections to Dirac masses are proportional to its tree level value due to chiral

symmetry and thus technically natural.
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mω mθ

ωR(x, z) ωL(x)
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4x
MUV√
R
ω̄L(x)ωR(x, z = R) + ,

MUV ∼ O(1) mω
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c > 0.5 c < 0.5
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{
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√
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Mon dessin ne représentait pas un chapeau. Il représentait un serpent boa
qui digérait un éléphant.

J’ai alors dessiné l’intérieur du serpent boa, afin que les grandes personnes
puissent comprendre.









Ltrilinear = −V SRSL†H + ,

SU(3)L × SU(2)R 1 Φ
(3, 2) H SL SR

SV

Φ = (3, 2) under SM−−−−−−→
(

10 1QF− 2
3

2 1
6−QF

2− 1
2

)
=
(
S∗V S∗R
SL H

)
,

SU(3)L×SU(2)R

V (Φ) = −µ2|Φ†Φ|+ λ|Φ†Φ|2 .

1The same symmetry has been studied in the CHM with top seesaw mechanism [317,318]
for a different purpose.
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SV 〈SV 〉 =
√
µ2/λ

V (Φ) ⊃ V
(
SRS

†
LH

)
+ ,

V = 2λ〈SV 〉
SL SR

〈Φ〉 = 〈SV 〉 =
√
µ2/λ SV SL SR

2

F

QL =

FLtL
bL

 , QR =
(
FR
tR

)
,

QL SU(3)L QR SU(2)R
Q Φ

LYukawa = −y Q̄L ΦQR

⊃ −yLq̄LSLFR − yRt̄RSRFL + ,

y = yL = y∗R
y F̄RSV FL

y q̄LHtR y

Q′L =

F ′Lt′L
b′L

 , Q′R =
(
F ′R
t′R

)
.

2If the charge QF = 2/3, then SR will become a singlet and the argument fails. However,
by assuming another U(1)′ gauge symmetry with the similar charge but QF 6= 2/3, a mass
will still be generated
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− ỹ q̄′LSLF ′R − ỹ t̄′RSRF ′L + ,



A NJL UV completion

SL SR
M ′

F MF

SU(2) SU(2)L′
SU(2)R′

fL/R SU(2)L′
SU(2)R′

ψqL =
(
q′L
qL

)
, ψFR =

(
FR
F ′R

)
,

SU(2)L′

Leff = − 1
f2
L

(
ψ̄qLγ

µT aψqL

) (
ψ̄FRγµT

aψFR

)
⊃ 1
f2
L

(
F̄ ′Rq

′
L

)
(q̄LFR) → yLq̄LSLFR ,

yL ∼
4π√
NC

f ′2 × 1
f2
L

= 4π√
NC

f ′2

f2
L

f ′ SU(2)R′

yR ∼
4π√
NC

f ′2 × 1
f2
R

= 4π√
NC

f ′2

f2
R

.

f ′ ∼ fL ∼ fR

yL ∼ yR ∼
4π√
NC

.

F



SH
H†SH SH = t̄′Rq

′
L

L = −y′q̄′LHt′R → y′f ′2H†SH .

SH

Ltrilinear = V (SRS†LH) + ,

V ∼ 2 λ̃ 〈SV 〉y′
f ′2

M2
H

,

MH SH
y′

O(1)

ψL ψR SL

Leff = − 1
f2
E

(
ψ̄Lγ

µT aq′L

) (
ψ̄RγµT

at′R

)
⊃ 1
f2
E

(
ψ̄RψL

) (
q̄′Lt
′
R

)
→ f2f ′2

f2
E

H†SH ,

fE f
SH

V ∼ 2 λ̃ 〈SV 〉
f2f ′2

f2
EM

2
H

.



A NJL UV completion

Figure A.1:
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