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Preface

The work leading up to this cumulative dissertation was conducted from October 2018 to April
2023 at the Max Planck Institute for the Structure and Dynamics of Matter and the University
of Hamburg under the supervision of Prof. Dr. Angel Rubio and Dr. Aaron Kelly. This thesis
is based on the publications and manuscript presented in Sec. 2, done in collaboration with Dr.
Shunsuke Sato and Dr. Guillermo Albareda, in which we develop novel computational correlated
dynamics approaches and utilize semi-classical simulation techniques to capture electron-nuclear
interactions in molecules and solids in both equilibrium and laser driven non-equilibrium regimes.
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1 Abstract

The development of laser technology allowing precision control over the temporal and spatial
profile of ultrafast, highly intense laser pulses, together with the advent of novel means of ma-
nipulating static material properties such as layering of 2D materials and tuning cavity confined
photon interactions, present substantial opportunities for the engineering of exotic, techno-
logically desirable properties through coherent manipulation of quantum degrees of freedom.
However, due to being developed within an equilibrium, perturbative or steady-state context,
the theoretical capacity to predict and interpret the rich diversity of ultrafast, far-from equi-
librium phenomena observed in experiments in extended systems is oftentimes lacking beyond
a coarse phenomenological explanation, or a perturbative approach which oftentimes fails for
such strong driving. This is particularly true when assessing one of the most fundamental in-
teractions in matter: the electron-nuclear interaction. While the simulation of strongly driven,
non-equilibrium, electron-nuclear dynamics can be done with near exactness for small molecu-
lar systems, these quantum chemistry methods face substantial challenges in being applied to
extended systems. This thesis collects research done by the author and collaborators to develop
and extend simulation methods originating from quantum chemistry which can capture strongly
driven electron-nuclear dynamics without dependence on the Born-Oppenheimer framework to
extended systems. By transitioning away from the constraints of Born-Oppenheimer, our goal
is to develop robust, scalable simulation protocols which can replicate and predict experimental
observations in a first-principles, ab-initio manner, across a broad range of dynamical regimes
and material phases.

After giving an overview of some of the experimental phenomena we are trying to address, we
give a brief introduction to some aspects of the existing theoretical framework for addressing
electron-nuclear interactions as embodied in the Born-Oppenheimer approximation as well as
the perturbative and non-perturbative real time-dynamics approaches used to calculate material
properties. In the subsequent sections we contextualize the papers presented with a discussion
of the primary questions addressed by each, the progress made by others in the field and the
contribution made by the author. We first discuss our development of a unique, real-space, grid
based ab-intio wavefunction dynamics approach which is capable of exactly capturing electron-
nuclear and electron-electron correlation e[edts in both equilibrium and laser driven regimes
across a variety of physical systems and discuss the developments which would be required in
order to make this method scalable and competitive. We next apply a semi-classical dynam-
ics method, Multi-trajectory Ehrenfest (MTEF), based on an ensemble of nuclear trajectories
which can exactly recover the initial guantum nuclear state, while capturing the electron-nuclear
dynamics at the mean-field level. The equations of motion underlying this method are univer-
sally implemented throughout real-time ab-initio dynamics code bases, making this approach
instantly accessible to the broader community. We find that in combination with a real-space
basis treatment of the electronic degrees of freedom, MTEF is able to recover qguantum nuclear
e [edts on the equilibrium absorption spectrum of molecules, and demonstrate the ease with
which this method can be incorporated into existing simulation protocols. Being semi-classical
in nature, MTEF allows for scaling to very large system sizes, while the real space representation
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of the electronic system allows arbitrarily strong laser driving and the dynamical treatment of
the ions allows significant nuclear rearrangement of the nuclear system.

We subsequently apply MTEF for the first time to realistic periodic systems in a manner which
is generically applicable to any material in order to simulate the sub-30 fs phonon-mediated
relaxation of valley selectively excited charge carriers in hexagonal Boron Nitride (hBN) across
temperatures spanning 2000 K. We are able to use MTEF to simulate arbitrarily strong pump-
probe measurements of the carrier relaxation and directly replicate a recent ‘light-wave engineer-
ing’ experiment on hBN in-silico. We find that MTEF constitutes a natural extension of static
methods which are widely used to calculate the phonon renormalized equilibrium properties
of materials, and that for the far-from-equilibrium phenomena studied, our method converges
with a very small number of trajectories. Thus we ultimately develop and present a method
which is simple to use, accurate, rapidly convergent, and which is capable of capturing strongly
driven electron-phonon dynamics in periodic systems under arbitrary pump-probe setups. We
conclude with a discussion on the research which will follow on the basis of our providing this
much needed tool to simulate the strongly driven dynamics of quantum materials.



1.1 Zusammenfassung

1.1 Zusammenfassung

Die Entwicklung von Lasertechnologie, die eine prazise Steuerung des zeitlichen und raum-
lichen Profils ultraschneller, hochintensiver Laserpulse ermdglicht, bietet zusammen mit dem
Aufkommen neuartiger Mittel zur Manipulation statischer Materialeigenschaften, wie z. B.
der Schichtung von 2D-Materialien und der Abstimmung hohlraumbegrenzter Photonenwech-
selwirkungen, betrachtliche Mdglichkeiten fir die Entwicklung exotischer, technologisch win-
schenswerter Eigenschaften durch kohdrente Manipulation von Quantenfreiheitsgraden. Da
die zugrundeliegende Theorie jedoch in einem Gleichgewichts-, Stérungs- oder Steady-State-
Kontext entwickelt wurde, ist die theoretische Kapazitdt zur Vorhersage und Interpretation der
groflen Vielfalt ultraschneller, gleichgewichtsferner Phanomene, wie sie in ausgedehnten Syste-
men beobachtet werden, oft nicht ausreichend, um Uber eine grobe phdnomenologische Erklarung
oder einen stdrungsbasierten Ansatz hinauszugehen. Letzterer versagt jedoch h&ufig bei stark
getriebenen Systemen. Dies gilt insbesondere fiir eine der grundlegendsten Wechselwirkungen in
der Materie: die Elektron-Nukleon-Wechselwirkung. Wahrend die Simulation stark getriebener,
nicht im Gleichgewicht befindlicher Elektron-Nukleon-Dynamik fiir kleine molekulare Systeme
mit nahezu exakter Genauigkeit durchgeflihrt werden kann, stehen diese quantenchemischen
Methoden bei der Anwendung auf ausgedehnte Systeme vor erheblichen Herausforderungen.
Diese Arbeit fasst die Forschungsergebnisse zusammen, die der Autor mit seinen Kollabo-
rateuren innerhalb seiner Promotion erlangt hat und die darauf abzielen, aus der Quanten-
chemie stammende Simulationsmethoden so weiterzuentwickeln, dass diese ohne Abhéangigkeit
vom Born-Oppenheimer-Ansatz auf stark getriebene, ausgedehnte Systeme angewandt werden
kénnen. Unser Ziel war es, robuste, skalierbare Simulationsprotokolle zu entwickeln, die experi-
mentelle Beobachtungen in einer First-Principles, ab-initio Weise Uber einen weiten Bereich von
dynamischen Regimen und Materialphasen replizieren und vorhersagen kdénnen, indem wir uns
von den Einschrankungen von Born-Oppenheimer ldsen.

Nach einem Uberblick tiber einige der experimentellen Phanomene, mit denen wir uns befassen,
geben wir eine kurze Einfiihrung in einige Aspekte des bestehenden theoretischen Rahmens fur
die Untersuchung von Elektron-Nukleon-Wechselwirkungen, wie sie in der Born-Oppenheimer-
Naherung verkorpert sind, sowie in die storungstheoretischen und nicht-stérungstheoretischen
Ansatze der Echtzeitdynamik, die zur Berechnung von Materialeigenschaften verwendet werden.
In den folgenden Abschnitten werden die vorgestellten Arbeiten in einen Kontext gestellt und die
darin behandelten Hauptfragen, die Fortschritte anderer Forschungsgruppen auf diesem Gebiet
und der Beitrag des Autors diskutiert. Zunachst erértern wir unsere Entwicklung eines neuen,
gitterbasierten ab-intio Wellenfunktionsdynamik-Ansatzes fir den Ortsraum, der in der Lage ist,
Elektron-Nukleon- und Elektron-Elektron-Korrelationse LeKte sowohl im Gleichgewicht als auch
in lasergesteuerten Regimen in einer Vielzahl von physikalischen Systemen exakt zu erfassen,
und diskutieren die Entwicklungen, die erforderlich wéren, um diese Methode skalierbar und wet-
tbewerbsfahig zu machen. Als Néachstes wenden wir eine halbklassische Dynamikmethode an,
das Multi-Trajektorien-Ehrenfest-Theorem (MTEF), das auf einem Ensemble von Kerntrajekto-
rien basiert, die den anfanglichen Quantenkernzustand genau wiederherstellen und gleichzeitig
die Elektron-Nukleon-Dynamik auf der Ebene der Molekularfeldtheorie erfassen kann. Die Be-
wegungsgleichungen, die dieser Methode zugrunde liegen, sind universell in Echtzeit-Ab-initio-
Dynamik-Codebasis implementiert, was diesen Ansatz fir eine breitere Gemeinschaft zugéanglich
macht. Wir stellen fest, dass MTEF in Kombination mit einer Behandlung der elektronischen
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Freiheitsgrade auf Basis des Ortsraums in der Lage ist, quantennukleare E [elte auf das Gle-
ichgewichtsabsorptionsspektrum von Molekilen abzubilden, und zeigen, wie einfach diese Meth-
ode in bestehende Simulationsprotokolle integriert werden kann. Da MTEF halbklassisch ist,
kann es auf sehr grofle Systeme skaliert werden, wéhrend die Darstellung des elektronischen
Systems im Ortsraum eine beliebig starke Laseransteuerung und die dynamische Behandlung
der lonen eine signifikante nukleare Umstrukturierung des Kernsystems erméglicht.

Anschlieend wenden wir MTEF zum ersten Mal auf realistische periodische Systeme an, um die
durch Phononen vermittelte Relaxation von selektiv angeregten Ladungstragern in hexagonalem
Bornitrid (hBN) bei Temperaturen von bis zu 2000 K zu simulieren. Die Anwendung von MTEF
ist dabei generisch und kann beliebig auf andere Materialien angewandt werden. Wir stellen
fest, dass MTEF eine natlrliche Erweiterung der statischen Methoden darstellt, die weithin
zur Berechnung der nach Phononen normalisierten Gleichgewichtseigenschaften von Materialien
verwendet werden. Dabei konvergiert unsere Methode fur die untersuchten gleichgewichtsfernen
Ph&anomene mit einer kleinen Anzahl von Trajektorien. So entwickeln und prasentieren wir eine
Methode, die einfach zu benutzen ist, genau und schnell konvergiert und die in der Lage ist, die
stark getriebene Elektron-Phonon-Dynamik in periodischen Systemen unter beliebigen Pump-
Probe-Anordnungen zu erfassen. Wir schlieBen mit einer Diskussion Uber die Forschung, die auf
der Grundlage unserer Bereitstellung dieses dringend benétigten Werkzeugs zur Simulation der
stark getriebenen Dynamik von Quantenmaterialien folgen kann.
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3 Introduction

Much of the advance of technology in the last century was made possible through the develop-
ment of theories which could describe the microscopic behavior of atoms, molecules and solids.
Semiconducting transistors, magnetic data storage, and photovoltaic cells are integral to mod-
ern civilization and they owe their existence to the understanding of the properties of matter
in thermodynamic equilibrium. By being able to rationally predict and engineer desired system
properties, the size and e [ciehcy of such devices was iteratively optimized until manufacturing
them was su Lciehtly cheap and reliable for them to become ubiquitous. Concurrently, the devel-
opment of laser technology since the 1960s has allowed condensed matter physicists to selectively
probe and coherently excite matter with increasing levels of precision. By now the intensity with
which matter can be driven from equilibrium, and the degree of temporal and spatial control
over laser pulses is so advanced, as to constitute an entirely new landscape of opportunities to
engineer materials [1-6].

Matter has a large number of degrees of freedom consisting of electronic and nuclear spins,
charges and their spatial configuration with respect to one another. The interactions between
these can manifest as highly complicated phase diagrams, displaying macroscopic behavior emer-
gent from the competing energetic e Ledts of these component subsystems. Equilibrium thermo-
dynamics studies these phase spaces through static magnetic fields (spin), chemical substitutions
(charge) and pressure or crystallographic strain (configuration). Expanding on this rich land-
scape of parameters is the development of novel methods to engineer new states of matter
through amplification of vacuum photon coupling via cavity confinement [7] and tuning electron
dispersion through moiré layering [8-10]. For a given point in the phase diagram, subsequent
analysis can reveal the response of the system to weak external stimuli and thus inspire ap-
plications of the material under these conditions. Furthermore, by exciting particular degrees
of freedom one can dynamically manipulate a particular subsystem. Doing so with su [Cieht
intensity and speed, one enters the nonadiabtic regime: the component subsystems don’t have
time to find their local equilibrium and thus the system can enter transient phases which dis-
play properties that are normally inaccessible [4, 5]. The key advantage of laser technology is
the capacity to finely tune this manipulation to specific excitation channels within matter. By
resonantly driving or suddenly biasing the system within particular energy windows, the bal-
ance between component subsystems can be rearranged in a coherent and deterministic manner
which subsequently aledts the emergent properties of the material. Thus these ‘non-thermal
pathways’ [5], can serve a vital role in rationally developing quantum materials in which exotic
phenomena desirable for technological application such as high temperature superconductivity
or topologically protected states for use as thermally robust qubits manifest under conditions
normally prohibited by equilibrium thermodynamics [11].

As a concrete example consider the laser driven dynamics of nuclei. By resonantly pumping
vibrational modes, the ions can develop large amplitude motion with respect to their crys-
tallographic local equilibrium. Due to anharmonic coupling between vibrational modes, this



can cause a net displacement of the lattice structure which subsequently changes the coupling
of electronic orbitals [12]. Driving nuclear dynamics in this manner has been experimentally
demonstrated to cause transient phases of matter such as signatures of superconductivity in
K3Cgo Up to room temperature [13 15], crystal structure phase transitions from para- to ferro-
electric order in SrTiO3 which remain stable for hours after irradiation [16, 17], and deterministic
enhancement or suppression of ferromagnetic phases in YTigfar away from the equilibrium
critical temperature [18]. Similar experiments have been done by driving the electronic system
such as inducing a semi-metal to insulator transition through steady-state Floquet driving in
graphene [19], as well as the spin degrees of freedom through direct manipulation of ferromag-
netism by light pulses [20] and selective excitation of spin polarized electronic bands [21]. For
recent experimental and theoretical reviews see [2, 4 6]. Because of the numerous ways in which
intra- and inter-subsystem interactions can locally reduce energy through forming quasi-particles
(polarons, polaritons, phonon-polaritons, plasmons, excitons, Cooper-pairs,: ), simply under-
standing how the energy is picked up by the system and how it subsequently moves between
the constituent parts can be a formidable challenge. Thus a key analysis is to track the ow of
energy within a system in real time by probing how its spectroscopic properties change following
an excitation [3]. In chemistry for instance, such ultrafast transient spectroscopies have been
used to study the e ects of nuclear motion on photo-disassociation, non-radiative relaxation and
charge transfer in photoactive molecules for nearly thirty years [1, 22].

Thus given the plethora of opportunities, there is a clear demand for robust and predictive
theoretical tools which can interpret, inspire and con rm experiments in far-from-equilibrium
condensed matter physics. However there are signi cant challenges even for one of the most fun-
damental interactions responsible for the behavior of matter: the electron-nuclear interaction.

In periodic systems nuclear motion is treated almost exclusively in terms of small deviations
from equilibrium, and their interaction with the electronic system is generally treated in a per-
turbative or even phenomenological manner [23, 24]. By contrast, due to having a nite and
small system size, in quantum chemistry methods have been developed in which the nuclear
degrees of freedom can be treated non-perturbatively, under non-adiabatic conditions and in
some cases even fully quantum mechanically [22, 25]. For the smallest molecules these methods
have been developed to the point being considered exact solutions, and have become a neces-
sary tool for the interpretation of experimental spectra [22]. These successes generally rely on
the Born-Oppenheimer framework, its non-adiabatic counterpart the Born-Huang ansatz, and
approximations made from these as starting points. However, due to requiring an electronic
solution for every nuclear con guration, methods relying on this framework are prohibitively
expensive to scale beyond a handful of degrees of freedom. Subsequently over the last 20 years
there has been increasing interest in developing methods which can capture quantum e ects in
electron-nuclear dynamics, can be scaled to extended systems and long-time dynamics, and is
capable of simulating the behavior of strongly driven, far-from-equilibrium matter [26 29].

Broadly speaking these e orts take the form of methods with a high degree of correlation be-
tween the electronic and nuclear subsystems such as wavefunction anséatze [30 32], density matrix
[33, 34], and diagrammatic Non-Equilibrium Green's Function based approaches (when taking
high level expansions) [35, 36], or conversely methods with a lower degree of correlation usu-
ally entailing some semi-classical approximation such as linearized path integral or ring-polymer
molecular dynamics [37], time-dependent Boltzmann and Bloch equations [23, 38] and trajec-
tory based ensemble approaches such as Ab-Initio Multiple Spawning or Ehrenfest dynamics
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[25]. While the former category generally leads to more quantitatively accurate results, the
computational and theoretical overhead can be extremely demanding, oftentimes limiting the
applicability to smaller systems or shorter time scales unless restricted to simple models or sig-
ni cant approximations are made. The latter category is more tractable in these regards while
simultaneously being less accurate for strongly correlated systems by virtue of the semi-classical
approximation, defects which in some cases can be improved upon at increasing computational
cost.

In chapter 4 we discuss some of the recent methodological developments in the former category,
focused primarily on wavefunction dynamics to which the author and collaborators contributed
with paper |. In this paper we developed an ab-initio real-space, real-time, fully quantum me-
chanical electron-nuclear dynamics simulation method which is capable of accurately capturing
the spectrum of equilibrium states as well as perturbatively and strongly driven dynamics, while
still being amenable to optimization which can scale the calculation to larger systems. In chap-
ters 5 and 6 we focus on semi-classical dynamics, providing a short overview in chapter 5 of the
wide ranging methods existing under this umbrella before focusing on Multi-trajectory Ehrenfest
(MTEF), which is amenable to large systems, long time scales and non-adiabatic dynamics. This
method has the further benet of its equations of motion already being widely implemented,
and when derived in the context of the Quanutm Classical Liouville Equation, forms the basis
for systematic reintroduction of higher electron-nuclear correlation terms. In paperll we sys-
tematically investigated the application of MTEF with the electronic system represented in a
real-space grid basis, nding that we recover quantized nuclear e ects on the absorption spec-
trum of molecules, and are able to straightforwardly apply this technique to ab-intio simulations
of real molecules. This work made clear that one can capture such e ects at a low computational
cost. We follow up these results with paperlll in which we, for the rst time, apply MTEF in

an ab-initio manner to periodic systems under strong laser driven dynamics. This work presents
a methodology which simultaneously captures the equilibrium phonon properties of real materi-
als at arbitrary temperatures, the e ects of phonon renormalization of the electronic system at
equilibrium for strong coupling, and the phonon scattering induced charge-carrier equalization
of valley selective excitation following intense irradiation in a manner consistent with experiment
and complementary theory calculations.

In order to contextualize the import of these ndings, we rst begin in this chapter by providing a
brief overview of the Born-Oppenheimer (BO) approximation and its extension to non-adiabatic
dynamics. Next we discuss the real-time dynamics approach for simulating system properties
under perturbative excitation, and demonstrate how it is used within the BO framework to
calculate the vibronic spectra. This quantity constitutes the primary focus of paperll , one of the
primary demonstrations of which was that vibronic spectra could be calculated without reference
to the standard BO approach. We next provide a brief recap of strongly driven processes and
how they can calculated non-perturbatively as done is in papers and Ill , whose primary
contributions are to demonstrate techniques capable of calculating strongly driven phenomena
and their nuclear dependencies without relying on BO concepts. We nish this chapter with a
comment on the features of the BO framework which limit the applicability of methods developed
exclusively within it to address the kind of strongly driven, far-from-equilibrium experiments
described above, and nally conclude with a more detailed outline of the proceeding chapters.



3.1 The Born-Oppenheimer Approximation and Non-Adiabatic Extensions

3.1 The Born-Oppenheimer Approximation and
Non-Adiabatic Extensions

The Born-Oppenheimer (BO) Approximation and its extension to non-adiabatic dynamics through
the Born-Huang (BH) ansatz constitute the backbone of quantum chemistry, being foundational
to the way that chemists and physicists think about the structure and dynamics of molecules,
and indeed formally serves as a framework for understanding the properties of phonons in pe-
riodic systems. Given the ubiquity of the BO/BH framework, it's necessary to understand its
limitations and the subsequent growing body of literature working outside of it, to which this
thesis contributes.

The BO approximation relies on the disparity of masses between the electronic degrees of freedom
me and the proton massMp. SinceMp=me 1836 one can separate the electronic motion from
the nuclear motion and treat the nuclear motion as a perturbation on top of the electronic degrees
of freedom. Although attributed to the 1927 paper by Max Born and Robert J. Oppenheimer
[39], the formulation presented there was perturbative in = (m=M ), with small nuclear
deviation from the equilibrium nuclear con guration R giving the lowest energy electronic
con guration /O ( °) followed by vibrational / O ( ?), and rotational energies/ O ( %) [40]. In
fact the generic validity of this expansion for any nuclear con guration, and indeed whether one
can separate the nuclear motion and still retain discretized electronic potential energy surfaces
at all, has been asserted to be inconsistent with a quantized treatment of indistinguishable nuclei
[41 43]. However, despite this somewhat niche objection, when taken as aad-hoc assumption
arising from initially treating the nuclei as classical, distinguishable particles of in nite mass
and then quantizing and allowing them to move, the BO framework is an indisputably successful
tool. The following can be found in many standard references [44 46], though we adapt their
presentation and notation for this introduction.

Starting from the full system Hamiltonian, H, of a system consisting ofN, nuclei and Ne

electrons we can write it in the real space basis of the nuclear positionR = (Ry;:::;Rn,) 2
RINn and electronic positions,r = (ry;:::;rn,) 2 RINe where d is the Cartesian dimension of
the system:
oo g Xe g X 1 X Z X zz
H(r;R)= ——r 2 =r rzi + . . — —_—
s 2M .2 g AN Nl R j ¢ IR R | 3.1)
1
= SM ' g+ He(LR);

where we have rewritten the nuclear kinetic energy term asr 2 iy %NH)T with

diagonal inverse mass matrixM_ 1 and implicitly de ned the electronic Hamiltonian He which
gathers the electronic kinetic energy and all Coulomb potential terms. The charge and mass of
the nucleus are referredto byZ and M respectively, and we have used atomic units-= e =
Me = ﬁ =1 as will generally be done throughout the rest of the text. The spectral resolution
of this Hamiltonian describes the states of the full system within the Hilbert spaceH composed
of the direct product of the electronic and nuclear Hilbert spacesH = H® H N. As briey
mentioned earlier, we now assume that we can treat the nuclei adistinguishable particles and
take the approximation that M !'1 . Doing so allows us to treat the electronic Hamiltonian
as a well de ned operator acting onH®, parameterized at each xed nuclear con guration R,

|
|
—~~
=
Ey)
i
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3 Introduction

whose spectral decomposition de nes the adiabatic electronic wavefunction solutions ,(r; R):

He(r;R) n(;R) = Un(R) n(5R)

n(LR) = fj n(R)i: (3.2)

For simplicity we will disregard the ionized-continuum states which coexist alongside the bound
state solutions. Each adiabatic electronic statg n(R)i de nes a static potential U, (R) for each
nuclear con guration, referred to as a Born-Oppenheimer Potential Energy Surface (BOPES).
In practice BOPESs are not written in terms of the (lab-frame) Cartesian coordinates for the
nuclear degrees of freedom, but constructed in terms of non-translational, non-rotational in-
ternal degrees of freedom. While the procedure used to de ne this coordinate system, and the
implications on the e ective electron masses can also be a contentious point [43], oftentimes sim-
ply the normal modes of vibration and the rest mass of the electron are utilized for molecules.
For simplicity we keep the R notation, with the understanding that it has been transformed to
refer to the internal degrees of nuclear freedom, which will sometimes explicitly be referred to
as Q. Furthermore since the electronic system doesn't have to be solved in terms of the real

space basis we can introduce the general Hilbert space notatioﬁe(i)j n(R)i = Up(R)j ni.
Throughout this thesis adiabatic Born-Oppenheimer states will be referred to ag i, and to de-
crease notational clutter, we will occasionally suppress their implicit dependence on the nuclear
con guration.

By construction the adiabatic states are orthogonal at each nuclear con gurationR :
z

h n(R)] m(R)i d (R) m(LR)

(3.3)

= mm-

With these states forming a basis within the electronic Hilbert spaceH® for eachR , we can now
construct a wavefunction in the full system Hilbert spaceH = H® H N through the Born-Huang
ansatz:

X
j( i;t)i = n(i;t)j n(i)i : (3.4)

n

This ansatz is composed of nuclear wavepackets,,(R;t), each associated with a particular
electronic adiabatic BO state. We can see how the nuclear wavepackets depend on the electronic
system by applying the system Hamiltonian Eq. (3.1) to the above ansatz. The equation of
motion of the nuclear wavepackets then becomes:

i@ n(R;t)=h njHj i
h n(R)j

M 1 ZR:"' ﬁe(i) m(R)] m(R)i (3.5)

1 X
= SM T R+UR) (R MY @am TR+ @) m(R);

m

where .y is the rst order non-adiabatic coupling vector (NACV) between adiabatic states n
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3.1 The Born-Oppenheimer Approximation and Non-Adiabatic Extensions

and m:

h m(R)Ir Ri n(R)i
h mjr iﬁe(i)j ni . (3.6)
Un(R) Un(R) forn 6 m:

mn

The second line follows from the Hellman-Feynman Theorem or equivalently from the solution to
the Sternheimer Equation when treating the nuclear con guration as a perturbative parameter

[47]. The second order non-adiabatic coupling matrix (NACM) Ignzr)] is de ned as:

@ =h n®)ir &i 2RI (3.7)

Collectively the NACVs and NACMs are referred to as non-adiabatic coupling terms (NACTS);
the e ect of NACMs is typically small and therefore they are often disregarded. As can be seen
from the form of the NACV in Eq. (3.6) in the case of well separated BOPESs or a vanishing
numerator, the NACTs can be entirely disregarded, giving rise to the Born-Oppenheimer ap-
proximation. Under this approximation we can fully characterize the nuclear subsystem via it's
behavior on the various BOPESs. In conjunction with the kinetic energy operator, this gives
rise to vibrational states belonging to each BOPESH:

HiR) o (R)= M T B+ Uh®) o (R)

=En n (R):

(3.8)

These vibrational states often serve as a handle for interpreting spectra, as in the Franck-Condon
e ect, and can serve as a basis in which to represent the nuclear wavefunctions,(R), although
strictly speaking they are only well de ned when the NACTs are disregarded.

Conversely as the gap between surfaces decreases these states become coupled and at nuclear
con gurations where the BOPES are degenerate, the NACT can diverge. The regions in nu-
clear con guration space where this occurs are known as a Conical Intersections (ClIs). When
occurring between the electronic ground state and higher states, the static consequences of Cls
manifest as the Jahn-Teller e ect: instead of being in the high-symmetry Cl con guration at
which the electronic states are degenerate, the nuclear geometry spontaneously distorts, lift-
ing the electronic state degeneracy. Dynamically, Cls play an integral role in the physics of
molecules. Nuclear wavepackets passing through the area around Cls interact strongly with
other BOPESs and can “transfer' through them thus creating a channel for electronic state re-
laxation (or excitation) due to nuclear motion. This constitutes a non-radiative means of energy
relaxation and plays a critical role in numerous photo-excitation pathways. These include the
detection of light in the human eye [48], the robustness of DNA against photo-damage [49] and
the recombination of photo-excited charge carriers [50]. Developing the means to e ciently
simulate such phenomena constitutes a central focus of the non-adiabatic quantum chemistry
community.

The dynamics captured by the Born-Huang ansatz in Eq. (3.5) constitute an exact represen-
tation of the excited behavior in an isolated molecular system, accomplished by shifting the
dynamics entirely onto the nuclear degrees of freedom. This in fact is the central utility of
this picture since while the full system wavefunction is out of reach for any realistically sized
problem, electronic structure methods allow calculation of all of the ingredients in Eqg. (3.5),
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3 Introduction

namely the BOPESsUn(R) and NACTS, mn; @ [51]. Of course this just shifts the problem,
as calculating or even storing the BOPES and NACTs becomes extremely expensive when one
wants to treat systems with relatively modest numbers of nuclear degrees of freedom. In practice
one isolates their attention to a few degrees of freedom of interest (or a combination of degrees of

which the BOPES and NACTSs are calculated. These points are then used to calculate a "global’
t.

Regardless of the electronic structure technique used, this procedure is generally expensive for
each con guration, and can be quite sensitive to the details of the problem at hand. Consistent
results for excited state energies typically require a high level method such as Coupled Cluster
which scales a0 N¢ or Complete Active Subspace Self-Consistent Field (CASSCF), which
can scale exponentially [45]. Oftentimes comparatively cheaper electronic structure methods
such as Linear Response Time Dependent Density Functional Theory (LR-TDDFT) are chosen,
although the accuracy compared to more sophisticated methods can be quite poor [52]. Due
to the presence of Cls it can be preferable to perform a change of basis in order to remove
the singularities and minimize the e ects of the NACTs [44]. Such a “diabatization' procedure
results in smooth diabatic potential energy surfaces (PESs). There is no unique de nition
of a diabatic PES, thus this requires further choices about what is appropriate for a given
situation [53]. Particularly important types of diabatic models are linear or quadratic vibronic
coupling models (LVC and QVC respectively), which derive from rst or second order Taylor
expansions of the electronic Hamiltonian:He(R)  He(R)+r rHe(R)jr, (R R, )+ O((R
QO)Z) [54]. These are projected onto the diabatic stateg n(R,)i, which are eigenstates of the
electronic Hamiltonian only at reference con guration R . The resulting Hamiltonian governing
the nuclear dynamics is composed of smooth “diabatic surfaces' which depend on coupling terms
proportional to (R R,) and (R io)z, restricted to symmetrically allowed couplings. The
construction of LVC and QVC models is a non-trivial process and constitutes an active eld of
research [55].

3.2 Real Time Dynamics

As a concrete example of how the BO/BH picture is used to calculate system properties, here
we describe how real time dynamics simulations can be used to study the response of nite and
extended systems to coherent light sources. We rst discuss the linear absorption coe cient
analysed in the context of perturbation theory under the dipole approximation. This quantity
describes the absorption of light in a system due to weak incident radiation, acting as a probe of
the optically active excited states intrinsic to a system, and is the focus of papef! , in which we
use both the perturbative correlation function approach described here, as well as direct non-
perturbative propagation, discussed here in section 3.2.2 and in more detail in chapter 5. We also
discuss one of the simplest possible coupled electron-nuclear excitations, théronic transition.
Such information is of course necessary to understand the manifold of excited states which can
be accessed upon stronger driving. However, providing a detailed accounting of the origin of
spectral lines by calculating this fundamental system property for mixed vibrational/electronic
excitations is an ongoing research challenge. We also brie y discuss how non-linear optical
response properties can be calculated both perturbatively and non-perturbatively.
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3.2 Real Time Dynamics

3.2.1 Linear Absorption

Samples of matter, say a uniform gas consisting of a single species of molecule or a block of a
crystalline solid, will develop an induced polarization P upon irradiation with coherent light
of a given frequency! . This can be described in a power series of the incideriE eld [56]:
4 y4 4
dti® 2t t9E@Y+ di® dtC%t %t tEAYE(EY+ O(E?D)

P(t) 3.9
= P'+ PZ+O( P3);

where " is the n'" order response function (which is a tensor of orden + 1). If we assume the
incident eld is weak, the second and higher order terms can be dropped, and we can turn to
the rst-order polarization [57]:
z
Pity= dt® ¢t tOHEY: (3.10)

In the case of a molecular system, the rst order change of the polarization is often written in
terms of the dipole operator » = "¢+ AN = i+ Z R , comprised of the electronic
(%) and nuclear (R ) position operators and nuclear chargeZ :

PL(t) = h ~L(t)i: (3.11)

The expectation value of this operator ish ~%i, and the bar overhead in Eq. (3.11) indicates

the spatial average. For solids, interaction with light is written in terms of Maxwell's equations

in matter, where the most important constiutents for our purposes are the electric currentJ

and displacementD, whose proportionality to the external eld E de ne the dielectric function
and conductivity  [58]:

D= E

e (3.12)

Due to the absorption of photons, the intensity of light propagating within the medium will
decay with penetration depth jrj according to the macroscopic Beer-Lambert law:

I (jrj) = 1 (0)e 1; (3.13)

The rate of intensity decay is determined by the absorption coe cient . Through Maxwell's
equations in matter, the frequency dependence of this absorption can be expressed can be
expressed as the following spatial average [57, 59]:

= 2 x 1Y
(t)= §|mj=1 i (1) (3.14)

where c is the speed of light in the vacuum and jj (! ) 2 C is the susceptibility of the material
in cartesian direction i to an input eld in direction j. For periodic systems, this quantity is
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3 Introduction

written in terms of the dielectric function and conductivity as [58]:

. »
()= g'mjzl Nii (!)
q
N(1) = M) (3.15)
4

()= 1+ - ()

The magnetic permeability and real dielectric function ; are usually set to1 in calculations.
Naturally, the microscopic details of the system can be tied to the susceptibility, allowing us to
assign the origin of particular spectral features. We start by taking the dipole approximation
in which the wavelength of the exciting eld is much larger than the molecule itself allowing
us to ignore it's spatial dependence. Taking the Fourier transform of the response function Eq.
(3.10) gives the frequency dependent linear susceptibility (! ). The matrix elements of the
susceptibility and conductivity are dependent on dipole, current and eld directions i;j as:

i _ h ~()i
Ly R '
1 ()= Ei(t)

In order to obtain an expression for the observabled (! )i and hJ(! )i, we rst nd an expres-
sion for their time dependence by explicitly treating the coupling of the eld with the molecular
Hamiltonian Hg in a semi-classical manner:

H(t)= Ho+ A E(1): (3.17)
For the periodic case we use the velocity gauge:

H(t) = ﬁ(g %A(t))2+ 0; (3.18)

where M_and p collects the particle masses and momental) collects the remaining potential
terms and vector potential A is dened by E = %@A. This approach is semi-classical in
the sense that the laser eld is treated as a classical parameter, rather than being expanded
in terms of a quantized phonon eld. We take a rst order expansion to the time evolution
operator O (t; to) written in the interaction picture, where operators evolve according to O(t) =
dfot@e Mot |n this picture we have [60]:

Zt
O(tite) e Mot 1 i g1y ~(t° to)
t
. 0 thto (3.19)
=e Mot 1 M T A@M) pt® to)
— to 2c =

For simplicity we make the zero temperature assumption that the system is in it's global ground
state Eg: I%j oi = Eoj oi, although the derivation presented here can be straightforwardly
generalized to temperature dependent situations by replacing the wavefunction with a density
matrix ~(t), and propagating it via the Liouville-von Neumann equation [57]. By initalizing
j(t=0)i =] oi and propagating via Eq. (3.19) we can evaluateh (t)i = h( t)j*j( t)i or
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3.2 Real Time Dynamics

h(t)i = h( t)j3j ( t)i, where the current oprerator J is proportional to the system momentum.
Given that Eqg. (3.19) only depends on the incident eld to the rst order, by subtracting the
static O order e Mo(t 1) term, W% = h ojA] oi (without a static DC bias, there is no steady
state current hlgi), we obtain the rst order response:

Z
hAYDI= T dh g A 15 ] ol ()

2% 40 h | (3.20)
hit i = i ho it 99 j o A(t9:

to ?
h i
We further simplify the expressions by de ning the correlation function Cj (t) = h gj A (t); Oj j ol,

where the current or dipole operator stands in for®. One can observe that the Fourier trans-
form of the time dependent correlation function can be written via the convolution property as

h AL(1)i = iCj (! ))Ej(!), and similarly for the current. Therefore:
Al i
Cj(l)= ith'((l!))lz i)
e (3.21)
_ ihj\il(!)' =i 1():
Ei(") )

where A =chas gone toE via the convolution. Notice that the expression for the linear suscepti-
bility depends only on the dipole-dipole or current-current correlation of the propagated system,
and not on the electric eld. This is because it's de ned entirely by the intrinsic properties of the
system, and isn't dependent on the structure of the incident eld. In contrast, the response of
systems to stronger pumping elds explored in paperd and Il depends on the temporal pro le
of the pump, as this strongly in uences the population of excited states induced by the laser.
However, in those cases we will still restrict ourselves to the semi-classical dipole approximation,
meaning that the system response is dependent only on the temporal pro le of the eld.

Since by construction the population of excited states induced by the perturbative laser eld is
vanishingly small, we can also analyze the response via Fermi's Golden Rule. Following some
manipulation of the Fourier transform of Eqg. (3.10), one can write the absorption coe cient as
[60, 61]:

428 x : Lo a2
()= % jh nj i oijc (=1 En) Jh nj i oij° (<! + En)
i=1 n i
16 2¥ X . L ’ (3.22)
()= 5o jh nivij 0ij2 (<! En) jh ajvij oij2 (<! + En)
IC i—1 n

wherev; refers to the total velocity of the system's charge carriers in thei direction, j i refers
to excited states in the system, and the second term in both lines corresponds to stimulated
emission, which is of course forbidden in the case of the initial state being the global molecular
ground state. This perturbative analysis directly shows how the energetic pro le of the absorp-
tion depends on the transition dipole (h ,j ij oij?2) or velocity (jh njvij oij2)moments.
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Vibronic Contributions to Linear Absorption

One of the simplest scenarios of coupled electron-nuclear excitation is thabronic transition. In
this situation, the BO framework is invoked from the outset by assuming electronic degrees of
freedom are instantly excited with respect to to the nuclear degrees of freedom. Here we focus on
the molecular case, and return to the role of phonons on the absorption spectrum in the periodic
case in chapter 6. Starting from Eq. (3.22) we invoke a static Born-Huang wavefunction ansatz,
Eq. (3.4), for the molecular states, and isolate our attention to the transition between the
molecular ground state consisting of the electronic statg i and a given higher lying electronic
state | i. Disregarding the NACTs, and writing the vibrational states in ket notation as

n (R) = MRj n i, we have the following peaks contained within this transition:

421 ¥ X

5 ih n 0”8 o0 00ij?2 (! En); (3.23)

()=

i=1

Note that we have dropped the nuclear term from the dipole operator since by construction it
only connects intra-BOPES vibrational states. Traditionally, at this point one invokes the Con-
don approximation which assumes that the dependence of the electronic dipole on the nuclear
con guration through the BO states is smooth and slowly varying such that it can be evaluated
at some characteristic con guration R, allowing the absorption to be rewritten in terms of elec-
tronic transition dipole moments h n(7§0)j " o(R,)i and the much used Franck-Condon factors
jh nj ooij?. Finding approximations to these two components and the energies of the states
constitutes the framework in which much of the work on vibronic spectral analysis throughout
the 20" century was conducted. However, in the latter part of the century the increasing avail-
ability of computational resources began to allow for explicit real-time propagation to go from
niche applications [62, 63] to commonplace (for example, one can already see a review article
written on time dependent methods from 1988 [64]), meaning that response functions such as
Eq. (3.20) could be directly calculated.

This time dependent calculation can proceed in one of two ways. Either one restricts oneself
to the perturbative limit, under which one is explicitly interested in the correlation function on
the right hand side of Eq. (3.20). Alternatively, by recalling the starting point of Eq. (3.9), one
can simply directly take some weak external eld, JEj << 1, such that only the lowest order
provides any signi cant signal to the system polarization P [65, 66]. We remain in the dipole
approximation by keeping the eld spatially uniform across the system. This latter method is
referred to as non-perturbative, even when used to calculate the linear response, because it is in
principle not restricted to the dynamics of a particular order in the observable expansion with
respect to external eld strength. We utilize this approach to calculate the vibronic absorption

in papers| and Il . In paper Il we also use the perturbative approach within the BO picture,
which appears again in the case of periodic systems in chapter 6. Therefore, we brie y sketch
here the structure of the perturbative real-time calculation in the BO picture.

Disregarding the NACTs the molecular Hamiltonian and dipole operator between the ground
and excited staten =1 is written as:

%& r &+ W(R)j oR)ih o(R)j+ Ui(R)j 1(R)ih 1(R)j

A= AN+ oi %Th 4j+ cic

HoR) (3.24)
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3.2 Real Time Dynamics

where we have incorporated the Condon approximation directly into the dipole operator. Treat-
ing the initial state as j oi = j oo oi, One can directly evaluate the dipole-dipole correlation
function:

Ci(t)= h oo o gflotn g iHota, j oo o

= gBot 01 10y opy e o i i (3.25)

i(fn + 00t

iEot; 01:2 .
j i° h J ool ;

=€ ooj
where 0 is the operator form of the BOPES, @OljR:q = Ui(R) r;ro, and we've dropped
the counter-rotating (“anti-resonant’) contribution [57]. One can read this expression as a series
of instructions: (1) obtain a representation of the lowest lying vibronic state j ooi, and target
surface Up; (2) “instantly excite the electronic state' i.e. place go on the upper surface, and
then propagate the nuclear wave packej ol exposed to the excited electronic con guration, as
encoded in the BOPES Hamiltonian:
|

r &+ UiR)  oolR); (3.26)

i@ oo(R) M
(3) compute the overlap of the out of equilibrium propagated nuclear wavepacket with it's
equilibrium prtl):pagated self. By decomposing ooi onto the excited surface vibrational steady
statesj ool = h nj ooij n i attime O, propagating and Fourier transforming one can easily
recover the energy and state resolved linear absorption Eq. (3.23). In chapter 6, we show how
phonon assisted optical absorption in solids can be calculated by averaging over static classically
treated nuclear con gurations by starting from an expression e ectively identical to Eq. 3.25.

3.2.2 Beyond Linear Response

Linear absorption provides a tool to probe the excited states of a system. However, the availabil-
ity of highly intense table-top laser sources alongside technologies to compress pulses to femto-
and atto-second timescales provide opportunities to directly study the role these states play in
the absorption and ow of energy following excitation [22]. The basic idea is quite simple, by
pumping the system and then probing the system with a secondary pulse at some delay, one
obtains a picture of the instantaneous state of the system at that delay time. Following the
initial excitation, the distribution of energy in the system evolves due to interaction between the
subsystems, and correspondingly the response to the secondary pulse will change over time. In
terms of the perturbative treatment of the system response in Eq. (3.9) it's clear that because of
the dependence of the response on the relative time of the rst and second laser, such processes
must be dictated by the second or higher order response functions”.

Examples of such phenomena include harmonic generation, where the outgoing radiation from
the system has signals at frequencies! for the input frequency !, governed by the n or-
der response functions [56], and Two-Dimensional Electron Spectroscopy (2DES). 2DES relies
on a sequence of three pulses, and thus is a measure of the third order responsé Tech-
niques for calculating such higher order response functions in the perturbation approach were
pioneered by the group of Shaul Mukamel [67], and require evaluating nested commutators of
the dipole response at di erent times analgously to the right hand side of the rst order case
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in Eq. (3.20). Performing this calculation requires propagating and evaluating the overlap of
multiple wavepackets evolving on di erent surfaces simultaneously which naturally leads to a
large increase in the computational cost of the simulation [32, 68, 69].

However, rather than using this perturbative approach, calculating the response of the system
for each order of the expansion in the eld strength separately, one can simply take the system
and directly propagate under the in uence of an external eld via Eqg. (3.17). Doing so directly
calculates the system responseP (t) at all orders. By crafting an external eld E(t) composed
of a sequence of lasergi(t; i) dependent on parameters ; = (!;; i;Ti;ri), like frequency! ,
pulse center , pulse duration T, propagation direction r, etc., one can simply track the induced
dipole (or in the case of periodic systems, the current):

(6 15 2:::) = h( ) ( DI

3.27
i@j (t)i= Ho+ " [Ex(t; 1)+ Ea(t; 2)+ 1] j( b)i: 820

By scanning over di erent pulse-probe parameters thisnon-perturbative approach in principle
allows one break apart the contributions to  (t) into speci c orders of the system response
[70, 71]. Due to the generality of this approach it can be used to recreate nearly any ex-
perimental setup or time dependent observable and is a standard approach when calculating
transient absorption spectroscopy (TAS) [72 74], high harmonic generation [75 77], time and
angle resolved photoelectron spectroscopy [78, 79] and laser induced magnetization and phonon
dynamics [80, 81], to name just a few phenomena. These calculations often require a number of
dynamical runs, for example in TAS one must simulate the weak eld response, pump response
and pump + probe response at the desired delays. However the bene t is that when done, the
recovered signal automatically contains all contributions at that laser intensity to the signal ca-
pable of being resolved by the simulation method. In contrast for a perturbative calculation, the
contributions of eachn™ order channel have to be calculated separately. Thus, for disentangling
the excitation and relaxation channels contributing to the experimental signals under far-from-
equilibrium driving, non-perturbative real-time dynamics simulations o er the most exibility,
ease and breadth of application, with the caveat that the system's relevant degrees of freedom
must be accurately and e ciently represented [82]. In this regard, since we are interested in the
role of phonon dynamics on such processes, we again run in to the limitations of the BO/BH
picture.

Limitations: Breaking out of BO/BH

The BO/BH framework contains a host a conceptual and practical problems. The issues of
calculation and storage have already been mentioned, and even with state of the art "Direct
Dynamics' or “on-the- y' approaches, which give semi-local information for wavepackets [83, 84]
or semi-classical trajectories [25, 85], the number of nuclear degrees of freedom whose dynamics
can be resolved for realistic ab-initio systems, remains in the realm of small to medium sized
molecules [25, 86]. Furthermore, as mentioned in the outset, some of the most exciting phenom-
ena of modern condensed matter and ultrafast science involve strongly modifying the electronic
states via coupling to intense light elds. This is done statically through cavity enhanced vac-
uum uctuation [87 91], in a steady-state manner via Floquet engineering [2, 5, 19, 92] or in an
transient manner via strongly driving the nuclear degrees of freedom [13, 18, 80]. All of these
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provide signi cant challenges to the already limited utility of the BO framework. For example,
although inclusion of strongly coupled cavity modes into the BOPES can be done formally [88],
being able to practically calculate even just electronic properties in ab-initio cavity-molecule
systems is still in its infancy [93, 94], while attempts to treat non-adiabatic dynamics on Flo-
guet PESs have been limited to model systems [95, 96]. For nonlinear electronic spectroscopies,
there is also the conceptual problem of having to a-priori calculate the BO states within the
energy range of the experimental observation, and when using the perturbative method, one
must explicitly analyze how the nuclear wavepackets transfer between all active surfaces in the
manner of Mukamel, thus limiting the predictive power of the ab-initio simulation and increasing
the complexity of the calculation.

The limitations are even more striking when driving the nuclear degrees of freedom. Crucially,
many of the experiments cited above are done in solid state systems. For such extended systems
the BO framework is invoked almost exclusively to nd the ground state BOPES. This de nes
the equilibrium lattice geometry, and small deviations from it de ne the phonons. Virtually the
entire condensed matter formalism for treating electron-phonon interactions consists of study-
ing electronic states de ned with respect to the equilibrium geometry being dressed by the
underlying bosonic phonon eld [24, 97, 98]. Generally this centers on interactions mediated
by the rst-order or second order anharmonic electron-phonon interaction operators. However
these non-equilibrium phase transitions are rooted in strong driving which induces highly anhar-
monic motion and dramatic realignment of the electronic structure [14, 18, 19, 80]. All of these
e ects can be very challenging for perturbative methods starting from the equilibrium system
to capture. Therefore, it's necessary to nd robust theoretical methods which do not rely from
the outset on an adiabatic framework, and instead are capable of systematically capturing both
strongly renormalized equilibrium system properties and transiently driven far-from equilibrium
behavior.

3.3 OQutline

This thesis collects contributions the author and collaborators have made over the last ve years
towards this goal. Working with Prof. Dr. Angel Rubio, Dr. Aaron Kelly, Dr. Shunsuke
Sato and Dr. Guillermo Albareda, its core contribution consists of two papers and a manuscript
currently under review, in which we develop novel wavefunction dynamics approaches and utilize
semi-classical dynamics to treat electron-nuclear interaction in both molecules and solids under
equilibrium and non-equilibrium laser driven regimes. The speci ¢ contributions of the author
to each paper are detailed in section 2.1. In chapters 4, 5, and 6 we briey introduce and
contextualize papers!, I, and Il respectively, in terms of what principle questions they
address, an overview of the relevant research in that eld and the contributions those papers
made. The publication of paper |l precedes that of paperl and methods developed in that
paper are explored in paperl and summarized in chapter 4. Here we brie y summarize what is
discussed in the chapters preceding the papers.

Chapter 4 focuses on the question of how to e ciently simulate the fully entangled electron-
nuclear dynamics of a system under arbitrarily strong laser driving. Although we mention
in passing other fully correlated approaches such as Non-Equilibrium Green's Functions (cor-
related up to the choice of interactions included in the self energy) and the density matrix
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3 Introduction

based Hierarchichal Equations of Motion, the focus is on methods which can e ciently repre-
sent high dimensional wavefunctions through tensor decompositions, in order to give context for
our novel mixed species wavefunction ansatz, the Interacting Conditional Wavefuntion (ICWF)
method. Less correlated semi-classical approaches are covered in chapter 5. In chapter 4 we
give a brief overview of the method of tensor network decompositions and how they reconstruct
high dimensional objects from lower dimensional data, and discuss the “golden standard' of
non-adiabatic nuclear wavefunction dynamics simulation methods: Multi-Con gurational Time-
Dependent Hartree, which is entirely dependent on diabatic approximations to the BOPESs. |
also review some of the recent literature which expanded tensor network methods for coupled
electron-nuclear dynamics methods outside of the BO basis, a category in which ICWF belongs.
| detail the framework and development of ICWF up to the publication of paper | within this
context, and give an overview of the contributions of paperl. In brief, this work developed sev-
eral algorithmic advancements which allow the ground and equilibrium excited states of mixed
electron-nuclear systems to be calculated, following which they can be propagated under arbi-
trarily strong laser dynamics while being entirely represented on a real-space grid for all the
degrees of freedom. Thus ICWF is presented as a self-contained algorithm for the ab-initio
calculation of non-equilibrium mixed-species phenomena, and it's performance is demonstrated
for a variety of model physical situations, demonstrating high accuracy for every case. We end
by pointing out some of the aws in the method, and steps which would be required to make it
competitive.

In chapter 5 we turn the discussion to semi-classical dynamics methods, where the nuclear
degrees of freedom are represented by classical-like point particles. Our goal is to address
the question of what coupled electron-nuclear dynamics e ects can be recovered when treating
the electronic system in a real-space grid basis, rather than in the BO basis. In this chapter to
provide a brief, high level overview of the common features of semi-classical dynamics approaches,
which allow for systems of much larger sizes to be simulated, and is oftentimes utilized in the BO
picture alongside direct dynamics to treat the ab-initio dynamics of larger molecular systems.
Using these approaches while representing the electornic system on a real-space grid allows us to
capture the properties of all the electronic excited states which can be resolved at a given grid
spacing, while in principle allowing for a wide range of nuclear motion. We focus on a particular
branch of this literature stemming from the Quantum Classical Liouville Equation, wherein the
starting point is an exact transformation of the quantum nuclear degrees of freedom into a phase
space picture. This allows for a series of controlled approximations which e ectively tune the
level of electron-nuclear correlation, before focusing on the mean- eld limit: Multi-Trajectory
Ehrenfest (MTEF). We discuss how the MTEF algorithm is implemented and how we use it

to calculate the linear absorption of molecules. In paperll we found that MTEF is able to
recover guantized nuclear e ects in the vibronic absorption spectrum of molecules and that this

is easily applied to ab-initio molecular simulations, prompting questions about what aspects of
the far-from-equilibrium phenomena of larger systems can be captured.

In paper IIl we directly address this question by extending MTEF to periodic systems in a
generic ab-initio manner, and explore the what e ects on the electronic carrier dynamics can
be captured when treating the phonon subsystem with MTEF. In chapter 6 we discuss the
limitations of the perturbative framework in which condensed matter theory typically treats
electron-phonon coupling. Next we cover the semi-classical ‘frozen-phonon' approach to cap-
turing phonon renormalized electronic properties, drawing parallels to the molecular vibronic
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3.3 Outline

spectra discussed above. MTEF corresponds to a natural extension of this widely used suc-
cessful method to include dynamics, and we motivate its application by summarizing some of
the examples in literature where single trajectory Ehrenfest dynamics has been applied. As
discussed in papetll these fail to capture the quantized nuclear e ects that MTEF can resolve.
In summary we nd that MTEF captures equilibrium electron-phonon renormalization, as well

as sub-30fs phonon scattering of selectively excited charge carriers in hexagonal Boron Nitride
(hBN) due to strong driving, with agreement across di erent theoretical methods and experi-
mental observations in analagous sytems. We also simulate two experimental pump-probe set
ups under ultrafast and ultrastrong laser regimes, one of our own design and one replicating the
results of a recent paper, nding a direct connection to the population dynamics in the former
and broad agreement with the results of the latter.

We conclude in chapter 7 with a summary of the preceding chapters and a discussion covering
their implication for future studies of non-equilibrium phenomena, in particular the potential of
MTEF and “frozen-phonon' static disorder methods to signi cantly impact the immediate future

of non-equilibrium ab-initio simulation in periodic systems.
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4 Conditional Wave Function Theory: A
Uni ed Treatment of Molecular Struc-
ture and Nonadiabatic Dynamics

Given a particle in a particular state, the accumulated e ects of interactions due to fundamental
forces biases the probability of nding nearby particles to be in particular states. On top of
these intuitive, classical-like correlations, the indistinguishablity of quantum particles and their
capacity to be in a superposition of states leads to far less intuitive e ects. Properties such
as non-trivial exchange statistics and entangled states can lead to highly non-local correlations.
Consequently, trying to simulate these e ects within and between subsystems, and especially the
role they play in the strongly driven, far-from-equilibrium behavior of matter, is a formidable
challenge. Breaking the quantum nature of a given subsystem through a semi-classical approach
can reduce the complexity, and we discuss such techniques in chapters 5 and 6. Here instead we
focus on methods which attempt to address the full correlation between the electron and phonon
subsystem. There are of course many techniques, which start from di erent assumptions and
try to move towards exactness. For example, diagrammatic approaches such as NEGF start
from the assumption of a non-interacting system, and systematically build the interactions back
in [36, 99 101]. In contrast Hierarchical Equations of Motion start from the fully correlated,
but reduced ensemble of the electronic system and systematically build in the non-Markovian
time dependent e ects of the phonon bath when driving the system non-perturbatively [33, 34].
While both of these methods can approach exactness through the inclusion of ever higher orders
of interaction diagrams or hierarchical equations, this can rapidly become expensive in cases of
slow convergence or strong coupling.

Wavefunction based approaches intrinsically include all levels of interaction between the compo-
nent systems, up to the restrictions of the ansatz used to represent the problem and the errors
accumulated during propagation. However they are notoriously di cult to scale to large system
sizes, and generally based around the BO framework. Thus it is an open research question how
much one can build in the fully quantum mechanical non-linear dynamics of coupled electron-
nuclear systems, the degree to which this can be done independently of the limitations of the BO
framework, and whether the resulting method can be scaled to large system sizes. In paper
we demonstrated that by breaking the wavefunction into component degrees of freedom and
representing each on a real-space grid, we can reconstruct strongly driven, highly correlated,
electron-nuclear and electron-electron phenomena in a very accurate manner. In this chapter we
introduce the class of wavefunction anséatze to which this approach belongs, give an overview of
the developments which lead to paper and discuss the challenges of scaling up this method.
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4.1 Straining Against the Curse of Dimensionality

4.1 Straining Against the Curse of Dimensionality

Being able to resolve and propagate the full system wavefunction( r;R) for any given problem
has been the unobtainable goal of quantum mechanics for over 100 years. If one tries to naively
represent the wavefunction of a fully entangled multi-particle system in a computer, the number
of bits of memory required will rapidly exceed the number of atoms within the observable universe

( 107®). For the simplest possible case, a series of two level qubit systems, this unimaginable
information explosion already happens for around 260 qubits! This property of entanglement is
referred to as the “curse of dimensionality' and is one of the arguments underlying the push for
simulating quantum systems with quantum computers. Nonetheless, in 2019 when researchers at
Google took a task which was asserted to take 10,000 years on classical hardware and performed
it in 3 minutes on a 53 qubit device [102], this result was later recreated by an unoptimized
Graphics Processing Unit (GPU) program in 15 hours [103].

The reason this is possible is because of the advances which have been made in the last 30 years
in simulating extremely high dimensional data. Much of this work was done independently by
computer scientists working on signal processing [104, 105], physicists looking for the ground
state of fermions interacting on a 1D chain [106] and chemists simulating the dynamics of nuclear
wavepackets in the BO picture [107]. It was only later that the connections between these
apparently disparate elds became clear and the unifying factor between all of them wagensor
decompositions Here we brie y review tensor decompositions, and some of the most successful
wavefunction dynamics methods which rely on them to combat the “curse of dimensionality"

Tensor Decompositions

Matrices (or tensors of order 2), can be written in terms of sums over "outer products' of vectors.
A particularly important example for any matrix A 2 D™ " with D = R or C, is the Singular
Value Decomposition (SVD):

A= iui Vi, 4.1)

i=1
where the basis vector§ ujg 2 D™, andfv;g 2 D", form orthornomal sets within their respective
subspaces. The singular values; are scalars inR, with 0, and the matrix rank, R
minfn; mg, is the number of non-zero singular values. A given entry of the matrix can be found
as X
Ay = i Uick Vil ; 4.2)
|

where u;y is the ki entry of the vector uj. The magnitude of a singular value ; is in e ect
a measure of how important the vectorsu; and v; are in representing the matrix A in the full
space. Numerically this can help de ne a compression of the matrix by throwing away small
values of ; below some cut o , and reconstructing a low-rank approximation. It is also
useful for de ning a pseudo-inverseof a sti matrix by inverting the low rank approximation
[108]. In physics contexts the SVD also appears as the Schmidt decomposition between two
coupled Hilbert spacesH1 H », and plays a role in the Léwdin symmetric orthogonalization of
hybridized atomic orbitals [109].
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4 Conditional Wave Function Theory

Such decompositions can be generalized to higher dimensional objects. For example, given a
multi-dimensional function such as a PESU(Q), depending onf degrees of freedomQ =

consisting ofn; points such that U(Q) 2 D"t~ "f. This constitutes a multi-dimensional matrix
or tensor of orderf . The higher order SVD (HOSVD) of U can be constructed as:

Ri
u@®;::;My =" " g, 0™ (4.3)

""" J1 it

and a given element ofU can be found as

Ri R
U(Qi(i); o ;Qi(f”) = LS uﬁ);ii :::uj(I ?if : (4.4)

I1 It
This particular format of a tensor decompaosition is called a Tucker form, consisting of the core
tensors 2 CR1 Rt and the orthogonal rank 1 tensor base® = fuj(? D uj(f)g 2 D" N
constructed by outer products of the single particle functions (SPFs)f uj(:)g 2 D"'. The HOSVD
was independently derived in the 1960s for analyzing three dimensional psychometric data [104]
and generalized for multi-dimensional signal processing in 2000 [105]. Independently it was
also derived by quantum chemists in 1996 appealing to the Schmidt decomposition to represent
PESs [107]. It has since found applications in machine learning, signal processing, genetics and
virtually every eld which requires analysis of the correlations within high dimensional data
[110, 111]. Due to the properties of the SVD, low-rank approximations are guaranteed to be
optimal in the sense of minimizing the L? norm with respect to the full rank tensor, and thus
the HOSVD (or POTFIT algorithm) is often referred to as a variational procedure [112]. This
derivation alongside the application of the Tucker decomposition to nuclear wavepackets were
the principle innovations leading to the most re ned non-adiabtic dynamics method for small

molecules: Multi-Con gurational Time-Dependent Hartree (MCTDH).

"Exact Solutions'

MCTDH was already well established by 2000 [113], and is generally regarded as a theoretically
exact benchmark for small molecules [25]. The central premise of MCTDH is to perform a Tucker
decomposition of the nuclear wavepackets as well as the PESs in the Heidelberg package of Hans-
Dieter Meyer [114]. The SPFs and the core tensor are then treated as variational parameters
in the Time Dependent Variational Procedure (TDVP) [115, 116]. The low-rank decomposition
of both the nuclear wavepackets and the PESs allows storing both objects in memory and the
subsequent sum-over-products format for both makes propagation of Eq. (3.26) possible for
larger numbers of degrees of freedom. Finally the TDVP guarantees convergence towards the
exact solution of the POTFIT surface dynamics. The MCTDH ansatz can be used for any
entangled bosonic system (with extensions to fermionic systems in Multi-Con gurational Time
Dependent Hartree-Fock), and has been applied to treat coupled nuclear and cavity degrees of
freedom in the BO picture [117]. The speci c technical details such as the choice of static basis
underlying the time dependent SPFs, equation of motion projectors to force SPFs to remain
orthogonal throughout the time evolution, regularization strategies, and choice of tensor format
for the wavefunction expansion coe cients and potential energies are far beyond the scope of
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4.1 Straining Against the Curse of Dimensionality

this introduction and interested readers can consult the relevant literature [114, 118, 119].

While the results obtained with MCTDH can be quite accurate compared to experiment, there
are signi cant obstacles to using this approach. Beyond constructing BOPESs and reducing
their complexity to vibronic coupling models, even with the compression of information at a
certain point representing the core tensor becomes prohibitive, requiring the decompositioof
the core tensor itself in what is known as the Hierarchichal Tucker format in Multi-Layer (ML-)
MCTDH [120]. When applied to LVC models ML-MCTDH can be used for many thousands
of degrees of freedom [121, 122], though it's only due to the implicit simplicity of these models
that the wavefunction ansatz is able to e ectively simulate them [120]. This approach is very
complex and in general, beyond a few experimental algorithms, there is no way to know a-
priori which degrees of freedom to group together and how to decompose them [123, 124].
However, the (Hierarchical) Tucker format used in (ML-)MCTDH is just one of a huge variety of
possible decompositions which have been applied to solve high dimensional entangled problems
[125, 126]. In 2019 the time-dependent Denisty Matrix Renormalization Group (td-DMRG)
[127 129], originally developed for 1D fermionic models, was applied to LVC [130] and QVC
[131] models, and has since inspired reformulations of MCTDH [132]. These methods can help
improve problem scaling in some cases, though they still su er from having to calculate BOPES
and the subsequent vibronic reductions.

Wavefunction Dynamics Beyond Born Oppenheimer

Methods such as multi-component DFT [133] the Nuclear Electronic Orbital (NEO) approach
[134] and the Exact Factorizaion approach [26] have been developed which treat a selection of the
nuclear degrees of freedom quantum mechanically from the outset. This is in sharp contrast to
the BO framework where all the nuclei are treated classically to de ne the BOPES and NACTSs,
following which they are quantized. However since 2020, there has been an increasing interest
in incorporating modern tensor decomposition techniques into fully entangled electron-nuclear
dynamics. In that year three papers came out essentially simultaneously which presented a
Second Quantized Representation (SQR) of the full electron-nuclear Hamiltonian [30, 31, 135]
thus allowing a complete resolution of the combined Hilbert space. Casting the Hamiltonian
in this form requires only de nitions of the electronic and nuclear orbitals, with no explicit
dependence on the BO basis. By encoding the bosonic and fermionic statistics directly into
the Hamiltonian, this formulation allows the application of various wavefunction anséatze. Both
the Tucker form as well as the DMRG ansatz have subsequently been used to treat the non-
adiabatic dynamics of electrons and nuclei in a fully guantum mechanical fashion [30, 31, 136].
While the NEO method provides an elegant choice of orbitals, there is no optimal choice of basis
in which to resolve the operators of in the SQR Hamiltonian [135]. From variational arguments
it's reasonable to expect that for strongly driven systems, one needs bases with many nodes
in order to capture the excited state properties [137]. Conversely one can simply have a basis
which evolves in time thus “tracking' with the excited state properties. This behavior has been
argued as a key reason behind the success of MCTDH [118].
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4 Conditional Wave Function Theory

4.2 The Interacting Conditional Wavefunction Method

In the calculations of paper| we utilized both static and dynamic basis approaches while de n-
ing a generic algorithm for generating electronic and nuclear bases in the real space basis. This
algorithm stems from work with conditional wave functions (CWFs) of the electronic and nuclear
degrees of freedom [138]. For the sake of brevity the composite coordinate for the full system
are written as x = r;R . A particular coordinate which can be either an electronic or nuclear
coordinate is referred to asx;, and Xj refers to every other system coordinate besides that par-
ticular one (the complementary degrees of freedom). Each CWF is de ned as the instantaneous
“slice' of the full system wavefunction at time t:

Z

Oxistixt () = o5 (x5 x5 ) ( xt) 4.5)

with the complementary degrees of freedom evaluated at the con gurationxj (t). The initial
positions of the ensemble of trajectoriex (0) = fr (t);R (t)g are obtained by sampling some
approximation to j ( X; 0)j. Separately, each CWF constitutes an open quantum system, with
the other degrees of freedom being the “bath’ This is conceptually quite similar to the Exact
Factorization approach which factorizes the full system wavefunction between subsystems, these
parallels are explored in detail here: [139].

In [138], it's proven that the full system wavefunction can be exactly decomposed into ensemble
of CWFs for a particular subsystem if (1) the corresponding ensemble of trajectoriex (t)
explores the support of the probability distribution j ( é;t)j2 at any time and (2) if the CWFs
obey non-hermitian equations of motion derived from application of the chain rule:

d (X)=@ (X)+ry jx V¥

@ O0)= o Z VoK O+ [(60I6E O) O

(4.6)

whereV (x;;Xi (t)) is the electron-electron, electron-nuclei, and nuclei-nuclei potential operator
evaluated along the trajectory de ned by velocity Vi (t), and is a complex functional dependent
on the full system wavefunction. Thus by propagating a large enough ensemble of CWFs the
dynamics of the full system can be recovered. The only constraint on the trajectories is that
they sample the support ofj ( x; t)j2, a property which is satis ed by the Bohmian velocity eld
[140]: |

V(x)= Im g : 4.7)

== (%)
The ensemble approach is reminiscent of the Coupled-Trajectory Mixed Quantum/Classical
Method (CT-MQC) for integrating the Exact Factorizaiton equations of motion by utilizing a
swarm of trajectories to reconstruct the wavefunction [96, 141]. Thus in contrast to the evolution
equations in MCTDH and DMRG, the CWF approach is not variational in nature, instead it
stems purely from physical arguments concerning open quantum systems coupled by "Bohmian
particles' which sample the support of the full system wavefunction.

11>
1>

The advantage sought by utilizing CWFs is to be able to reconstruct the full dynamics of the
wavefunction ( x;t), an object whose storage for a grid oh points along each degree of freedom
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4.2 The Interacting Conditional Wavefunction Method

scales asO(n{Ne*Nn)) by propagating a collection of N¢ CWFs scaling asO(N¢(Ne + Np)n).
However there's a self-consistency problem in Eq. (4.6) due to the dependence wf (t) on
which itself is being recovered by the CWFs. Although some applications were able to be made
by disregarding (x) and utilizing only the independent velocity elds of the CWFs [138, 142],
a more exact construction of the wavefunction was established by explicitly using the CWFs as
SPFs in a wavefunction ansatz [27]:

;Jcl (4.8)
= C(t) (xtx (1)
=1

We
(xi)= C () Pxutxz (1) 0 NN xan, 6Xy, y, ()

From here equations of motion for the expansion coe cientsC (t) 2 C are made by inserting
Eq. (4.8) into Schrédinger's equation and projecting onto the CWF basis. By subsequently
using Eq. (4.8) to calculate the fully correlated velocity eld in Eq. (4.7) as an input to the
CWEF equations of motion in Eqg. (4.6), the self-consistency problem can be closed. This ansatz
is not speci c to electron-nuclear dynamics and was also applied to a electron-cavity photon
model [27]. While the context of the CWF basis is purely physically inspired, this particular
wavefunction ansatz is widely used, and referred to as the “canonical' tensor decomposition (or
CANDECOMP/PARAFAC or the Canonical Polyadic Decomposition [143, 144]). Compared

to the Tucker decomposition, the structure is extremely simple, eliminating the storage issue
associated with high dimensional core tensors, and in some cases can result in accurate low-
rank representations [143, 145]. This however comes at the cq_?t of having non-orthogonal bases,
which manifests in ICWF as very sti overlap matrices S = dx (x) (x), which need to
be treated with the SVD based pseudo-inverse in order to integrate the equations of motion.

The nal development which led to the work in paper | was actually conducted in the background
of paper Il . In that work we extended ICWF to be able to calculate the full system ground
state via freezing the CWFs and trajectories, and performing imaginary time evolution on the
expansion coe cients. In that paper we also modi ed the initial de nition of the CWFs so that
instead of being slices of some initially known wavefunction as in Eq. (4.5), we initialized them
as eigenstates of the Hermitian CWF propagators in Eq. (4.6). That is, instead of slices of the
wavefunction, the CWFs were de ned as eigenstates of slices of the Hamiltonian. Inclusion of
the excited state CWFs increases the exibility of the basis to capture higher energy without
strongly increasing the sti ness of the overlap matrix. These two innovations allowed ICWF to
constitute a closed loop algorithm:

1. Sample initial particles from some approximation to the initial wavefunction, x | T é)j2
(i);m

2. Construct and diagonalize m; o )Z(i + V(Xi;Xi ) to give excited state CWFs

3. Build ( x) with the CWFs via Eq. (4.8), and propagate C ( ) in imaginary time
minimizing the energy. If desired take ( x; )! T Xx) and restart from 1.
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4 Conditional Wave Function Theory

4.3 Scienti ¢ Contribution and Outlook

Thus in paper | we explore the versatility of this closed-loop, fully quantum mechanical, mixed
electron-nuclear, real-space, real-time method in capturing the equilibrium properties, pertur-
bative, and non-perturbative dynamics of various model systems. We demonstrate that ICWF,
without any reference to the BOPES and their vibrational solutions, captures the vibronic ab-
sorption of an H, model when calculating the response of a non-perturbative real-time weak
external eld, as we did in paper Il . We furthermore show that sta-ICWF is able to exactly
capture the non-perturbative dynamics following a resonant driving of the electronic system
atthe S, Sy transition energy while semil-classical MTEF qualitatively fails after the laser
is switched o. We also nd that dyn-ICWF can accurately capture electron-electron elastic
and ineslatic scattering in a 1D model, as well as the laser driven excitation and subsequent
vibrationally induced relaxation in a proton transfer model.

Finally we studied the self-interference dynamics of a nuclear wavepacket in a problem whose
BOPESs contain a Cl. Doing so we nd that, without restricting the nuclear wavepacket to a
given BO surface during its dynamics, it still avoids the CI region and displays self interference
which is typically explained as manifesting from the Berry phase induced by restriction of the
wavepacket onto the BOPES [46]. All together, by showing that ICWF can accurately calcu-
late BOPESS, vibronic absorption peaks, inter-state relaxation, and nuclear self-interference we
conclusively demonstrate that this real-space wavefunction dynamics method contains the BO
framework, while the electron-electron scattering and non-perturbative driving (which could be
done at any strength to any number of excited electronic states) demonstrate it is not limited
to it.

While the simulation results are impressive as proofs of concept, there are signi cant di culties
in applying this method to realistic systems. To begin with, we utilized the rst quantized
representation without explicitly accounting for spin, thus implicitly treating our two electron
systems as singlet states. To improve on this one would either have to build the wavefunction as
Slater determinants or incorporate the fermionic statistics directly into an SQR representation
of the Hamiltonian. On that front, the de nition of CWFs we've used here provide a unique
starting point for developing bases which could be of some use in other applications, seeing as
they diagonlize restricted subspaces of the Hamiltonian. However, the non-orthogonality of the
CWEFs is a major drawback, and can lead to signi cant problems in the propagation of ICWF,
primarily through inclusion of redundant degrees of freedom leading to a sti overlap matrix.
Although some CWFs may be redundant at a given time in the simulation, they could become
important later, leading to a hoarders dilemma.

The consequence is that for the four-dimensional nuclear self-interference example, even with
signi cant numerical optimizations and exploiting parallel GPU resources, propagating the 4096
CWFs necessary to converge the results took four times longer than the numerically exact
solution on the same hardware. This problem is common in TDVP ansatze, and there exist
strategies to alleviate it such as choosing relevant bases from a pool in a way which minimizes
redundancy [146] or by projecting the propagator onto a linearly independent subset of the
bases [147]. Thus further expansion of the ideas presented would require signi cant investment
in optimization of the algorithm through exploration of alternative tensor formats, optimizations

of the on the y evaluation of the two-body potentials, and an optimal choice of basis set. While
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the physical arguments underlying the CWFs and their equations of motion are compelling,
it's unclear the advantage they would have in contrast to a fully variational approach, which
is mathematically guaranteed to converge with increasing non-redundant degrees of freedom.
Instead for the rest of the research presented in this thesis we turned to expanding the realm of
applicability of a tool already common to the real-time ab-initio dynamics community, though
often not used to its full potential: semi-classical dynamics.
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) Simulating Vibronic Spectra without Born-
Oppenheimer Surfaces

The problem with wavefunction dynamics ultimately lies in its non-locality, which subsequently
requires information about the coupling between the component parts of the system for all
possible con gurations. Thus the only way to truly scale simulations beyond small molecules is
to have a quasi-local representation of one of the subsystems, i.e. treating their constituent parts
like point particles. In the subsequent discussion, and in paperl we will treat the electrons
as the quantum mechanical subsystem and the nuclei as the classical-like subsystem, but it's
important to note that this approximation can be done between other component subsystems. In
particular one can treat the cavity modesand nuclear subsystensemi-classically simultaneously,
with both coupled to a quantum mechanically treated electronic system [148 150].

When treating the nuclei semi-classically, oftentimes the forces dictating their evolution come
from BO derived PESs, and the electronic system is constrained to evolve between these elec-
tronic states. In contrast, we want to understand what can be captured when the electronic
system is represented on a real-space grid, with the nuclear evolution being dictated by mean-
eld forces. Doing so, we are free to drive the electronic system in real-time to any complicated
superposition of excited states desired. Simultaneously the nuclei are free to explore any part
of the system phase space. Such a framework allows, in principle, for the study of driven phase
transitions involving modulation of electronic properties through strongly anharmonic nuclear
motion or large scale nuclear rearrangement through electronic system excitation. Furthermore,
since the mean- eld Ehrenfest dynamics of nuclei are widely implemented in real-time dynamics
codes, any simulation protocal based on it can be widely adopted. However, given the impor-
tance quantized nuclear behavior can play in such phenomena [80, 151], it's important to know
whether such e ects can be captured, and what limitations arise from the real-space grid and
mean- eld approach. Thus in paper|l we systematically study the capacity of mean- eld semi-
classical dynamics to recover quantized nuclear e ects by starting with the simplest possible
case of dynamical electron-nuclear coupling, vibronic absorption.

First in this chapter we provide a brief overview of semi-classical dynamics approaches, and
pay particular attention to the class of algorithms derived from Quantum-Classical Liouville
Equation as a starting point. A small portion of what follows is adapted from the Sl section
MTEF Equation of Motion from paper I .

5.1 Semi-Classical Dynamics

There are a number of ways that one can go about treating the nuclei like particles while
treating the electronic system quantum mechanically, but the common challenge to all of them
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5.1 Semi-Classical Dynamics

is reconciling the fact that the electronic system can be in a quantum superposition between
di erent states, while the nuclei cannot. Quantum mechanically, it makes sense to speak of a
nuclear wavepacket evolving under the forces of a given electronic state. In the Born-Huang
expansion, we can envision this combined state as the electron-nuclear wavepacket,i j ni.
Through the adiabatic theorem one can also think of a classical particle responding to the
forces from a single electronic state which instantly adjusts to the nuclear motion, analogous
to replacing j i with a Dirac delta. However, in a fully quantum mechanical picture, one can
construct the full system state out of a superposition of electron-nuclear wavepackets, and the
e ects of all of these distinct electronic con gurations manifest in the dynamics of the nuclear
subsystem's behavior simultaneously. In contrast, a point particle has a single position in its
classical phase space de ned by its position and momentum, and therefore must evolve according
to a single force. One popular solution to this problem is the notion of “surface hopping' such as
the Fewest Switches Surface Hoppping (FSSH) algorithm [152], in which a collection of nuclear
trajectories fg;gi ;i =1,;:::Ng evolve adiabatically on a given surfaceU,(R):

(5.1)

When a given trajectory approaches a region with strong NACTSs it will probabilistically switch
surfaces (hop). By propagating an ensemble of trajectories, if the surface hopping probabilities
are constructed appropriately, a pragmatic simulacrum of the branching paths of the quantum
dynamics can be attained. While the equations of motion can be motivated by integrating
the classical Lagrangian alongside a time dependent phase [25, 153], the probabilistic switching
between surfaces is an ad-hoc choice which is constructed in an attempt to maintain detailed
balance (microscopic reversibility) while minimizing hopping. In combination with on-the-y
evaluation of BOPESs and NACTs, surface hopping approaches such as Ab-Initio Multiple
Spawning (AIMS) which dresses the trajectories in gaussian wave packets are among the
most popular choices for ab-initio non-adiabatic molecular dynamics simulations [22, 25]. Nu-
clear quantum e ects such as zero-point energy and tunneling can also be included through
path integral molecular dynamics approaches such as centroid molecular dynamics or ring poly-
mer molecular dynamics (RPMD) [37, 154 156]. These methods are based on an approximate
mapping between the imaginary time Feynman path integral and a chain of copies of the clas-
sical system, connected by temperature dependent springs, which capture the delocalization of
the nuclear system. In the limit of in nite copies and harmonic potentials this becomes exact.
Through a Kubo-transformation, these methods can be used to calculate the real-time dynamics
of systems in the short-time limit [154] and RPMD can be extended to non-adiabatic dynamics
through inclusion of surface hopping [157, 158].

In general the treatment of the nuclear system via an ensemble of classical-like trajectories will
lead problems ofover-coherence This can be understood in the Born-Huang ansatz as a failure of
the nuclear states on di erent surfaces,j i, to cleanly separate following an interaction between
BOPESs such that the system remains in a coherent superposition between di erent electronic
states, i.e. h n(t)] m(t)i & 0, in regions of the nuclear con guration space with little coupling
between these two surfaces [159]. There are techniques for reducing such problems [160], and in
fact a framework exists that allows for a systematic hierarchy of semi-classical dynamics which
approaches more exact dynamics, while not necessarily relying on the BO picture.
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The Quantum Classical Liouville Equation

Instead of starting with the assumption of a classical like-trajectory we can instead begin with
an exact reformulation of the quantum mechanical system through the phase-space represen-
tation. Introduced by Eugene Wigner in 1932 [161] the Wigner transformation maps the state
of a quantum system to a quasi-probability distribution in both position and momentum si-
multaneously. By similarly transforming operators, the expectation value of observables can be
obtained by integrating over phase space [162]. Restricting the Wigner transform to just the
nuclear degrees of freedom allows for systematic treatment of the electron-nuclear correlation.
Starting from a density matrix representation of the full system, *, we perform a Wigner trans-
formation over the nuclear subsystem, producing a unique mapping onto a nuclear phase space
X=(R;P)2 R2dNn for Cartesian dimensiond. The partial Wigner transform for ” is de ned
as: z

w(X) = (2)1dN dseESR - S=2jNR + S=2i; (5.2)

for dummy variable S. Note that Ay (X) retains a Hilbert space (operator) character over the
electronic degrees of freedom, dependent on the continuous nuclear phase space parameters. In
general, developing equations of motion for\y (X) requires taking the partial Wigner transfor-
mation of the Liouville von-Neumann equation of motion for
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The last line de nes the "Moyal product' also known as the “star product' [163]. Up to this
point we have madeno assumptions meaning that if one is able to calculate Eq.s (5.2) and (5.3)
exactly, then the any observable of interest could be calculated via:

Z
T dX W (X5 ) 0w (X)

z - (5.4)
T dX AW (X)O0w (X551

hO(t)i

where the equation of motion for the Wigner transformed operator is the complex conjugate of
Eq. (5.3). Since this is exact it is also as di cult to deal with as the original problem. So we
make the rst approximation, which is similar in spirit to the Born-Oppnehimer approximation
itself. By expressing the Poisson bracket operator , in terms of the ratio of masses between

1
the nuclei and the electrons = ( m=M)% 0 and truncating the Moyal product of e(™m™M)?2 ° at
rst order, one can arrive at the Quantum-Classical Liouville Equation (QCLE) [164, 165]:

o0 = ilwiwl+ 3 Awiwg T wiAwg 55)

|
where fA(X);B(X)g = A(X) B(X) refers to the normal classical Poisson bracket. This
expression has also been shown to be related to “linearization approaches' such as Linearized
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Semi-Classical Initial Value Representation (LSC-IVR) which approximate the path integral
representation of the time evolution of an operator [166]. The QCLE and LSC-IVR expressions
form a starting point for a large variety of semi-classical dynamics methods, and while in principle
Eq. (5.5) can be resolved in an arbitrary electronic basig ;i and the generalized phase space
distributions  w:j (X) = h jj"w (X)j ji can be directly propagated on a phase space grid [167],
this still scales exponentially with with the number of quantum and classical degrees of freedom
[168], meaning that almost all practical integration methods have been based on ensembles of
trajectories.

There exists a hierarchy of solutions to the QCLE with regard to the degree of correlation be-
tween the electronic and nuclear degrees of freedom. At the highest level of correlation there are
direct integration schemes where the electronic degrees of freedom are resolved in the adiabatic
(BO) basis and branching ensembles of trajectories transition between surfaces [169]. The com-
putational overhead of this approach is prohibitive, and there are methods like the Generalized
Quantum Master Equation (GQME) [170] and its mean eld version [171], which retains a nite
memory kernel of the quantum-classical interaction to alleviate the complexity. There are also
schemes to explicitly entangle otherwise independent trajectories together with a non-local full
system-state dependent force [172] and approaches based on further mappings of the electronic
system to auxillary variables with such as the Poisson Bracket Mapping Equation [173 175] and
the Forward-Backward Trajectory Solution (FBTS) [74, 176, 177] which further disregard some
portions of the fully coupled dynamics. Work on novel trajectory based integration schemes is
very much on going; for a recent review see [178]. These methods are important because they
can serve as a formal framework to understand exactly which components of electron-nuclear
correlation are lost as one makes more and more assumptions, and conversely provide inspiration
for how to build these back in when starting from the mean- eld approach: Multi-trajectory
Ehrenfest (MTEF).

5.2 Multi-Trajectory Ehrenfest

Whereas many of the above mentioned methods have been primarily applied to models meant
to test non-adiabatic coupling scenarios such as the spin-boson, Su-Schrie er-Heeger [74], Shin-
Metiu, and Tully's models [152], the simplicity of MTEF allows for its use in any model or
ab-initio simulation. To derive MTEF equations of motion from the QCLE, one takes the mean
eld approximation by assuming that the full system can be written as a sum of electron-nuclear
correlated (entangled) and uncorrelated (factorizable) parts:

Xt = Me(t) nw (X51) + M eorrw (X 1): (5.6)

The key step is neglecting the contribution of the correlated part in the dynamics. Note that
while the ensuing dynamics do not explicitly treat the e ect of electron-nuclear correlation, the
initial state generally is correlated, and this can implicitly a ect the dynamics. Under this
approximation, the electronic density matrix at all times can be written as:
h i 2
Te(t) = Trn w(t) = dXWw(X;t); (5.7)
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5 Simulating Vibronic Spectra without Born-Oppenheimer Surfaces

and the nuclear phase space probability distribution is (X ;t) = Tre["w (X t)], where Trs refers
to the trace over subsystems. By assuming the system is factorizabile at all times, the equations
of motion resulting from the QCLE can be exactly solved via the method of characteristics
through a su ciently large ensemble of independent trajectories X ; each sampled from n.w (X)

. P .
[179]. Formally this corresponds to nw (X;t) = Nit iN‘ (X; X(t)), where N is the number
of trajectories in the ensemble. Each trajectory evolves according to Hamilton's equations of

motion generated from the mean- eld e ective Hamiltonian,
ff f
= @ il | (5.8)
7L AR o
Hiw = How (Xi(0) + Tre Henw (Xi(D)"&(t) :

@p -

Where H,.w and Iiien;w refer to the partially Wigner transformed nuclear and electron-nuclear
coupling operators, respectively. The electronic density associated with each trajectory, L(t),
evolves according to the following commutator:
d . _h o
g e®= i He+ Henw (Xi(1); "(t) (5.9)
With this integration approach calculating the expectation value of observables via Eq. (5.4)
becomes:

1 Xt h ) i
ho(t)i = N Tre Ow (Xi(t)"e(t) (5.10)
i=1

In summary, to perform an MTEF calculation the only required input is an approximate initial
nuclear density matrix *,, which one then Wigner transforms via Eq. (5.2) to give n.w . A key
point is that at this stage no constraints have been made on the electronic system. We only
require a basis which spans the space of the electronic Hamiltonian, and a particular choice of
the initial electronic density matrix in Eq. (5.6). For example in thermodynamic equilibrium
at a given temperature T, for a given nuclear con guration X, one could treat the electronic
system as being in the canonical ensemble initialized on the BO states:

. 1 X

%= F(UR)T w(R)iN n(R); (5.11)

n

wheref (E; T) is the Fermi-Dirac distribution, and Z is the partition function. We utilize such
an approach in paperlll . The electronic system can also be initialized in a non-equilibrium
con guration, in either case the steps to performing an MTEF calculation are:

1. Samplefé(O)g n:w , and for eaché initialize ~,(0).

2. Propagate ~,(t) and Xi(t) simultanesouly according to Eq. (5.9) and Eq. (5.8). This can
be done for example with Runge-Kutta integration for the electronic degrees of freedom
alongside Velocity Verlet for X. For pure electronic states Eq. (5.9) can of course be
replaced by the Schrddinger equation.

3. Calculate observables at each desired time step. Since the trajectories are completely
independent, each contribution on the right hand side of Eq. (5.10) can be calculated and
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stored in parallel and post-processed.

Given the exponential scaling at the root of why we've come to this approximated method in
the rst place, in general it's unreasonable to expect that one will be able to produce an initial
nuclear state which takes into account coupling with electronic system at all orders of interaction.
When available and applicable, one can in principle take the BO vibrational states] , i, which
of course encode the e ects of the electronic state up to the adiabatic approximation via the
BOPES. However, one can also get a low order approximation to the BOPES through a harmonic
approximation around the lowest energy con guration. This of course leads to the normal mode
decomposition, where the nuclear con guration space (for 3 Cartesian dimensiondR 2 R3Nn js
linearly transformed to the (non-translational, non-rotational) normal mode coordinates Q(R) 2
R3Nn 6 Each normal mode can be treated as an independent quantum harmonic oscillator
(QHO), giving the initial nuclear state as:

(R) 1(Q1) it 3N, 6(Qan, 6): (5.12)

The Wigner transform of the quantum harmonic oscillator, its excited states and temperature
dependence is well known [162, 180] and require only the harmonic frequency as input, a quantity
that is easy to calculate for arbitrary (non- oppy) systems using Density Functional Perturbation
Theory.

There are many paths to the equations of motion (5.9) and (5.8) [181, 182], and subsequently
there is confusion throughout the literature as to what "Ehrenfest dynamics' means. Oftentimes,
the term Ehrenfest is used when initializing the nuclear degrees of freedom in the equilibrium
geometry with zero velocity or taking an arbitary displacement of the nuclei [183]. As we
demonstrate in paperll and paperlll , the former choice (Single Trajectory Ehrenfest STEF)
generally fails to account for the e ects of the nuclear subsystem on the electronic system, while
the latter leads to strong artifacts in the spectrum. Despite the manner in which they're used,
the Ehrenfest equations of motion are ubiquitous in real time dynamics literature, having been
implemented with the electronic system treated through Hartree-Fock [184], CASSCF [185],
TDDFT [186 190], tight-binding TDDFT [191] and NEO theory [192] to name a few. Thus the
MTEF algorithm can be adapted across the ab-initio real time dynamics community at the cost
of running a series of trajectories in parallel rather than just a single one as is often done.

5.3 Scienti ¢ Contribution and Outlook

In paper || we explore the application of MTEF when the electronic system is treated through
a real-space basis using both an §} and in the real-space real-time TDDFT code Octopus [82].
We calculated the vibronic absorption of the H, model and the benzene molecule with TDDFT,
utilizing an non-perturbative real-time dynamics approach via an instantaneous electic eld or
“kick':

E(t)= (t 0%): (5.13)
Being instantaneous in time, this electric eld has uniform spectral weight, thereby inducing
an electronic transition to every allowed electronic state instantaneously. By setting the eld
strength << 1 [a.u.] we restrain the response to be in the linear regime, though this can
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5 Simulating Vibronic Spectra without Born-Oppenheimer Surfaces

also be used to study non-linear response properties by increasing the magnitude of[193].
This method has been used in real time dynamics to study the out-of-equilibrium response of
systems since at least the 70s in nuclear dynamics [194], and has been a standard technique for
calculating spectra in TDDFT since 1996 [65].

In paper Il we demonstrate that by including the quantized nuclear subsystem through MTEF,
the electronic absorption spectra is split and demonstrates vibronic peaks, which as explained
in section 3.2.1 is usually attributed to quantized vibronic states. We also demonstrate that
ICWF, being a more strongly correlated method, can capture this e ect with greater numerical
accuracy. Throughout the paper and the S| we systematically study the origin of the defects
in the MTEF spectral lines in the H, model and subsequently found that as a consequence
of exciting the system perturbatively while using mean eld forces, the dominant contribution
to the nuclear forces comes from the initial electronic state. Thus the spacing of the vibronic
peaks corresponds to the vibrational states of the initial electronic surface, rather than the
target electronic state. Naturally this implies that with strong driving and similar BOPESs
between excited states, the MTEF results will become more quantitatively accurate, which we
demonstrate in the SI. We conclude the paper with a calculation of the vibronic absorption
spectrum of the benzene molecule, nding signi cant reweighting of the spectrum with regards
to STEF and making a qualitatively better agreement with experiment.

Paper Il conclusively demonstrated that treating the electronic system quantum mechanically
in the real-space basis and nuclear subsystem via MTEF can capture nuclear quantization e ects
arising from dynamical interactions between the electronic and nuclear subsystems. We demon-
strated that by introducing methods which account for dynamical correlation the accuracy can
be improved, giving motivation for incorporating methods from the hierarchy of QCLE ap-
proaches into the real-space representation. Finally we showed that, being a mean eld method,
the degree of error in MTEF is proportional to the degree to which the forces of the nuclear
subsystem change upon reorganization of the electronic con guration. For molecules such agH
or benzene, given the small number of electrons in the system, it's reasonable to expect that the
character of forces on the nuclear subsystem would be highly sensitive to rearrangements of the
electronic structure.

Thus for extended systems it's also reasonable to expect that the character of forces on the
ionic system would be relatively unperturbed by modest excitation densities. Given that the
electronic system in the real-space basis can capture any excited state properties (up to the grid
spacing), alongside the fact that MTEF scales favorably with system size, allows for dynamic
rearrangement of nuclei, and can be easily integrated into existing simulation work ows, this
method o ers a promising intersection of capabilities to simulate non-equilibrium phenomena.
Thus in paper III we extend MTEF to periodic systems, and return to the question of the e ects
of static disorder vs dynamics in the context of the system response to strong laser driving.
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