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Abstract

This thesis explores how neutrinos may serve as a portal to e ects in the quantum regime. Due
to the smallness of neutrino masses and its feebly interacting feature, the neutrino system acts
as a closed quantum system at a macroscopic scale. Nonetheless, as the precision of neutrino
oscillation experiments increases, a closed quantum system description would become insu cient
at some point, and a door to e ects in the quantum regime through decoherence signatures
would be open up. In order to sift the fundamental, quantum signal from the classical noise
in the future detection, a more consistent machinery warrants development. For this purpose,
we incorporate the concept of open gquantum systems into the quantum eld theory description
of neutrino oscillations. As a result, we present a generic structure (introduced as the layer
structure) for decoherence e ects in neutrino oscillations, showing how decoherence signatures
from quantum e ects and classical uncertainties may be interpreted as phase wash-out e ects on
di erent layers with di erent phase structures. On the other hand, additional coherence could
come into play when interactions with a low momentum transfer are included. In addition,
we explore the expanded coherence due to the interaction with magnetic eld, which ips the
chirality of the neutrino through the theoretically motivated magnetic moment e ect. For high
energy neutrinos, such e ect can be sizeable as some of them are likely to be produced in a
highly magnetized region. By adopting a simple model aiming to investigate the imprints of
magnetic moment e ect on the neutrino ux generated from the particle collisions nearby a
magnetar, possible signatures with the IceCube observatory is speculated and discussed.






Zusammenfassung

In dieser Arbeit wird untersucht, wie Neutrinos als Portal zu E ekten im Quantenbereich di-
enen konnen. Aufgrund der geringen Masse der Neutrinos und der Tatsache, dass sie nur uber
die schwache Wechselwirkung interagieren, entspricht das Neutrinosystem auf makroskopischer
Ebene einem geschlossenen Quantensystem. Mit zunehmender Prazision der Neutrinooszil-
lationsexperimente wurde eine Beschreibung als geschlossenes Quantensystem jedoch irgend-
wann nicht mehr ausreichen und es wurde sich eine Tur zu E ekten im Quantenbereich durch
Dekoharenzsignaturen o nen. W.ir integrieren das Konzept o ener Quantensysteme in die
qguantenfeldtheoretische Beschreibung von Neutrinooszillationen. Als Ergebnis stellen wir eine
generische Struktur (die Schichtstruktur) fur Dekoharenze ekte in Neutrinooszillationen vor
und zeigen, wie Dekoharenzsignaturen aus Quantene ekten und klassischen Unsicherheiten als
Phasenauswaschungse ekte auf verschiedenen Schichten mit unterschiedlichen Phasenstrukturen
interpretiert werden konnen. Andererseits konnte zusatzliche Koharenz ins Spiel kommen, wenn
Wechselwirkungen mit geringem Impulstransfer einbezogen werden. In dieser Arbeit unter-
suchen wir auch die erweiterte Koharenz aufgrund der Wechselwirkung mit einem Magnetfeld,
das die Chiralitat des Neutrinos durch den theoretisch motivierten magnetischen Momentenef-
fekt umkehrt. Insbesondere untersuchen wir die Erwartung eines solchen E ekts fur hochener-
getische Neutrinos astrophysikalischen Ursprungs, da sie eng mit den Magnetfeldanforderungen
fur die Teilchenbeschleunigung verbunden ist.
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Terminology

Phase space (PS) variables
Three coordinate variables, three momentum variables (composing the six-dimension PS)
and a temporal variable.

Layer structure
Composed of three layers (layer 1-3) from the microscopic Hilbert space to the macroscopic
measurement space, where all spaces are represented by PS variables. The structure
is illustrated in Chapter 3, and its value of providing a simple and generic picture of
decoherence e ects is shown in Chapter 4.

Layer-Moving-Operator (LMO)
Operators moving some physical quantity up one layer, characterised by some weighting
functions on the lower layer. The de nition is given in Eq. (3.1).

Microscopic layer (layer 1)
Con gurations of fundamental theories are described on this layer, such as the Feynman
diagram, and intrinsic quantum mechanical uncertainties. More explanations are given in
Section 3.1 and Section 3.2.

Physical layer (layer 2)
As an intermediate layer between the fundamental theories and experimental measure-
ments, this layer describe the statistical ensemble. On top of quantum uncertainties
brought up from the rst layer, this layer also include uncertainties due to a lack of
knowledge. More explanations are given in Section 3.3.

Measurement layer (layer 3)
This layer describes realistic experimental measurements including e ects such as energy
resolution. Examples are given in Section 3.4.

Fock phase space (Fock-PS)
A representation of layer 1 where the occupation of the PS is written in terms of Fock
states. The case for neutrino oscillations calculated by QFT is demonstrated in Section
3.1

Wigner phase space (Wigner-PS)
A representation of layer 1 where the occupation of the PS is written in terms of Wigner
quasi-probability distributions. More explanations are given in Section 3.2.

Relativistic phase space (Relativistic-PS)
A representation of layer 2, by taking the expectation values of the PS variables on the
rst layer assuming a relativistic system (e.g. massless neutrinos). The case for neutrino
oscillation is demonstrated in Section 3.3.



Xii

Measurement phase space (Measurement-PS)
A representation of layer 3, given by PS variables from experimental measurement.

Weighting function
Localized distributions that characterise uncertainties included in the LMO. Examples of
uncertainties from layer 1 and layer 2 for neutrino oscillation are summerized in Section
4.1.2 and Section 4.1.3, respectively.

Phase wash-out (PWO) e ect
An averaging e ect which washes out oscillation signatures by introducing a damping term
and a phase shift term. Mathematical formalism and properties are given in Appendix A.

Uncertainty parameters ( n)
Widths of the weighting functions w.r.t. some PS variable n which parameterize decoher-
ence signatures. Some analysing methods, as well as its sensitivity estimation of three
relevant uncertainty parameters are shown in Section 4.2 for neutrino oscillation experi-
ments.

State decoherence (SD)
Decoherence by the separation of superposition states on the physical layer, which is equiv-
alent to a PWO e ect on the Wigner-PS under a factorisation condition (see Appendix B)
and is dominated by uncertainties on layer 1 (see Section 4.1.2).

Phase decoherence (PD)
Decoherence by the PWO e ect on the physical layer dominated by the macroscopic un-
certainties on layer 2 (see Section 4.1.3).
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Chapter 1

Introduction

Neutrinos are like the late bloomers in physics due to their unique properties. Since it is nearly
invisible, it didn't exist in the eyes of physicists until Pauli "invented" them in 1930 to preserve
energy-momentum conservation in beta decay. For the same reason, it took another 26 years
before they were directly observed. Furthermore, due to the absence of neutrino masses in the
standard model (SM) renormalizable terms, neutrinos were long treated as massless particles
until the observation of neutrino oscillations around the beginning of the 21st century. These
properties are also why neutrinos could play a crucial role in advancing high energy physics.
This statement will be elaborated upon in terms of theoretical motivation, followed by probes
through quantum information and astrophysics in this section. On the other side of the coin,
neutrinos may also contribute to our understanding of quantum mechanics and the development
of astrophysics.

Features from existing measurements of neutrino properties, such as their masses and the
leptonic mixing matrix (i.e., the Pontecorvo{Maki{Nakagawa{Sakata, or PMNS matrix), have
been considered indications of beyond standard model (BSM) physics at a high energy scale (see,
e.g., [3] for a review). Dissatisfaction arises from the fact that if neutrinos were Dirac particles
with masses generated through the same Higgs vacuum expectation value (vev) as other SM
particles, their Yukawa coupling would need to be at least six orders of magnitude smaller than
that of the lightest charged fermions. In the context of e ective eld theory, massive degrees
of freedom at the high scale are integrated out, resulting in a suppression e ect at low energies
imposed by the high energy scale. When expanding over=l, where represents the scale of
some unknown new physics, the lowest order non-renormalizable term witld = 5 would be the
unique Weinberg operator, responsible for generating Majorana masses. Numerous models, such
as the celebrated (three types of) seesaw models that generate neutrino masses at the tree level,
as well as radiative models generating neutrino mass at the loop level, fall into this category [4].
Furthermore, in the spirit of reducing the randomness of parameters in a bigger picture, one
may expand to the lepton sector (or even further to the entire fermion sector). In addition



to explaining the hierarchy among leptonic masses, the structure of the obviously-non-diagonal
PMNS matrix also needs to be addressed. This is known as the avor puzzle. Solving the
avor puzzle in addition, would indicate a more uni ed and comprehensive theory. It would
also provide intermediate points for a bottom-up/top-down approach to uni ed theories [5].

In addition, note that there are other measured neutrino properties and their implications not
covered here, such as the e ective number of neutrino families in cosmology and their abundance
in the universe.

The unique features of neutrinos enable them to evolve as a closed quantum system on a
macroscopic scale. Consequently, the interference pattern of quantum coherence arising from
the misalignment of the mass basis and the avor (or interaction) basis has been extensively
studied in neutrino oscillation experiments across a wide range of energies, involving multiple
sources. Based on current data, neutrino sources can be classi ed as either fully coherent or fully
decoherent at the detection site. The former category includes all terrestrial and atmospheric
sources, and their coherence properties have been veri ed by introducing a damping factor
exp( ) when tting current oscillation data, [6{8]. Here, ik / mjzk L"=E™, and exp( )
suppresses the interference pattern between thgth and kth mass eigenstates. For decoherence
resulting from wavepacket (WP) separation, the values arem = 2 and n = 4. Additionally,
according to the Lindblad equation (Eq. (2.27)) and under certain assumptions, such as having
a single scaling parameter for all decoherence e ects and no energy or neutrino loss, we have
m = 1, while n can remain a free parameter for a power-law t. In contrast, neutrinos originating
from astrophysical or cosmic sources are considered fully decohered due to WP separation.
To elaborate, in order for an interference pattern to occur from the superposition of mass
eigenstates, there must be a minimal energy uncertainty, as discussed in Section 3.3. This
uncertainty imposes an upper limit on the size of the wavepackets []. Consequently, as di erent
mass eigenstates travel at di erent group velocities, the WPs become fully separated over cosmic
distances.

The study of decoherence was initiated in 1970 by H.D. Zeh here in Heidelberg to address
the problem of "how to describe classical phenomena in the framework of quantum theory" [9].
Since then, it has been extensively developed to understand the emergence of classicality within
the quantum framework (see, e.g., [10{12] for a review). Decoherence has been observed in
various systems, including photon states in a cavity, matter-wave interferometry, superconduct-
ing systems, and ion traps [11]. The typical experimental challenges involve: 1) Creating a
macroscopic superposition state to start with. 2) Ensuring that decoherence is not too fast,
allowing the gradual process to be observed. 3) Minimizing unwanted decoherence, such as
that caused by closely monitoring the system. For neutrinos, due to their unique features, the
challenges are the other way around. It is impossible to produce a macroscopically coherent
state for neutrinos, and arti cial decoherence from monitoring is basically unattainable. Hence,
the main obstacle is that the decoherence of neutrinos is not fast enough. In a way, this is also
why neutrinos may be a late bloomer in terms of decoherence, since these challenges can be
overcome by reducing statistical and/or systematic uncertainties. Once the required sensitivity
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is achieved, it could open up a vast observational landscape for quantum e ects. This statement

is demonstrated in Chapter 4, where we address the question of \how much more statistics
is needed if quantum decoherence appears at a certain scale” by manually reducing statistical
uncertainties in the analysis while assuming a true decoherence scale. On the other hand, the
requirement of systematic uncertainties can be answer by whether we will be able to identify

decoherence signatures between quantum uncertainties and classical uncertainties.

The theoretical development for neutrino decoherence in this work (Section 2.2 - 4.1) aims
to investigate the potential of probing quantum e ects through decoherence tomography, which
involves observing decoherence signatures over a range Bf and L. Here, E, represents the
observed energy of the neutrinos, and.q is the length of the baseline. To describe quantum
e ects at a fundamental level, we work within the framework of quantum eld theory, making
it more suitable for testing new physics, e.g., [13,14]. As decoherence e ect results from leaking
information to the environment in an open quantum system, would be convenient to view it as
a quantum version of statistical mechanics. In fact, the Wigner quasi-probability distribution,
which maps density matrix states onto a phase space, allows us to visualize quantum decoherence
as a statistical e ect. This will be referred to as state decoherence in Section 4.1. Furthermore,
classical uncertainties also lead to decoherence signatures, and these are classied as phase
decoherence in Section 4.1. The summary provided above motivates us to construct a layered
structure in Chapter 3, comprising phase spaces ranging from a quantum (microscopic) level to
a classical (macroscopic) level. The neutrino system is described within a quantum eld theory
framework at the quantum level (layer 1), and it can be mapped to a Wigner quasi-probability
distribution (also at layer 1). By applying the open quantum system concept of integrating our
the environment, we can move up to the classical level (layer 2) where classical uncertainties
come into play. Finally, we present decoherence tomography at the observational level (layer 3)
after statistical averaging. Experimental realization may involve constraining the range ofEg
and Lo while implementing the analysis method. Two examples are provided in Section 4.2 and
4.3.

While neutrinos with an astrophysical origin become fully decohered upon their arrival at
Earth, they can still carry information about additional coherence e ects near their source.
Speci cally, the presence of an additional coherence e ect, such as the coherent forward scatter-
ing e ect (known as the Mikheyev-Smirnov-Wolfenstein or MSW e ect), can cause the energy
eigenstates to deviate from alignment with the mass eigenstates. This results in an energy-
dependent variation in the avor ratio detected at Earth. A prominent example of this e ect is
the observed oscillation pattern of solar neutrinos with respect to their energy. Moreover, astro-
physical sources can provide extreme environments that are unattainable on Earth. Therefore,
taking advantage in terms of extreme magnetic energy density, we focus on neutrinos above 100
TeV in Chapter 5. This energy threshold is chosen for two reasons: 1) it ensures an astrophysical
source because atmospheric neutrinos cannot reach such high energies, and 2) it guarantees the
presence of an e ectively large magnetic eld, which is a requirement for particle acceleration.
As these neutrinos propagate in a e ectively large magnetic eld environment, they may gain



additional coherence, similar to the MSW e ect, from the neutrino magnetic moment ( MM)

e ect. However, unlike the MSW e ect, this e ect enhances the degree of freedom because
the MM induces a chirality ip in the neutrinos. In the standard three-neutrino scenario, the
degree of freedom expands from 3 (e.g., three avors or masses) to 3 2 for Majorana neu-
trinos, and 3 4 for Dirac neutrinos. Consequently, this e ect impacts the avor and helicity
structure detectable at Earth.

In the particle physics point of view, signatures of the avour + helicity structure of these
high energy neutrinos could provide information about 1) the Dirac or Majorana Nature of
neutrinos and, 2) the MM. The former is because only half the coherent degree of freedom (the
left-handed half) is detectable for Dirac neutrinos, while the complete set of degrees of freedom
are detectable for Majorona neutrinos. Knowing whether neutrinos are Dirac or Majorana not
only determines the rst step of constructing a mechanism to generate neutrino mass, it also
tells if lepton number is violated. For Majorona neutrinos, the generation of both the neutrino
mass and the magnetic moment would violate lepton number by two units, which is a feature
favored by grand uni cation theories as well as models addressing the baryon asymmetry of
the Universe through leptogenesis. As for MM, since neutrinos are charge-less, it is typically
generated at loop level. Furthermore, it has a tight connection with neutrino mass due to having
a similar (chiral) structure in the e ective eld theory Lagrangian. For instance, without non-
trivial model building, removing the photon line in a diagram generating MM would result in a
diagram generating neutrino mass. Benchmark points of MM include: Dirac neutrinos for the
simplest extension of the SM implies ' 3 10 °(m =eV)  and the current upper bound
from terrestrial experiments < 10 2 5. On the other hand, in the astrophysics point of
view, these signature could also provide information about the source. For example, acceleration
and cooling mechanism through their relation with the magnetic eld strength. However, such
e ect will also increase the uncertainty for determining the collision processes through tracing
back the neutrino's initial avour state through the avour ratio and/or Glashow resonance
signatures.

In the context of particle physics, the avor and helicity signatures of these high-energy
neutrinos o er valuable insights into determining the Dirac or Majorana Nature of neutrinos
and the value of MM. The former is because only half the coherent degree of freedom (the
left-handed half) is detectable for Dirac neutrinos, while the complete set of degrees of freedom
are detectable for Majorona neutrinos. Knowing whether neutrinos are Dirac or Majorana not
only guides the initial steps in constructing mechanisms for generating neutrino mass but also
provides insight into whether lepton number conservation is violated. In the case of Majorana
neutrinos, the generation of both neutrino mass and the magnetic moment results in a violation
of lepton number by two units. This is a feature favored by grand uni cation theories as well
as models addressing the baryon asymmetry of the Universe through leptogenesis. Knowing
whether neutrinos are Dirac or Majorana not only determines the rst step of constructing a
mechanism to generate neutrino mass, it also tells if lepton number is violated. For Majorona
neutrinos, the generation of both the neutrino mass and the magnetic moment would violate
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lepton number by two units, which is a feature favored by grand uni cation theories as well as
models addressing the baryon asymmetry of the Universe through leptogenesis. As foMM,
since neutrinos are charge-less, it is typically generated at loop level. Additionally, it shares a
close connection with neutrino mass due to its analogous (chiral) structure in the e ective eld
theory Lagrangian. For instance, without non-trivial model building, removing the photon line
in a diagram generating MM would result in a diagram generating neutrino mass. Benchmark
points of MM include: Dirac neutrinos for the simplest extension of the SM implies
3 10 *(m =eV) g; the present upper bound from terrestrial experiments places at less
than 10 12 3. From an astrophysical perspective, these signatures also o er insights into the
source of these high-energy neutrinos. They can provide information about the acceleration and
cooling mechanisms, particularly in relation to the strength of the magnetic eld. However,
such e ects will also increase the uncertainty when attempting to determine collision processes
by tracing back the initial avor state of the neutrinos using the avor ratio and/or Glashow
resonance signatures.
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Chapter 2

Neutrino Coherence and
Decoherence Formalisms

Contents
2.1 Closed Quantum System . . . . . . . . . . . . . 7
2.2 Open Quantum System . . . . . . . . .. 12

2.1 Closed Quantum System

The state of a neutrino can be characterized using the density matrix = j ih j. The choice
of basis for the neutrino state ( i) depends on the basis neutrinos interact and propagate
on. When neutrinos evolve as a closed quantum system, their dynamics are governed by the
Liouville-von Neumann equation:

d \_ . PR
gt (O=1HEO: O (2.1)

This equation applies whether we consider the system in the coordinate basis or the momentum
basis. In a closed quantum system, there is no loss of information. Consequently, the Hamil-
tonian operator H, which may include both kinematic and potential energy terms, su ces to
completely describe the neutrino's evolution. In this scenario, quantum coherence is preserved
by the unitarity of the time evolution operator. In simpler terms, to maintain coherence, it is
essential not to disrupt unitarity, thereby ensuring that Eq. (2.1) remains valid. For example,
when a neutrino scatters o other particles, it can still remain coherent as long as the momen-
tum transfer between the incident neutrino and the target particle is su ciently small. This
means that interactions that do not signi cantly change the momentum of the neutrino are less
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likely to disrupt its quantum coherence. In fact, this is particularly the case for the MSW e ect

from coherent forward elastic scattering of the neutrinos through weak interaction, and the spin
avour procession e ect caused by MM. The former will be included but not emphasised in
this thesis, while the latter will be elaborated in the following.

2.1.1 Flavour Transition

Taking into account that neutrinos are produced and detected only through weak interactions,
their initial (production) and nal (detection) states are restricted to the avor basis. However,
during free propagation, the kinematic eigenstates are determined by the neutrino's mass, as a
result, Eq. (2.1) will be diagonal in the mass basis. For neutrinos with an initial state as avor

,i.e., (0)=j ih j, the probability of observing the nal state as avor  can be expressed
as:

X m 2t
P =Tr[j ih j®= U,U;UU, n: (2.2)
jik
i ion i i i i 1 P 2yY i iHt iHt
This expression is obtained by insertingH = % i Uj miyj into t)=-¢e ©e™ to
satisfy the Liouville-von Neumann equation. Here, U rerresents the leptonic mixing matrix,
which relates the avor and mass eigenstates asj i = ;U j ji. Note that this expression

is still di erent from the standard vacuum oscillation formula where t and p are replaced by
the propagation distance () and the neutrino energy (E), respectively. The di erence arises
because the trace is taken only to sum over the mass eigenstates, without integration over
momentum (or coordinate) space and timet. A comprehensive integration will be presented
later in the context of neutrino decoherence. Nevertheless, it's evident that if all eigenstates are
sharply peaked att = L and jpj = E due to a delta function, the standard oscillation formula
would appear, and quantum coherence remains intact. Furthermore, when neutrinos propagate
through matter, coherent scattering processes will dominate over incoherent ones, leading to
an e ective potential in the Hamiltonian that is diagonal in the avour basis. In this case,
the avour transition probability may be obtained by tracing over the new eigenstates of the
Hamiltonian which includes the matter potential. Consequently, it results in the same form as
Eq. (2.2) but with di erent eigenvalues ( mjzk ) and eigenvectors (J).

2.1.2 Helicity Flip by Neutrino Magnetic Moment

In general, the mass term of neutrinos can be writtenas , = m | r. If Dirac spinors (with four
degrees of freedom) are necessary to represent the neutrino eld, i.e., we have Dirac neutrinog
represent chirally right-handed neutrino eld, which is invisible to weak interaction, and lepton
number is conserved. On the other hand, if it is su cient for a neutrino eld to be represent by
Wyel spinor having only two degrees of freedom, then the neutrinos have a Majorona nature, and
R = [ isthe chirally left-handed neutrino eld with a charge conjugation. In this case, lepton
neutrino is violated by two units, making it possible for neutrinos to be produced and detected
with di erent helicity (hence, having a helicity ip). However, such e ectis m=E suppressed,
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therefore, due to the smallness of neutrino mass and the di culty of observing non-relativistic
neutrinos such e ect is usually negligible. Similar to the neutrino mass, in the presence of strong
magnetic eld, a chiral ip can also be induced since the Lagrangian for the MM:

L = L r. F+ hwer; (2.3)

has the same chiral structure as the neutrino mass. Here is the magnetic moment of
neutrinos, . = gr. is the left/right-handed neutrino eld with avor = ,and F s the
electromagnetic eld strength tensor.

However, unlike neutrino mass, MM e ect scale with the magnetic eld strength. Moreover,
since the momentum transfer between the incident neutrino and the magnetic eld is negligible,
coherence will be contained with an additional potential term in the Hamiltol\rlnan which mixes
the right and left chiral states. In other words, j (t; p)i include n avor states ~ m spinor states
and satisfy the Liouville-von Neumann equation. Furthermore, since neutrinos are usually ultra-
relativistic, helicity would majorly coincide with chirality. Therefore, written in the standard
three avor basis, f ; g= fe;; g, and the two helicity basis, fh;h% = f1 (for _);2(for )g,
the 6 6 entries of the Hamiltonian is

_ 1 X
H1=22 = oo u; m?u’ ymat. (2.4)
j
H? = H? = B,¢€; (2.5)

for Majorana neutrinos. Here, the rst term in Eq. (2.4) would be responsible for neutrino
oscillation in vacuum due to the mass splitting, wherem; is the neutrino mass andU is the
leptonic mixing matrix; the second term is the MSW matter potential, which is diagonal in
avor space; and Eq. (2.5) describes the helicity ip induced by B> € , the strength of the
magnetic eld perpendicular to the propagation direction of the neutrino. We note that is
asymmetric due to CPT symmetry (i.e., U = 0), indicating that a neutrino with one avor
will be converted to another avor 6 by MM e ects. As for Dirac neutrinos, the helicity
basis is doubled, viz.fh;h% = fi(for _);2(for _);3(for r);4(for r)g, the Hamiltonian
de ning the evolution is thus extended to a 12 12 matrix, expressed as

1 X

HY%2 = » Y m?ZU’ vmat; (2.6)
j
H33—H44—ix Uy muY; (2.7)
- I e '
J
H4 = 4 = H28 = H32 = Bo g ; (2.8)

while the rest of the entries are 0. The MM e ects for Dirac neutrino are expected to be
dominated by avour diagonal terms of even though all entries are allowed, since the o -
diagonal terms would, in principle, su er from the GIM mechanism.
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2.1.3 Length-scales

Di erent e ects may be decoupled if their length-scales dier by orders of magnitude. The
length-scale of a certain e ect X (e.g., mass-splitting, MSW e ect, and MM e ect) is deter-
mined by the associated Hamiltonian, dubbed adHy , and is given by

ij =2 :(Hj Hk); (2.9)

for H¢ the kth eigenvalue of Hx . Reading from the rst term in Egs. (2.4) and (2.6), the
length-scale of mass-splitting is set by the oscillation length for the largem? mZ, i.e.,

4E 2:44 10 3eV? E
L = ——— ' 20 10°km :
T mi m %, 100TeV

(2.10)

where j; k denote the mass eigenstates. For the MSW e ect, we have the refractive length,

2
Lmat = —— . 2.11
v Vv (2.11)
for the avor eigenstates ; . Therefore, since contributions from neutral current will cancel
among avours, the length-scale would be left with,
Lmat = pé ; (2.12)
mat — GF nel .

where G is the Fermi constant, andne = Npary Ye is the electron's number density for the baryon
number density nyay and the electron fraction Ye. In contrast to the above two length-scales,
that for MM e ect is sensitive to the nature of neutrinos. In particular, we have

LMo =4 ( ) 'B,* (2.13)

for Dirac neutrinos, where ; is expected be close to the avor eigenstates considering that
avour diagonal terms are signi cantly larger than o -diagonal ones. On the other hand, the
length-scale is lesss straightforward to de ne for Majorana neutrinos due to the asymmetricity
of the MM matrix. As we will derive later in this section, the length-scale can be found as

Lhag =4 'B,*! (2.14)
with 2= 2 + 2 + 2 andthe Bohr magneton g.

Comparing two e ects, the one with a small length scale would dominate. This can be
understood by by the smaller length scale having a larger frequency, therefore, the reaction
time-scale would be shorter and the energy would be larger. Furthermore, the mass splitting
e ect is dependent on neutrino energy while the matter potential as well as the magnetic eld
potential would be localized in space. Hence, only in certain energy and/or coordinate regions
will two e ects be comparable with each other, or even have a resonant e ect, while in the other
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regions, one e ect will dominate over the others. For instance,L nass Would increase with the
neutrino energy, so if it is larger then the region where MM potential is relevant (neglecting
matter e ect), then the transition probability can be decoupled as

P01 L) (2.15)
' X hh© hOh?
PM™@O! Lo H=H mm) P (Lewt ' L;H = Hpass):

Such decoupling occurs when there existq; Lo, whereL; < L ¢yt <L 2, such that L npss >>
L ym when <L ;andLmass <<L wmwm When >L ,. Here, " is the traveling distance of the
neutrinos. In fact, this would be particularly the case for magnatar produced neutrinos with
energy above 100 TeV, which will be investigated in Chapter 5.

2.1.4 Anti-symmetric Hamiltonian

For Majorana neutrinos, in the region where MM e ect dominates (i.e., when ~ < L ), the
time evolution cannot be solved by diagonalizing the Hamiltonian due to its asymmetricity.
However, we can block diagonalize the time evolution operator expl[iA (t)] satisfying Eq. (2.1)
as

tp=j Epih Epi=e O ©pet®; (2.16)
by recasting it into the form:
" z, B N , o " !
exp i d 0 B 5 (t9€ _ O cos'(t) O iU sin"(t) O
0 ~B, (t%e ! 0 ivOsin(t)0Y  Ocos’(t) OY
for
0 1
1 0 e e
=B . o K (2.17)
e 0
with = 2+ 2+ 2 (ie, ~= "). Moreover, when the geometric of magnetic
eld evolves slowly such that j=r ] 1 (as in the case of dipolar structure considered in

Chapter 5), the MM e ect is adiabatic and the e ' can be factored out, leaving no physical
in uence. Consequently, we haveUYj*j2U = diag(0;1;1) and thus "(t) =  (t)diag(0; 1; 1) for
the oscillation phase given by 7

t

(t) = dt°B- (19: (2.18)
0
We see that the magnitude of the MM e ect is decided by the e ective eigenvalue  through
the oscillation phase , and the avor structure of it is determined by O and * .

In addition, the transition probability from " to "’ can be calculated throughP™’ =
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h [
Tr h ") GWyj ", which reads

h X
PHC=Tr h jucos(h)U¥ i° = U U U U ,coscos ; (2.19)
ik

when helicity is conserved b = h9, and
h N i X
PP =Tr h jocosHOY~j i° = AN 000 O sin jsin g (2.20)
JH.

when helicity is ipped (h 6 h9. Here, the (e ective) eigenvaluesare ; =0and »,= 3= (t).
The CP symmetry is assumed in the above expressions; in gener@!¢ (P"F ) would be splitted
into P andP (P* andP *) by an additional CP phase.

As mentioned above, the two phenomenological inputs for decoupled MajoranaMM e ect
would be the e ective magnetic moment , and the avour structure ~ . The transition prob-
ability would be maximized when  (/ ) = =2 and how the avour structure of the MM
matrix re ect on the avour structure of the transition probability P = P"C¢ + PHF is shown in
Fig. 2.1, where full coherence is assumed. In particular, plot (a) and (c), as well as plot (b) and
(d), compensate each other by P = 1. For instance, when only 6 0 (top corner), the

state would not be a ected, hence,P =1while P =P =0for 6 6 . Note that
P would simply be plot (c)/(d) after exchanging and . The lower left corner is when only

6 0, in this case, there will be an 100% transition from to  in the optimal = =2
scenario. However, in the equilibrium scenario, where is averaged over, and  will each
have a 50% share. In fact, such equilibrium feature holds in general, for instance, the center
point of plot (b) and (d) indicates that all avours each have a 1=3 share when o = . =
Such avour structure will be crucial once the initial avour is taken into account, this will be
explored for the typical initial states for high energy neutrinos in Chapter 5.

2.2 Open Quantum System

In an open quantum system, the system is coupled to the environment, leading to a gradual
leakage of information into the environment. Consequently, the unitary for the evolution of
the density matrix of this system, s = Tr g[ ], would no longer hold when the Liouville-von
Neumann equation is only satis ed for the complete density matrix . Here Trg signies the
process of tracing out or removing the environmental degrees of freedom, leaving only the focus
on the system's dynamics. Such leak of information would cause the lost of coherence, namely,
the lost of interference between two eigenstates. Such process of losing quantum interference is
decoherence, which describes how a (entangled) quantum state evolves into a classical state.

For the avour transition probability (FTP) describing neutrino oscillation, decoherence
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Figure 2.1: Demonstration of how the avour structure matrix ~ would re ect on the avour
structure of the transition probability. (a) and (b) is the probably that the avour remains
unchanged, while (c) and (d) is the transition of state  to where 6 . (a) and (c) is
when HF is maximized (i.e. at = =2) while (b) and (d) when equilibrium is reached between
transitions (i.e. when is averaged over).
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e ect can be summerized by a function j as

X .
P = U]- Uj Uk Uk g ik s (2.21)
itk

where ¢ is the coherent phase, commonly approximated mjzk Lo=(2E¢) for some traveling
distance Lo and energyEgy. The decoherence term j would, in general, erase the interference
pattern, hence,j j 1. However, since it could also be complex, is might also cause a phase
shift w.r.t. . Furthermore, j; =1, 8j, since the correlation, or overlap-ness, between an
eigenstate and itself is naturally 100%. These properties will be shown to hold without assump-
tion using the QFT approach in Sec. 4.1. Therefore, when neutrino state if fully decohered, the
FTP reads

P =jU iU 42+ jU ,U 22+ jU 5U 5% (2.22)

which is widely used for neutrinos traveling over a cosmic distance. Similarly, the transition
probability in Eqg. (2.19) and Eq. (2.20) for an anti-symmetric Hamiltonian would be modi ed
as

X
PH¢ = 0; U; U, U, jx cos jcos ; (2.23)
e
HF ]X ; ;
P™ = AN O 05 OOy ko sin g sin i (2.24)
ik
where 1 =0, , = 3 = (t). Note that, unlike neutrino oscillation in vacuum, where

i =0; 8j, the transition probability will still have a time dependence from the modes where
j = k, since the time evolution operator can only be block diagonalized. In this case

PHC = jO 10 12+ jO ,U %+ U ;0 32 cod (1); (2.25)

and X
pHF = AN UJ 0; O; UJ sin? (1): (2.26)
i

2.2.1 Formalisms for Neutrino Decoherence

The literature extensively explores various theoretical approaches to quantify quantum deco-

herence in neutrino oscillation, often referred to as neutrino decoherence. In the frame work
of the open quantum system, decoherence can be analyzed through the framework of Liouville
dynamics using density matrices [15{23]. The Lindblad equation

1

X
_= i[H; ]+ L Ly >

k

LIl g (2.27)

is often used in this approach. In this equation, the Lindblad operatorsLy serve as parameters
that quantify the extent of decoherence. This approach is valid when the Markov approximation
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holds, which implies that the environment's response occurs signi cantly faster than that of the
system of interest. In other words, the environment has not quantum memory e ect, such that
the system's time evolution can be e ectively described through time-local quantum master
equations.

In addition, decoherence can also be expressed by the Wigner quasi-probability distribution
[19,24,25] through the Wigner-Wyel transformation:

ZZ 1 1
W(") = dxdyhx + éj"jx Eie VP (2.28)

On the other hand, neutrino decoherence is often described by the degree of wavepacket sep-
aration using principles from quantum mechanics (QM) [26{30] and quantum eld theory
(QFT) [28,31{35]. Furthermore, there is a body of literature that compares these di erent ap-
proaches, including comparisons between QM and QFT methods for wavepacket separation [28],
as well as comparisons involving the Lindblad equation in relation to both the wavepacket for-
mat [17] and the Wigner quasi-probability distribution [19]. Among these diverse theories, QFT
stands out as a comprehensive description, describing neutrino oscillation as the propagator
within a full Feynman diagrams including both production and detection process. On the other
hand, the open quantum system method is more tailored to address quantum decoherence ef-
fects, o ering a broader perspective by considering a system of interest within its surrounding
environment.

2.2.2 The Quantum Field Theory Formalism

In this thesis, we introduce a novel approach known as the open quantum system method into
quantum eld theory (QFT) calculations. In this approach, we regard the propagator describing
neutrino oscillation as the system of interest, treating everything else in the diagram as the
surrounding environment, which we intend to integrate out of the calculations. Furthermore,
since neutrino oscillation is a phenomenon arising from the coherence of kinematics between mass
eigenstates, the states of the environment that we integrate out exist within the phase space (PS).
To be more speci ¢, if a state is characterized by creation and annihilation operators in either the
coordinate or momentum space, we refer to it as the "Fock-PS". On the other hand, if a state is
de ned by occupation numbers within a PS, resulting in a Wigner quasi-probability distribution,
we call it the "Wigner-PS." It's worth noting that, since the Fock space representations for mass
basis and avor basis are unitarily inequivalent with each other [36, 37], at least one of them
must be unphysical. Given that both representations approximately coincide with each other in
the relativistic limit, our choice is to construct the Fock-PS for mass states, with avor states
being represented as a superposition of mass states. However, it's essential to recognize that
one can also establish a avor-based Fock-PS for the layered structure, as this choice does not
dictate the speci c representation we opt for in our analysis.

Speci cally, we compute the transition amplitude using the Fock-PS representation by ap-
plying the S-matrix method as outlined in [31]. In this context, we treat the traveling neutrino
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Figure 2.2: A simpli ed Feynman diagram where the neutrino propagating a macroscopic dis-
tance is treated as a propagator of a full diagram, and the kinematics of the external particles
are described with wavepackets. At the production/detection vertex site, the diameter of the
shaded blue/green areas represent the uncertainties of external wavepackets projected onto the
coordinate space, and their mean value is labeled as;=x,. The inner circles with solid lines
at both sites are the additional coordinate uncertainties from the blob vertices for the internal
states regardless of the external particles. In other words, it represents the uncertainties of
X1=X2 by gp (X1)=0b (X2) in Eqg. (2.30). Hence the total uncertainty on the coordinate space at
this layer would be the diameter of the dashed-lined circles.

as an internal propagator within a diagram of the full process, including both production and
detection interactions, as illustrated in Figure 2.2. The kinematic properties of the neutrino's
initial and nal states are expressed as WPs in momentum space, which will later be combined
into a weighting function with a width denoted as . Consequently, without loss of generality
we can write
Z z
jPii = [ddfpi(q;t)jai; jPri= [dKIfpt (k;t)iki;
z z
jDii = [dfifoi (% 0)jd%;  iDri= [dKIfor (K%t)ik%; (2.29)

Here, [dh] = d®h=(2 )3 for eachh = fq;k; P k%. Additionally, the internal states (excluding

the neutrino propagator) of the process are described by the distributionsge (X1) and gp (X2).
These distributions account for space-time uncertainties around the vertex at the production and
detection sites, respectively. It is important to note that since these states are not constrained
to the mass-shell, such uncertainties encompass four degrees of freedom: a temporal uncertainty
and three spatial ones. In contrast, the on-shell WPs only possess three degrees of freedom.
However, these uncertainties are typically not explicitly emphasized in the literature. Concerning
WP separation, we will demonstrate that they can e ectively be combined with . Regarding

a localization term, as seen in [32], these uncertainties are microscopic compared to the scale
of the experiment. Nevertheless, given that the external particles are better characterized and
are, in principle, observable, there remains the possibility of extracting the contribution of such
uncertainties through measurements.

We can readily compute the transition amplitude for a neutrino that is initially produced
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as avor , detected as avor , and propagating in mass eigenstates with massn;. To make
our structure complete, we integrate over bothx; and x». In this regard, the total amplitude is
expressed as:

X

Az (T;L;P) 0 Uy Uy Az (T;L;P)

X z ! z 7 7
=i U; Uj  [ddfei(q) [dKIfps (k) [dffoi (@) [dk%fp (KO

z’ Z 7

d*x, op (X1) d*x» oo (X2) d4szDj (qo; ko)e (@ KO(ys x»)
Z

e P (i y2) d4y1ij (g:Ke i@ K)(yr x1)- (2.30)

z d'p @ +m,

(2)*p? mi+i

In this expression,Mp (q; k) and Mp (g% k9 represent the plane-wave amplitudes associated with
the particles involved in the production and detection processes, respectively. In the following
sections, we will explicitly compute the transition amplitude by singling out the neutrino system
(equivalently, tracing out the environment) from two distinct perspectives in terms of how the
\neutrino system" is de ned.

Neutrinos Represented Indirectly

In the viewpoint that neutrinos are represented by states entangled to it, the Fock-PS is com-
posed byx = xo xiandp=q k= k% g% Herex,=x, are the space-time coordinates of the
production/detection vertices and q;k;q%k° are the momenta of the initial and nal states of
the production and detection sites. Therefore,x and p represent the traveling distance and the
momentum of the neutrino determined by the external particles and the position of the vertices
| essentially, the states entangled with the neutrino. The process to reach the expression where
the neutrino system is singled out (i.e. Eq. (3.7) in the next chapter) includes a series of Fourier
transformations and convolutions. We summarize these processes in Fig. 2.3. These relations
are particularly important in the sense that we can clearly see how each of the uncertainties are
combined to an e ective one. Note that Fourier properties in Appendix ??, which is summer-
ized in Table A.1 and Table A.2, are particularly useful. Below, we will outline the step-by-step
derivation process from Eg. (2.30) to Eqg. (3.7), which leads to the relations in Fig. 2.3. We rst
include all the uncertainties following Eq. (2.30):
Z z Z Z
Azj (T;L;P)= [ddfei(a) [dKIfpr (k) [dflfoi (@) [dKIf o (KO
Z Z z
d*x10p (1)  d%200(x2) d*y2Mpj (g% k9e (@ KAz x2)
e P N yz)z d4ylMPj (g;K)e i@ K)(y1 xa). (2.31)

z d'p & + m;

(2 ) p? mi+i
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In addition, since the external states are on the mass-shellh® = E,(h) = P h2 mz8h =
fq;k; o, k%. Furthermore, if the WPs are sharply peaked at the expectation valuehhi, we can
write En(h) ' Ep+ vh(h hg), where Ep = Ep(hhi), using the saddle point approximation. As
for the production site, the integration over k performs a convolution between the initial state

and the nal state while the plane wave, amplitudes Mp; (q; k), are included. Namely,
z d3k

)3
= Fp (AFS(YY  x9)d (PIE X (2.32)

for (Kfpi(k  PIME; (p;k)e i(y? x(Eq(k p) Ex(k)

Here, a change of variablesfq; kg ! f p;kg, wherep= k q, is applied. Also, we have written
ng (p;k) = Mpj(k  p;K)ipo=E,(k p) Ex(k):ko=E (k) fOr convenience. In particular, if fp; and
fp; are Gaussian distributed with width 4 and  respectively, the momentum uncertainties
from the external states at the production site would be

— MO oM (P P)?* .
Fpj = Mp; (hpi; ki) exp m ; (2.33)
whereP = hgi h ki. The other terms are
FROY xD=exp  (y] xD)* Zvix , (2.34)
v2 vg
p(P)= Eq Ex Vqlo+ Viko+ —EP+p vg+ —% (2.35)
gk qk

Particularly, vgk = Vq Vk, o =( 3+ 2)= £ and q refers to the notation in Table A.1.
The detection site can be derived analogously, by having® = k® qg%and P°= k% h qY%
instead. Therefore, Eq. (2.31) can be reformulated as:

Z Z Z Z
Az =  dPpFpj(p) d*p°Fpj (0%  d'x10p(X1)  d**20p (X2)
Z Z
Fyse 10E KD 20 RPESE 38) dfyse 103 KD G i PSS 1)
Z
d'p H +m b (Y1 Va).
2 )Y pP mi+i e P O y2) (2.36)

R R
The integration over  d3y; and d3¥€ givesriseto 3(p p)and 3(p° p ), respectively. On
the other hand, the integration over dy? returns

Z
dyfe YIC® PUEQY) x%)=e XIC® PRI (p) pP); (2.37)
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where FQ is the Fourier transformation of F2. Finally after including the detection site,
Eq. (2.36) takes the form:

z  z
Az = & d*Fj(p;P)G(x; X) Ay (X p); (2.38)

wherex = X2 X1, Fj(p;P) = Fpj (p)Fpj (p),
Z
G(x)=  d'age (X2 X)gb (X2): (2.39)

As we will see in the next chapter, this expression takes the form of a layer moving operator.
Furthermore, the transition amplitude of the neutrino system becomes:

z
A (ip)= €7 dp’e PURS(R(R)  PO)FS( o (P) pO)ipz@ T (240)
i p=p

Intuitively, this expression may be interpreted as the collection of all con guration that are
energetically allowed for somep given by the external particles. Moreover, since the neutrino
propagates a macroscopic distance, we machonsider them to travel on the mass-shell. In other
words, the dispersion relationp® = E; (p) p? + m? would hold. Therefore, we can replace
A (x;p)! e TiP+ixp gngd

Fi(p)! Fi(MFA( (M EF3( AP Ei(P); (2.41)

in Eq. (2.38). In this case, the width of F;, , becomes

2 — H i . 2 = H
+ + gk— akl + Vge  Vj + Vgogo= qoko |
2 2 4 2 2 V2 2 V2 .
K q° Ko ak Y gk gk 0V ok 0

1 1 jv Vi +V
n Wa Wi (2.42)

'Ol\)‘ =

2
q

This result can be more e ciently observed from Fig. 2.3.

R
The calculation can be further carrier out by integrating out the coordinate space d*x, for
X =(T;L): b
Az =  d’pe TEIPILPE (0 P)G(p): (2.43)

Under the condition that one of the functions Fp, Fp, F9, FJ or G is sharply peaked, we can
apply the saddle point approximation at P;, such that

d . — o
apFi (PPIG(P) . =0: (2.44)

This leads toEj(p) ' E; + v;(p Pj), resulting in the nal form of the transition amplitude as

Ay =e EITHPIL (P, (2.45)
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Figure 2.3: The nal (width of the) weighting functions ( G(x; X) and F; (p;P)) in terms of

the wavepacket (size) of each of the external particles, and the spatial uncertainty (size) at the

vertices. Referring to Table A.1 and Table A.2, this diagram is useful for nding how the widths

are related, and how they contribute to the width of the weighting functions, which are  and
p in the main text.

whereLj = L v;T. Similarly, for

t T2 (x L)
47 4z

Gx(X;X)=exp (2.46)

after integrating over x, which preforms a Fourier transformation to the momentum space, we
will arrive at:
zZ Z
dt  d®xe TEFVIP VIPIFIXPG (x;X) (2.47)

= e (B VIPDTHRL ViThexp  (vi+ B)(p mj)? (2.48)

wherem; = mjv; 2=( ?v?+ Z). Hence, Eq. (2.38) can be eventually written as

Z Z
e BiTHViPiT dp®  dx3€*PG(x;L;)Fj(p;Pj): (2.49)
Here G, centred at Lj = L v;T, has width Z = 2v?+ £; and that for F;, centred at
P?= Pj,is ,. Additionally, =1+4 £ 7, such that the saddle point from Eq. (2.44) is at

P;j. In fact, if all the input distributions are Gaussian distributed and both x and p are linear
dependent,F; and G will also be Gaussian distributed with some width ; and , respectively.
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Neutrinos Represented Directly

Alternative from representing the Fock-PS by states entangled to the neutrino system, we rep-
resent it by the neutrinos directly in this section. In this case, we need to leavey = y, V>
and p non-integrated. However, as demonstrated in this section, this particular representation
does not allow us to explicitly account for uncertainties related to the external particles and
the internal vertex as the previous representation. Instead, we can only treat them as e ec-
tively as either spatial-temporal or energy-momentum uncertainties, but not both. Hence, for
the purpose of investigating neutrino decoherence concerning these two types of uncertainties,
the previous representation will by applied in the following chapters. Nevertheless, it's worth
noting that the representation presented in this subsection remains compatible with our overall
framework, yielding equivalent e ects. In fact the di erence between this representation and the
previous one is similar to the di erence between the density matrix formalism and the Wigner
guasi-probability distribution. The underlying argument is: while it can be more intuitive to
write the direct representation (density matrix) in either the momentum or coordinate space,
the interference pattern between eigenstates can be straightforwardly seen using the indirect
representation (Wigner distribution) on the phase space.

The above statement may be demonstrated by following Eq. (2.36):

z oz oz
Ao (TiLiP) = dys dly,  Po(p)e ™ 00 ¥
Z @) Z
d*x1 gp (X1)Fp (Y1 Xx1)€PP 0 X)) di%, gp (x2)Fp (2 X2)e Fe 0z X2y (2.50)

where ( p ) is the neutrino propagator in the momentum space. In this formalism, the WPs
at the production and detection site in coordinate space are
z
Fpj(yr X1) gPrlyr xi) d3p|:Pj (p)e iy? x9) e (P+i(ys X1)p. (2.51)
z
PD] (Y2 Xp)e iPp(y2 X2) 1 dspoFDj (po)e i(y? x3) o (PO)+i(y2 Xz)PO: (2.52)

Here, Pp and Pp are the saddle points ofFp; (p) and Fp; (p%, respectively. Furthermore, under
the assumption that the energy loss during the neutrino propagation is negligible, we have
Pp = Pp ' P. Therefore, after integrating over x; and x», Eq. (2.50) becomes
z z
d'y  d'yalp(y1;Pp)lp(yr y;Pp)e B0 xoOn vl Py ¢ y), (2.53)

wherey = y;  y.. Moreover, (V) is the Fourier transformation of the propagator, or the two
point function with distance y of the neutrino. Here, with the help of Property 5 in Appendix A,
I and Ip results from the convolutions between the coordinate uncertainties of the external
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states and the vertices:
Z
Ip(yy; P)eP b xe O] = dx; gp (x1)Fpj (y1 x0)FR(Y)  x3)eP Or xa) (2.54)
Z
Ip(y2;P)e Pz X002l = g, g5 (x2)Fpj (Y2 X2)FS(ys x%)e Pz x2): (2.55)

In fact, they represent the total coordinate uncertainties for the production and detection site.
Finally, the total coordinate uncertainty within the large bracket in Eq. (2.53), comes from the
width of the convolution function (1, 1p)(y), or equivalently, ((g¢ Fpj F2) (do Fbj FI))(Y).
Moreover, with the association and commutation property for convolution, the total coordinate
width may be rewritten as (G Fg'  Fg')(y), where G is in Eq. (2.39), F§' = Fp; F9 and

tot — . EO
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Chapter 3

The Layer Structure
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Following the QFT description for calculating neutrino oscillation in the previous Sec. 2.2.2,
we have singled out the neutrino system while shu ing the environmental e ect into weighting
functions w.r.t. the PS integration. Note that even though the PS does not inherently include
a temporal dimension, the kinematics of the states involved are time-dependent. Thus, when
we refer to \PS variables" we implicitly include a temporal component. In this chapter, our
focus lies on the structural aspects of the PS during the calculation of the FTP. We refer to this
structure as the \layer structure”, which consists of three distinct layers. Vertically, these layers
include the microscopic layer, the physical layer, and the measurement layer. Horizontally, each
layer represents a PS composed of space-time and momentum variables, collectively determining
the kinematics of the neutrinos comprehensively.

The microscopic layer is closely related to the theories found in the existing literature, such
as [15{19, 24{28, 31{34]. These theories can be represented using either the Fock-PS or the
Wigner-PS, where Fock states and the Wigner quasi-probability distribution are employed,
respectively. With the layer structure, we can comprehensively account for the decoherence e ect
resulting from information loss to the environment, from a microscopic to a macroscopic level.
Di ering from existing literature that also calculates neutrino decoherence at a macroscopic
level [34,38], our primary focus is on classifying and understanding decoherence within a generic
framework. Eventually, neutrino decoherence for continuously emitted neutrinos is primarily
parameterized by four uncertainties within the layer structure. These uncertainties encompass
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coordinate/momentum uncertainties on the microscopic layer (quantum e ects quanti ed by

x! p), as well as those on the physical layer (macroscopic e ects such as energy resolution or
neutrino production prole |/ g), providing an interface between microscopic mechanisms and
the macroscopic experiments. In the case of non-continuously emitted neutrinos, an additional
temporal uncertainty on the physical layer, denoted as 1, comes into play.

In Fig. 3.1, we present the layered structure designed for computing the expectation value of
a given observable. This structure is composed of three layers of S, ranging from the microscopic
level to the macroscopic level. These layers are denoted as the \microscopic layer" (Layer 1),
the \physical layer" (Layer 2), and the \measurement layer" (Layer 3). As introduced earlier,
this structural framework integrates the concept of an open quantum system into the QFT
framework while accounting for statistical e ects relevant to practical measurements.

Layer 1, the \microscopic layer," is where quantum e ects come into play. This layer accom-
modates phenomena like the superposition of states within the Hilbert space. It's important
to note that, owing to the uncertainty principle, both coordinate and momentum uncertainties
cannot simultaneously be zero. These uncertainties are parameterized ag and , and are
generally independent of each other. The former accounts for uncertainties arising from external
states on the mass-shell, described by the WPs in momentum space. The latter characterizes
uncertainties from the vertices in coordinate space, representing how non-point-like the e ec-
tive vertices are in a simpli ed diagram that includes only the external states and the neutrino
propagator, as exempli ed in Fig. 2.2.

Layer 2, the \physical layer", re ects our limited knowledge of the system within the clas-
sical regime. Here, probability is summed (integrated) over, instead of the amplitudes. The
uncertainties on this layer include those inherited from the rst layer, along with additional
macroscopic uncertainties. These additional uncertainties may be parameterized as the energy
uncertainty ( g), for aspects like the energy resolution and how correct the energy reconstruction
models is; and the coordinate uncertainty ( g ), which can encompass elements like the neutrino
production prole. As we progress in the following sections, each layer will be introduced in
context, and we will delve into speci c examples contributingto ,, x, g and .

Let's consider the double-slit experiment, where we observe the interference pattern by cap-
turing a photograph as an analogy to illustrate our point: the two slits in the experiment
correspond to uncertainties on the rst layer, creating interference between wavefunctions. In
contrast, the probability density function (PDF) that describes the resolution of the camera
taking the photo belongs to the second layer. The former allows the superposition of states,
while the latter is a classical e ect. In the context of neutrino oscillation, even though the
uncertainties on the second layer are macroscopic, we still observe quantum coherence. This can
be attributed to the smallness of the neutrino mass splitting.

In the upcoming discussion, we will delve into the layered structure in a more formal manner,
encompassing various aspects depicted in Fig. 3.1. This includes the representation of the PS
and the layer-moving-operators (LMOs) denoted asLMO , which connect each layer. Notably,

a crucial point to emphasize is that, as we will demonstrate later, the uncertainty parameters on
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Figure 3.1: lllustration of the layer structure, and the notation of each phase space variable
deciding the kinematics of states:t; t; T; To are the temporal variables;x; x; L; Lo are the spatial
variables; and p;p;P;Po are the momentum variables; E is the energy and represents the
solid angle. The layers are linked by the layer-moving operator in Eq. (3.1), and the uncertainties
are discussed in the text.

each layer correspond to the width of a weighting function within the LMO . These weighting
functions carry information about the environment entangled with the system. Consequently,
these uncertainty parameters play a signi cant role in characterizing neutrino decoherence in
experiments.

In our structural framework, dierent representation of the PS may be chosen for each
layer. For example, the rst layer may be represented using either the Fock-PS or the Wigner-
PS. Concerning the representation of the second layer, we take the PS variables to be the
expectation values of that from the rst layer when neutrinos are massless (detailed explanations
are found in Sec.??. This representation is referred to as the "relativistic-PS". As for the third
layer, we simply express the PS variables in terms of the expectation values obtained from the
relativistic-PS. These values should align with the actual measurements. This statement must
hold because, otherwise, should there be a dependence on the mass of the neutrino, the states
would collapse to a speci ¢ neutrino mass state, resulting in no oscillation. Consequently, we
label such representation as the "measurement-PS." Each PS encompasses its own temporal,
coordinate, and momentum spaces, with energy implicitly derived from the momentum variables
through the dispersion relation. The speci ¢ notations for these components can be found in
Fig. 3.1. It's worth noting that while the layer structure has a broad applicability for calculating
the expectation value of any measurement, our focus in this work is speci cally on computing
the FTP for neutrino oscillation. As shown in Fig. 3.1, the layers are linked by Layer-Moving
Operators, denoted asLMO ' which transport a quantity, denoted as B;(X;; p;), such as the
FTP or the transition amplitude, from Layer i to Layer i + 1. This transfer is achieved by
integrating out the PS variables, speci cally x; and p;, from Layer i while taking into account
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additional uncertainties through the inclusion of a weighting function, denoted asW'. This
operation can be expressed as follows:
z z
LMO 'Bi(xi;p) = d*;  d®p W'(XiipiiXisr;pis1)Bi(Xiip) = Biss (Xis1ipisr): (3.1)

In the context of the open quantum system, B typically represents the system of interest, with
W; encompassing the environment entangled with it.

Additionally, with respect to the notation of PS variables in Fig. 3.1, we have x; = (t;X)
and p; = p for the Fock-PS, x; = (t;x) and p; = p for the Wigner-PS (representing the PS
for the occupation number of quasi-probability distributions), x, = (T;L) and p, = P for the
relativistic-PS, and x3 = (To;Lo) and p3 = Py for the measurement-PS. Each of these PS
representations will be explored in detail in the following subsections, speci cally in the context
of neutrinos.

Moreover, B; on the rst, second, and third layers represent the system of interest, the
observable, and the measured value, respectively. AdditionallyW; serves as a PDF with the
property: 7 7

d'i Ao W (XiipisXis1 i Pier) = 1 (3.2)

Additionally, if B; = €*iPiCi(x;;pi), we have LMO 'eXiPiC; = eXi+ Pist Ciyq (Xijs1;Pist)
(see Appendix A for details), indicating that the uncertainty principle between x;;p; remains
ful lled on each layer. This is becauseLMO ' along with €*1Pi means to rst project everything
onto the x; or the p; space, and then integrate over that space, while the projection process
secures the uncertainty principle. In fact, this is exactly the case for the position-space represen-
tation of the wavefunction for some considered particle. In this caseB1(x;p) = €*° { p), where
T p) is the propagator in momentum space. We will demonstrate this explicitly for the case
of neutrinos in Sec. 3.1. As a matter of fact, ifB; = exp(i (Xj;pi)), for some phase structure

(Xi; pi), the LMO meets the condition of giving rise to a phase wash-out (PWO) e ect described
in Appendix A. The PWO e ect is an averaging e ect over the phase structure caused by the
non-trivial width of the (normalized) weighting function, resulting in an additional suppression
term as

Bi(Xi+1:Pie1) ( Xis1;Piv1) = LOM 'Bi(xi;pi); (3.3)

wherej ( Xi+1:pi+1)] 1 8(Xi+1;pi+1)- Only when the weighting function is symmetric with
respect to the phase structure would be a real function (see again Appendix A).

Furthermore, when there is a substructure ofB, i.e. B; = B , then the summation rule
is simply

In fact, the normalization of W; is not relevant at this point, as we will demonstrate in
Sec. 4.1.1 that the FTP will inherently be normalized. Nonetheless, we de ne the weighting
function as a PDF for the sake of examining its width, which relates to the concept of "width"
described in Appendix A. Furthermore, x;.; and pj+1 represent the variables on the next layer
and are typically de ned as the expectation values ofx; and p;. Consequently, the width
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of Wi(x;p;T;L;P), characterizing the microscopic quantum uncertainties, w.r.t. t, x, and p
are denoted as ¢, x, and ,, respectively. Similarly, the width of W,(T;L;P;To;Lo;Po),
representing macroscopic statistical uncertainties, w.r.t. T, L, and P are denoted as 1, |,
and p, respectively.

Additionally, if the weighting function can be expressed asW'(x;  Xi+1;pi  Pi+1), the
layer-moving operator becomes a convolution betweeiV; and B;, as discussed in Appendix A.
Moreover, LMO ' is related to the calculation of the expectation value of the quantity B; and
the layer structure can be mathematically described as ber bundles, as detailed in [39]. In
simpler terms, when looking from upper layers to lower layers, each PS pointxX+; ; pi+1 ) can
be expanded into a complete PS composed ok{; p;) on the lower layer. Additionally, on each
layer, operations can map one state to another, depending on what is to be observed. Viewing
the LMOs as vertical operators, these operators can be thought of as horizontal operators that
keep the state within the same layer. Furthermore, if B; = %P Ci(x;:pi), then we have
LMO '&*iPiC; = eXintPist Ciuq (Xis1 i Pivs ) (See Appendix A for details). This indicates that
the uncertainty principle between x; and p; remains satis ed on each layer. This is because
LMO ' along with €XiPi rst projects everything onto the X; or p; space and then integrates
over that space, ensuring the uncertainty principle is maintained. In fact, this would correspond
to the position-space representation of the wavefunction for a given particle. In such cases,
B1(x;p) = € T p), where T p) represents the propagator in momentum space.

It is worth emphasising that, if B; = exp(i (X;;p;)) for some phase structure (x;;p;), the
LMO satis es the condition for inducing a Phase Wash-Out (PWO) e ect, as described in
Appendix A. The PWO e ect involves averaging over the phase structure due to the non-trivial
width of the (normalized) weighting function, resulting in an additional suppression term :

Bi(Xi+1:Pie1) ( Xis1;Piv1) = LOM 'Bi(xi;pi); (3.4)

wherej ( Xi+1;Pi+1)i 1 8(Xj+1;pi+1). When the weighting function is symmetric with respect
to the phase structure, is a real function, otherwise, there will be an addition phase on top

of (see again Appendix A). In addition, when there is a substructure ofB, i.e. B; = Bi,
the summation rule can be expressed as:
x Z Z
LMO iBi = d4Xi d3pi Wi (xi;pi;xi+1;pi+1)B i (Xi;pi)Z (3.5)

Finally, to determine the measurement expectation value of the FTP, denoted asP3, we
perform statistical averaging (LMO 2) over the FTP on the physical layer (P,). However, P,
can be calculated in two ways: either by squaring the transition amplitude (A,) on Layer 2
or by moving up (LMO 1) the quasi-probability distribution ( P;) from the Wigner-PS. Here,
A, is computed by integrating over all guantum-mechanical con gurations of the environment
(LMO 1), moving the system of interest from the Fock-PS (1) up to the physical layer. On
the other hand, LMO ! performs an e ective statistical averaging over an e ective FTP, which
is the quasi-probability distribution representing the quantum-mechanical superposition e ect
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in the Wigner-PS [24,40]. In summary:

P3(To;LoiPo) = LMO *Pa(T;L;P) = LMO *fA,(T;L;P)Ay(T:L;P)g
LMO 2fLMO 'A (x; p) LMO *A;(x; p)g (3.6)
LMO 2fLMO 'P,(t; x; p)g:

In the following sections, we will introduce each layer and its role in calculating the expectation
value for the measurement of the FTP in the context of neutrino oscillation in vacuum.

3.1 Microscopic Layer (Layer 1): QFT Transition Ampli-
tude

In this subsection, we apply the calculate of the transition amplitude on the Fock-PS with the
QFT approach in Sec. 2.2.2 onto the layer structure. While QM can describe neutrino coher-
ence and decoherence on the Fock-PS, it falls short in addressing several important questions,
which the QFT approach can tackle e ectively, as demonstrated in previous works [28,31]. Fur-
thermore, for the purpose of investigating quantum decoherence e ects and their implications
for fundamental physics, employing the QFT framework is essential, even for the scenario of
vacuum propagation. This is because the weighting functions on the rst layer may originate
from uncertainties in the interactions occurring around the vertices. Moreover, to explicitly
capture the in uence of states entangled with neutrinos on these weighting functions, we apply
the viewpoint of Sec. 2.2.2, where the PS on this layer is dictated by the states entangled to the
neutrino.

Regarding the weighting functions, we treat the external particles as WPs, often referred to
as the Jacob-Sachs model [41] in [31], following the approach outlined in Eq. (2.29). The WPs
introduce a microscopic uncertainty parameter, denoted as ,, which is de ned in the momentum
space. , encapsulates information such as the lifetime of the external particles [42] for neutrinos
produced by decaying particles or the mean free path of processes preceding the production of
neutrinos [43]. Additionally, regardless of the uncertainties associated with external particles,
we account for the microscopic uncertainties in the interaction processes around the vertices
through another parameter, . The value of 4 depends on the internal states and the details
of the scattering or collision process. In principle, it is possible to directly express the Fock-PS
in the rst layer in terms of neutrinos, as shown in Appendix 2.2.2. However, this approach
would only yield an e ective weighting function in either the energy-momentum space or the
space-time coordinate space.

Applying results from Sec. 2.2.2, where only the neutrino momentump=q k= k° g9
and traveling distance and time (x = X, Xx3) determined by the entangled states are left
unintegrated, into the layer structure shows:

z z
Az (T;L;P)=  d&®p  d'XFj(pP)Gx(X;X) AL, (X p); 3.7)
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In this expression, F (p; P) characterizes the PDF arising from the WPs of the external particles,
while G4 (x; X) represents a PDF associated with the vertices. Consequently, the layer-moving
operator is given by: 7 7

LMO '=  d®p d**Fj(p;P)Gx(x;X); (3.8)

In this context, the product F (p; P)Gx(x; X ) serves as the weighting function, and the width of
these uncertainties, , and , are considered as the parameters of observation. The relationship
between these parameters and the original uncertainties are outlined Fig. 2.3. Here, the notation
Gx (x; X)) denotes that X is the expected value ofx for the PDF Gx(x), as well as for other
functions in this paper.

In general, the transition amplitude on the rst layer takes the form shown in Eq. (2.40),
where all con gurations of the internal energy of the neutrino propagator should, in principle,
be included. However, since the measurement is performed on a macroscopic scale, we can treat
the propagating neutrino as being on the mass shell. Consequently, the rst-layer transition
amplitude for neutrino oscillation becomes:

A (xp)= X U; Uj e "8 ixp; (3.9)
i

It is worth noting that although we have \imposed" the on-shell approximation in this expression,
it will be on-shell on the second layer, even if we choose not to do so. This is due to the fact that
the variables on the second layer are macroscopic, while those on the rst layer are microscopic.
Consequently, the dynamics evolve into a classical regime, and we obtain the energy-momentum
dispersion relation. Furthermore, we stress thaté™ in A;.  ensures the preservation of the
uncertainty principle all the way up to the measurement layer, as discussed previously.

Finally, we proceed to expand the neutrino energy aroundp = P;, which serves as the saddle
point of the overall weighting function in momentum space. We retain terms up to the rst order,
denoted ask;(p) ' Ej + vj(p Pj), whereE; E;j(Pj)andv; @E(p)=@jp=p, = P;=E;.
Therefore, in accordance with Eq. (2.45), we obtain:

Az (T;L;P)=e BiTHIPiLA (o p); (3.10)

Here, L and P represent the second-layer phase space variables, such thej = P;(P) (the
explicit relationship for the latter will be discussed in Section 3.3). In principle, a comprehensive
analysis of weighting functions resulting in the neutrino decoherence phenomena is possible,
providing insight into the underlying mechanisms. However, this would require exceptionally
precise measurements encompassing a wide spectrum in both coordinate and momentum space,
and an analysis that exceeds the scope of this paper. In this context, we investigate the weighting
function through the width of the PDF, denoted as / , for G(x; L;)/ F;(p;P;) in Eq. (3.11)
below. If the weighting functions are symmetric, then "j (L;P)is real, as explained in Appendix

A. Otherwise, an additional parameter for the phase of'\,- (L;P) would be required.

Additionally, it's important to note that , and |, do not represent the total momentum
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and coordinate uncertainty of the system. In fact, the total coordinate uncertainty is calculated
in Appendix 2.2.2, revealing that it arises from the convolution between the coordinate distri-
butions at the production and detection sites. Speci cally, the total coordinate distribution for
each production/detection site is the result of convolving ge (X1)=0 (X2) with the momentum
distributions of the external states projected onto the coordinate space £, ). In other words,
the total coordinate uncertainty can be expressed asdp  F*' )(gp F* ), where denotes con-
volution between two functions, as noted in Table A.1. This concept is illustrated at the vertices
in Fig. 2.2: while the external particles contribute to some coordinate uncertainties by mapping
the momentum uncertainties onto the coordinate space (represented by the individual blue and
green circles), the internal process introduces additional spatial uncertainties (represented by
the inner solid circle lines), resulting in a total coordinate uncertainty (represented by the outer
dashed lines) that surpasses the individual uncertainties.

Speci cally, for the case of Gaussian WPs, the formalism foiF; (p; P) is widely established in
the literature, as found in references such as [28, 31, 32]. For the sake of demonstration, we also
adopt a generic Gaussian form for the weighting function on the Fock-PS. Although, in general,
the WPs can talk any shape. Additionally, we integrate out x° in Eq. (3.7) for later convenience.
Consequently, following the discussion in Sec. 2.2.2, we arrive at the following expression:

Z Z
Azj (T;L;P)=e EiT*ViPiTdp®  dx3e*PG(x;L;)F; (p; Pj): (3.11)

Here, the functions G(x;L;) and F; (p; P;) are given by:

(x Lj)? .
4 2 '

(P Py)?

G(x;Lj)/ exp a

Fi(pPj)/ exp ; (3.12)

2
p
whereL; =L v;Tand =1+4 22

Ultimately, « encompasses all individual uncertainties, both temporal and coordinate, asso-
ciated with production and detection, in a convolutional manner. Consequently, the dominant
factor will be the larger one among them. On the other hand, , combines the momentum
uncertainties of production and detection through a product relationship, as indicated in Ta-
ble A.1. However, at each site, the total momentum uncertainty arises from the convolution
of momentum uncertainties of individual external states, implying that the largest one among
them will dominate. This relationship aligns with the ndings of Ref. [32], assuming Gaussian
distributions. Again, the normalization of the weighting functions is irrelevant at this point, as
we will later demonstrate that the FTP will automatically normalize on the measurement layer
with the de nition in Eqg. (4.4). With the Gaussian distributions incorporated, we can easily
determine that: " #

"L;P)r éPitiexp P22 LB (3.13)

Thus, when x 152 ), thatis, when the width of the inner solid line in Fig. 2.2 is signi cantly
smaller than that of the blue/green circle's width, , can be safely neglected, and vice versa.
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3.2 Microscopic Layer (Layer 1): Quasi-Transition Prob-
ability

In this section, we perform calculations to determine the quasi-probability distribution (or
Wigner function, as referred to in some literature, e.g., [40]) of the FTP on the Wigner-PS rep-
resentation. These distributions serve as a connection between quantum mechanics (or quantum
eld theory, as in this context) and statistical probability distributions, enabling the calcula-
tion of expectation values through direct PS integration. Furthermore, in Section 4.1.2, we will
demonstrate the insightfulness and utility of viewing state decoherence as a phase wash-out
(PWO) e ect from the perspective of the Wigner-PS representation. Although we do not di-
rectly obtain the quasi-probability distribution P, through the Wigner transformation, we arrive
at the same formalism by performing a change of variables that satis es Eq. (3.6). This means
that we nd P, in a way that ful lls the following relation:
z z
Py, = & d®pPi(x;p)= Ay A>2/;

X _ :
= U; Uj U Uy e B BOTHIVIPE VPOT Ap AY (3.14)
jik

Here, A= is given by Eq. (3.11). Thus, for aP, of the form:

X
Pi= UjUjUgUge ' BITHER iPOTR g (3.15)
ik
Eq. (3.14) implies that
Z Z Z Z Z Z
d®x  EPpPy(xp = dx  EPpe™ GXF () *x° d*ple P*°G (xYF, (P9

(3.16)
The right-hand side of this equation involves the mixing of two phase-spacesx{ p) and (x% p9),

while the left-hand side does not.

Therefore, Py represents the quasi-probability distribution, indicating the occupation
number of having both the jth and the kth mass eigenstates simultaneously on the Wigner-
PS. This equation is achieved by replacing x;x9 ! (x = 3(x+x9; x = x x9 and
(mP)! (p= 3(p+pP%; p=p pO). Consequently, Eq. (3.16) can be expressed as:

Py (X p) = Wi (X; D)W (X; p): (3.17)

Here W.g (x; p) and W (x; p) take the form of the Wigner quasi-probability distribution as
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follows:
Z
wWe(ix;p= o e *PG - 'Li)G
ik (X;p) = ( %) (X+§ X;Lj)G (x
Z
. 1
Wi (P = pe PFp+ S piP)Fy(p

X; Ly);
(3.18)
p; Py):

NIl = Nl

In this context, LMO ! = Rd3x Rd3|0 simply involves integrating over the Wigner-PS, and the
FTP on this layer is represented by the quasi-probability distribution Wj‘,f WJ-E , encompassing
both W; and B; as described in Eq. (3.1). In particular, if we assume that all weighting functions
take Gaussian forms on the Fock-PS as given in Eq. (3.12), the quasi-probability distributions
become:

X Li)?
WE(xp)/ explip(lj Li)exp (272“) 2p® 7 ;

(o Pyy (519
Wi (x;p) / explix ( Pj  Pi)lexp 272' 2x2 2

p

where Ljk = 52t and Pjk = Zi5Pe After moving the FTP up to the physical layer by
integrating over the Wigner-PS, there will be a PWO e ect that suppresses the plane wave term
on the physical layer. Moreover, the strength of the PWO e ect is determined by the width
of the weighting function relative to the wavelength of the phase structure, which isP; Py
for x and L; Ly for pin this case. Essentially, the wider the weighting function relative to
the wavelength of the phase structure, the greater the suppression caused by the PWO e ect
will be. This can also be viewed as counting the number of periods determined by the phase
structure (e.g., 2=(P; Py) is one period inx) within a certain width of the weighting function.
This quantity is referred to as the phase density. Hence, a higher phase density results in more
damping from the PWO e ect.

Fig.3.2 and Fig.3.3 serve as examples to illustrate the quasi-probability distribution on the
Wigner-PS before integrating out the phase-space variables, which would ultimately lead to a
PWO e ect on the physical layer after the integration. In particular, Fig.3.3 provides a 2D
contour plot, illustrating the projection of 3D plots like Fig.3.2. The shaded and non-shaded
circles within the plot represent contour lines corresponding to one standard deviation of a
Gaussian distribution as described in Eg. (3.19). In both plots, the alternation between positive
and negative values (red and blue circles) within the circles indicates the phase density within
one standard deviation of the weighting function. A higher phase density within this range
results in a larger PWO e ect. The left plot corresponds to a speci c time Tier and a certain
width , = 4 = e for the weighting functions. The middle plot maintains the same width
but features a longer propagation time, i.e., Tmigge > Tiert . On the other hand, the right plot
presents two scenarios for the width resulting it the same eect: = x = g =0:325 jert
and p= x = right = 1:376 (et , both with Triggie = Trignt -

Comparing the left and middle plots of Fig.3.3, we observe that as time progresses, although
the FTP of the two mass eigenstates separate, the width of the overlapping pro les remains
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Figure 3.2: An illustration of the quasi-probability distribution in Eq. (3.19) on layer 1 in
the Wigner-PS assuming Gaussian distributed weighting functions scaled byN (as explained
in the text, the normalization of the distributions is irrelevant, just the width and shape are).
The yellow/grey areas representP,j; / Py , and the red/blue area are for the positive/negative

values of Py .

Figure 3.3: An illustration of the quasi-probability distribution in Eq. (3.19) on layer 1 in the
Wigner-PS assuming Gaussian distributed weighting functions. These plots show the projection
of 3D plots like Fig. 3.2 onto 2D plots. The edge of the shaded areas, the (outer) thick solid
lines and the dashed lines are contour lines for the distributions within two standard deviations,
while the (inner) thin lines are for one standard deviation. The shaded areas represer,j; and
P1.« » the red/blue lines are for the positive/negative values of Py, , and the black dashed line
shows the weighting function for P, . The three plots di er by the traveling time ( Tpi ) and
width ( pot = p = x) @S: Tiet < Tmiddie = Tright @nd et = middle » AlSO right = 0:325 ety
or 1:376 et .
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constant. However, the phase density increases, consequently intensifying the PWO e ect. On
the other hand, since the width of the weighting function is determined by 2= 2=(1+4 2 2
forx and 5= 3=(1+4 7 7)for p, the maximum value of 7 7 is 1=4. This signi es that the
quasi-probability distribution is localized, and the uncertainty principle is inherently maintained.
Consequently, there exist two solutions for gy , €ach corresponding to a value of, = < 1=2.
Moreover, a reduction in , and , would also decrease the phase density, ultimately mitigating
the PWO e ect. Note that on the Wigner-PS, when the quasi-probability distribution becomes

localized at a single point, it e ectively describes a classical monochromatic eld [40].

3.3 Physical Layer (Layer 2): Transition Probability

In this section, we transition to the physical layer, where we must account for experimental
uncertainties in addition to the existing ones from layer 1. To simplify matters, we assume
isotropic neutrino emission. The supplementary uncertainties introduced through the weighting
function on this layer encompass the macroscopic energy uncertainty, denoted as=, and the
macroscopic coordinate uncertainty, denoted as . The former summarizes energy-related
uncertainties, such as the energy resolution of the experiment (& / 1:p Eo) and sophistication
of the energy reconstruction models (e.g., see [44,45]). The latter concludes uncertainties related
to the propagation distance, which can arise from various sources, such as: the core size and
distribution of multiple reactors for reactor neutrinos; the length of the decay pipe and the
velocity of parent particles before they decay into neutrinos for accelerator neutrinos; or even
exotic e ects that introduce uncertainties in the time and distance a neutrino travels before
detection, such as spacetime uctuations.

Before accounting for the additional uncertainties on layer 2, we must rst transfer the FTP
from layer 1 to this layer. This can be accomplished by moving from the Fock-PS with the
following expression:

Pojk (T;L;P) = e '(Ei BEQTHI® PAOLA () PO Ly Py); (3.20)

where the FTP is X
Po, (T;L;P)= Uj Uj Ui Uy Paj (T5L;P): (3.21)
jik
Alternatively, we can also move from the Wigner-PS as follows:
z z

Pz (T;L;P) = o d®pWS (x; p) Wi (x; p): (3.22)

Both approaches yield the same result, serving as a valuable consistency check. When we utilize
Gaussian distributions for the rst layer as described in Eqg. (3.12), we arrive at the following
expression:

Poj (T;L;P)/ e '(B1 BOTHIPI Plexp  (P2+PF) 2 (LP+LJ) ) (3.23)
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This result can be obtained from either Eq.(3.13) or Eq.(3.19), and it's worth noting that it's

helpful to express the widths interms of = ; yand ,= ,=,where =1+4 7 2

So far, we have not speci ed the relationship between the second-layer momentum variable
P in the relativistic-PS and the expectation value of momentum P; for each mass eigenstate.
We will now derive this relationship by comparing the massless case with the small mass case.
In the massless case, for a certain energf, we haveE = jPj. However, for nonzero neutrino
mass, some of the energy, denoted a& ;, will be used to account for the mass, and this energy
distribution is constrained by the uncertainty of the energy on the rst layer. In other words,
we can think of this as having P (E9) instead of E; (p) while deriving Eq. (3.10), with E being
the mean of energiesE ° of the neutrinos given by the external particles in the rst layer.

Therefore, we can express this relationship as:
iPij E Ej: (3.24)
Expanding P; with respect to m; and keeping only the leading order, we obtain:

m? m?
SL=~E ~=L; (3.25)

PP =T

where 3, = P=E = P=jPj, ensuring that j 52 :d'j-jz = 1. This allows us to identify E;, by

substituting Eq. (3.25) to Eq. (3.24) with jPjj= P?, as:
m?
Ei=E 1P B (3.26)

to the lowest order in m;. The actual energy carried by the mass eigenstate is determined by
the dispersion relation:

49— m? m? -
Hence, when™,7 = 1, which is the case where all mass eigenstates and the massless case are
co-linear, we have equal energy of mass states. Conversely, whépj = 0, we have equal

momentum modulus. To have exact equal momentum, we would need, = 0. However, both
of these extreme case would contradicts Lorentz invariance [46,47]. Additionally, we can derive
the group velocity as:

| | |
m? 1 m?

HE a2 1+ sz(l 23) 0y 1 (3.28)

P 1
26 E

Vi =
iTE
El

With this approximation, Eq. (3.23) becomes:

Pok (T;LE) = € ik (THEDO(T; L, E)DY(E); (3.29)
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where the phase structure, the momentum weighting function, and the coordinate weighting
function are given by equations (3.30), (3.31), and (3.32) below, respectively.

m?2

R(TILE)=  —25(T@ )+ L) (3.30)

2 [ I 23

m2~ + m27 2 m25 mZ%

0 4 2 ~ i k X i k 5.
Dp(E)/ exp® 2 ¢ ET 5E > T ; (3.31)

2 L I 3

L mj m2 + m32

OT-7 - 4 2 ik 2 i k 25 .
D,(T;L;E)/ exp o 59? 251 5E2 (T L) 9; (3.32)
Here, we have taken™ = 7 Tand = 77, = T7_ as the alignment factor. In particular,

terms such as the second term in the brackets of Eq. (3.31) will be cancel out by normalization.
This will be shown in Sec.??.

For experiments with continuously emitted neutrinos over a su ciently long period of time,
we integrate out the time variable T. In this scenario, j?< is replaced by i, and D? is replaced
by Dy in the equation above, where:

oy MmEL.
xk(LE)= ZE . (3.33)
< L m} 2 1 " m? oz
Du(LiE)/ exp. 2 ?ef”‘z 52 ZE"‘ @a ) (3.34)
: 2 ;

Note that j being independent of and 7 implies that regardless of whether we have "equal
energy,” "equal momentum," or anything in between, the same phase structure results when we
have no temporal information. Furthermore, in the limit where , 0, we obtain the standard
decoherence formula (3.35), which is in line with existing literature. [32], namely

o2 ', , 128
Poik (LLE) ' ex MikE s L @ ) Mk 5. (3.35)
2;ik (L, p oE p Lﬁjph f?p ; .
where P,
2 2E
Jomiglop

for freely propagating neutrinos.

So far, we have focused on the transmission of weighting functions from the rst layer to
the second layer. However, before delving further into this, we will simplify our discussion by
introducing a change of variables. We will move fromT;L;P to T;L = jLj;E = jP]; L; p,
where | and p represent the solid angles associated with and P, respectively. With these
new variables, the layer-moving operator from the physical layer to the measurement layer can
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be expressed as:

Z Z Z Z
LMO 2= dL dE d dT HL(L;Lo)HE(E;Eo) HT(T;To)H (, 0): (337)

Assuming isotropic neutrino emission and a lack of temporal information, meaning we only
consider uncertainties inE and L, we can expres®,;x as it moves to the third layer via

Z Z
Pajk (Lo;Eo)/ dL  dEH_(L;Lo)He(E;Eo0)P2jk (L;E): (3.38)

For a counting experiment, the transformation from the second layer to the third layer can be
understood as a convolution between the FTP on the second layer (which includes uncertainties
from the rst layer) and the weighting function Hyx (X ; Xg), which represents the PDF of the
true value X for a measured valueX . Namely,
z
P3jk (Xo) = dX Pk (X)Hx (X Xo): (3.39)

For instance, when considering the measured rate at o, it doesn't solely account for neutrinos
actually propagating the distance L. Instead, it encompasses contributions from all possible
distances within a time window, considering the uncertainty in time. In the case of continuous
neutrino emission over a su ciently long period of time, this time window is taken as in nite.
Particularly, he coordinate uncertainty, represented by H, (L; L), arises from the convolution
of the spatial PDF of the neutrino production process and the detection process. Therefore, the
dominant source of uncertainty is typically the production PDF, which refers to the source pro le
or the PDF characterizing neutrino production, because the largest among these uncertainties
will dominate.

Since Eq. (3.38) also results in a PWO e ect, Fig. 3.4 is plotted in the same way as Fig. 3.3
such that the phase density of the weighting function can be visualized. However, unlike the
case of the Wigner-PS in Fig. 3.3, the separation oP;; (L;P) and P2« (L;P) a ects the width
of Pk (L;P) (black dotted circle) on the relativistic-PS. In Fig. 3.4 the time-dependent case
for Py, on the physical layer is illustrated as an example. The phase structure is the same as
Eqg. (3.30), and the spatial uncertainty is the same as Eq. (3.32). Nonetheless, since the e ect
from Dg is suppressed by the neutrino mass, in Eq. (3.31) we consider the second layer weighting
function He (E; Eo) solely for the energy uncertainty. Hence, with

(E Eg)?
2 2

E

Pok (T:L;E;E) = exp DT;L;E)é i (TLE): (3.40)
we can show the contour lines in Fig. 3.4 for one standard deviation. To demonstrate how
the time-dependent phase structure would be a ected by the alignment , Fig. 3.4 is plotted
under two cases of between , and = ; = | in Eqg. (3.25). In addition, due to the energy
dependence of the group velocity in Eg. (3.28), we can also see that the heavier mass eigenstate
P2ji (the yellow shaded area) is a bit tilted at large T. In reality, however, this tilting is
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Figure 3.4: Same as Fig. 3.3, but demonstrating the FTP in Eq. (3.40) on the physical layer,
also assuming Gaussian distributed weighting functions. The di erences between each FTP are
labeled on the gure, showing the time evolution of the FTP and the e ect of the alignment
factor.

negligible, because the mass splitting is a lot smaller compared to the uncertainty of the energy,
e. In Sec.??, from time-independent version of these plots, we will show that Fig. 3.3 and
Fig. 3.4 correspond to state decoherence and phase decoherence, respectively.

3.4 Measurement Layer (Layer 3): Transition Probability

In this section, we arrive at the measurement layer, where we consider the collection of exper-
imental data. In addition to the uncertainties that have originated from the previous layers,
namely the phase space uncertainties (PSUs), the nal data must also account for count uncer-
tainties (CUs). While the PSUs pertain to uncertainties in the phase space variables (such as
x» p» L,and g discussed earlier), the CUs relate to uncertainties in the neutrino ux. These
include statistical uncertainties and background uncertainties. In our likelihood/ 2 analysis in
Sec. 4.2, we will treat the PSUs and the CUs dierently. Speci cally, we will treat the CUs
as conventional \uncertainties” in the analysis, while the PSUs will be incorporated into the
theoretical prediction. The total count rate for energy-distance binned data is given by:

Z z

1
Ntt = dLo
¢ Lo bin 4 L 0 Eo bin

dEo o(Eo)D(Eo)P3; (Lo;Eo): (3.41)

Here, the CUs are encompassed within o(Eg), which represents the neutrino ux at Lo = 0,
accounting for production rate. The term D(Eo) encapsulates the detection rate, including
the cross section pertinent to the detection process. Conversely, the PSUs are integrated into
Ps.  (Lo;Eo), which signi es the FTP on the measurement layer. These PSU-related aspects
will be discussed in the following paragraph.
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Below, we demonstrate impact of PSUs on the FTP after integrating over the time-ignorant
FTP on the second layer. In the following, we take Gaussian PDFs for bothH (L;Lo) and
He (E; Eo) for demonstration, the integration over L would result as

z

: L Lg)?
Pajc' (Lo;E) = dL exp (47|_0) P2k (LE)
) 2 e # 2 Le 2 2 o 2 Po" 2 #3
=exp ik 0ik il exp] — & Mt ok 1 v 24
2E | con 2E 2 2E b X
kj
RO 2 , ' 1,3
m: m: L
, : jk =0 jk L 0 . S h. .
exp i—=— exp4 oE W S; (1= L LM Lo);
(3.42)

and the integration over E will be done numerically. The resulting FTP on the measurement
layer, P3(Lo; Ep) is plotted in Fig. 3.5 and Fig. 3.6. In Eq. (3.42), the total spatial uncertainty,
being the width of H_, would usually be dominated by s, the width of the production pro le.
This is because 2 = 2+ 32 for neutrinos propagating in vacuum, and the the spatial resolution
of the detector p would be subdominant. Consequently,

2 LﬁjOh

2
coh
L Lo ij

7 Lok = ————¢ (3.43)
42+ L 42+ L

N
]

In the second line of Equation (3.42), the last two terms in the exponent represent locality
terms, indicating that a higher degree of local uncertainty (including «, 1= , and ), whether
microscopic or macroscopic, results in more smearing of the FTP. Since, and 1= L, the
macroscopic uncertainty dominates, as seen in the thirdJine. As for the rst term in the second
exponent, it modi es the coherence length byLﬁ}’h ! (Lﬁj’h)2 +4 2. However, sinceLﬁjOh
is inversely proportional to the mass splitting of neutrinos, it is usually much larger than |
for ground-based experiments. In this case, the microscopic uncertainty would dominate this
term. Nevertheless, for neutrinos produced in continuously emitting celestial objects for ex-
tended periods, the situation might be di erent [48]. For instance, the size of the Sun's core
could be much larger than the coherence length in the three-neutrino paradigm. However, the
coherence length might be stretched out for neutrinos produced in extreme environments, such
as supernovae [49,50],or akultra-high energies [51], leading to long oscillation lengths. Further-
more, since the integration dEHEg (E; Eo)Pg;fjekm'(Lo; E) satis es the factorization condition in
Appendix B, we can express it as follows:

2 | 1 3 " #

P2 2 Z
m2 m?2 L m2 L
P3jk (Lo;Eo) * exp4 L % 5 dEexp i—E— He(E:iEo):

260 2" 262 2E
(3.44)



40 3.4. Measurement Layer (Layer 3): Transition Probability

Figure 3.5: Three avor FTP spectrum from electron neutrino to electron neutrino on the mea-
surement layer atL o = 200 km (this distance is chosen such that decoherence e ects are visible
in this energy range for some reasonable uncertainties). The black line represents completely
coherent FTP, and the coloured lines all have , = 0:4 MeV and y is negligible compared to
L. We have | =0 m, =0 MeV for the yellow line, [ =5m, g =0 Mﬁv for the purple

line, L =0m, g =0:1 EgMeVfortheredline,and [ =5m, g =0:1 Eg MeV for the
blue line. Here | is chosen according to a typical reactor core size,g is a typical detector
resolution and , is taken at a value such that it is comparable with g.

Hence, the e ects of H_ on P3 hardly depend onLg, unless | accumulates asL g increases.
Utilizing oscillation parameters extracted from the NuFit 5.1 global t results [52], we have
generated FTP plots for long-distance neutrinos, as presented in both Fig.3.5 and Fig.3.6.
These gures reveal key insights: the impact of decoherence, either in terms of damping or
phase shifts, is notably more pronounced at lower energies. This phenomenon is attributed to
the higher phase-density associated with lower energies, resulting from the reduced oscillation
length. Consequently, the Phase Width Overlap (PWO) e ect is enhanced. Moreover, in the
context of long-distance scenarios, | exhibits minimal impact, as it does not increase withLg.
Additionally, for Gaussian-distributed weighting functions, only g introduces a phase shift, as
it is the only one asymmetric with respect to the phase structure. In contrast, in extremely
short baseline situations, as illustrated in the right panel of Fig. 3.6, sensitivity to | surpasses
that of , and g, due to the same underlying principle. However, it's crucial to note that this
e ect is exceptionally small in comparison to long-distance scenarios. Nevertheless, it bene ts
from larger statistics, scaling by a factor ofL3.
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Figure 3.6: FTP from electron neutrino to electron neutrino as a function of Lo=Ey on the
measurement layer for near (right) and far (left) detector. The lines are labels in the same way
as Fig. 3.5. We can identify more sensitivity to | at near detectors while e ects of , and ¢
are more pronounced at far detectors.
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Chapter 4

Neutrino Decoherence Signatures
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Overview

With information loss occurring at di erent levels, quantum mechanical uncertainties provide

a parameterization for decoherence via an inherent e ect of mass eigenstate separation. On
the other hand, decoherence stemming from classical uncertainties is typically dominated by
a statistical averaging process. In this chapter, we will illustrate that by leveraging the layer
structure, we can categorize the former as state decoherence (SD) and the latter as phase
decoherence (PD). Furthermore, we will establish that both SD and PD originate from PWO

e ects associated with distinct phase structures on di erent layers. These e ects lend themselves
to straightforward numerical calculations of decoherence, contingent upon the speci ¢ width and
shape of uncertainties. Furthermore, the distinction between di erence decoherence parameters
comes from di erent dependence on the phase structure(s). Put di erently, whereas quantum
coherence is re ected in the oscillation signature, decoherence can be characterized as a form
of washing-out of such signature. Therefore, the PWO e ect arising from neutrino decoherence
results in a damping and/or phase shift signature to the oscillation by jx in Eq. (2.2) for each
eigenstate interference.

In terms of the phenomenological aspects of neutrino decoherence, broadly speaking, obser-
vations of neutrinos for both long and short baseline experiments, as well as those from the
atmosphere, are best described by treating neutrinos as fully coherent. One can refer to [52] for
an updated global t supporting this notion. On the other hand, for neutrinos produced outside
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the Earth, a fully incoherent description appears to be more appropriate. There have been
extensive discussions regarding various aspects of neutrino decoherence phenomena, including
general neutrino decoherence in reactor experiments [7,53,54]; gravitational uctuations or cos-
mological e ects leading to atmospheric neutrino decoherence [6, 16,55, 56]; and matter e ects
responsible for accelerator or atmospheric neutrino decoherence [20,57{60].

Our framework has the capacity to encompass all of these mechanisms and more, given that
it incorporates both the QFT approach and the concept of open quantum systems. Conse-
quently, instead of going into the speci cs of these theories, we provide a general overview of
the measurable parameters they could potentially a ect. Furthermore, we also consider de-
coherence e ects arising from classical uncertainties due to the observer's lack of knowledge,
such as uncertainties in the neutrino production pro le (e.g., the exact shape of the neutrino
source) and the energy reconstruction model. We delve deeper into the analysis of damping
and phase shift signatures with respect to both classical and quantum mechanical uncertainty
parameters, focusing on reactor/decay-at-rest (DAR) neutrinos. Damping signatures, which are
anticipated in the literature mentioned earlier, are evaluated for their sensitivity by directly
analyzing the neutrino count rate using conventional methods. However, phase shift signals are
found to be less amenable to this approach. Instead, we explore the feasibility of measuring the
distance-dependent oscillation phase for phase shift signals.

4.1 Classi cation of Decoherence-like Signatures

41.1 Formalism

In this section, we will illustrate how neutrino decoherence can be further categorized into two
distinct types, one resulting from the separation of mass eigenstates leading to coherence loss,
and the other arising from statistical averaging e ects. Within the framework of the layer
structure, we will demonstrate that both types of decoherence e ects stem from PWO e ects.
As a result, we formulate neutrino decoherence e ects in terms of a damping term (jx ) and a
phase shift term ( jx ), expressed as follows:

Paik (X3) = gl ik (X3) (X35~ ik (X3;~); (4.1)

for X
Pa; (X3)=  Uj Uj Ug Uy Paijk (X3); (4.2)
jik
where P3.  (X3) = P ik Pzjk (X3). Here, j represents the phase structure on the second
layer, as discussed in Eq. (3.30). The vector = ~,;~,;~L;~e;~T1 €encompasses parameters
describing the weighting functions, such as the width and asymmetry parameters associated
with each variable.
In general, X 3 includes temporal, spatial, energy, spatial solid angle, and momentum solid

angle variables for the third layer. For isotropic neutrinos, X3 = Tg;Lo; Eo, and in the case of
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neutrinos continuously emitted over a su ciently long period, X3 = Lg; Eq. For simplicity, this
thesis considers only these latter two cases. Speci cally, if all the weighting PDFs are Gaussian
distributions, then the damping term can be parameterized as:

(X = e [ i xeT @3

Additionally, it is essential to de ne the operational FTP, since Ps;x is on the measurement
layer. We de ne the FTP for each Psjk (X3) as the ratio between the total count with and
without oscillation, as follows:

R
dX2 H(X2;X3) 25k (X2;X3)

Psijk (X3) = &R IR
dXoH(X2;X3) 25 (X2;X3)  dXoH(X2;X3) 2xk (X2; X3)

; (4.4)

where ok (X2;X3) I Pk (X2, X3) represents the un-normalized FTP on the second layer,
and X, corresponds to the second layer variables analogous %3. It is important to note that,
with this de nition, Ps;c (X3) is independent of the scaling of the weighting functions on each
layer and is solely determined by their widths and shapes.

One might raise concerns regarding the validity of the de nition provided in Eq. (4.4), as it
measures the FTP by considering the totalP;;  rather than each Pz individually. However,
from a theoretical perspective, it is indeed possible to measurs;;x by employing an approach
where the denominator is measured with precision to determine the exact neutrino mass. This
would be accomplished through a well-controlled oscillation experiment. It's worth noting that
in a mass-measuring experiment, oscillation doesn't occur since the neutrino's mass eigenstate is
precisely known. Therefore, such an experiment serves the purpose of normalizing an oscillation
experiment. In the context of neutrino mixing, where only two mass eigenstates (with eigenvalues
m; and my) are involved and sensitive, the numerator in Eq. (4.4) can be obtained through
oscillation experiments. Furthermore, due to the smallness of the mass splitting, the shape of the
weighting functions on each layer can be approximated as being independent of the indicgsand
k. Consequently, we can express »jj (X2;X3) = 24k (X2:X3) = PO(X2;X3) % (Xy; X3).
Here, P (X,;X3) represents the production rate for avor ,and 9(X,;X3) is the detection
cross section for avor . In this scenario, the di erence between the weighting functions only
arises from the distinct group velocitiesv; , which becomes relevant wherj 6 k. Consequently,
the FTP can be expressed as:

P R
i Ui Vi Uk Uy dXoH(X2:X3) 25k (X2 X3)

Pa. X = ~
31 (Xa) dX, PO(X5,) 9e(X,)H (X2;X3)

(4.5)

This expression, along with its conditions for the uncertainties to be independent off and k,
align with the formulation in [28].
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Additionally, the de nition presented in Eq. (4.4) inherently normalizes as follows:

X X
Py = Py, =1: (4.6)

This normalization is achieved without imposing any further conditions since it implies that
P3ji =1 for any value of j. This condition ensures that:

X X X X X
P31 = Uj Uk Uj Uy Pgi = kUj Uy Pgj = Uj U; Pgy =1; (4.7)
ik ik ]
- P . . .
and similarly for Ps;  =1. This result remains consistent as long as 0 U; U; 1 and
0 Psz;  1forall values ofj. In essence, the normalization condition is satis ed if and only
if P3;jj =1.

Moreover, Eq. (4.4) can also be employed to analyze the decoherence e ect by expressing it
as follows:
Paji (X3)  Sgjk (X3) sjc (X3) € * (X3): (4.8)

In this equation, we have introduced two functions:

R . .
dXanJ 2;jk J
q

Sk (X3) = g p————= G p——— (4.9)
dX2H 2 dX2H 2k
and RdX H
e (X = 2 2ijk ik : 4.1
3k (X3) Ridszj -~ e (4.10)

Here, for simplicity, we have denotedH  H(X2;X3), 2jk 2ik (X2;X33), and  jk ik (X3).

Both functions in Eq.(4.9) and Eq.(4.10) serve as the decoherence terms. They are both
unitary in the fully coherent case, with their modulus being less than or equal to 1 in general.
Speci cally, Szjk represents the probability of overlap between the two mass states. In this
context, we refer to it as \the state decoherence (SD) term”. WhenSg;j« (X3) = 1, it signi es
that the two mass eigenstates are entirely overlapping, implying thatjth and kth eigenstate
are fully in coherent. On the other hand, 3;x gives us insight into the PWO e ect introduced
in previous sections. Hence, we label this part as \the phase decoherence (PD) term". When

3jk (X3) =1, it indicates that there is no PWO e ect occurring on the physical layer, where
no decoherence signature will be observed from this term.

We can illustrate the separation of the decoherence term into SD and PD in Eq.(4.8) using
a vils_?ual representatiqn, a%demonstrated ir] Fig.4.1. To achieve this, we insert the identity
1= dXzHj 2kj;e ' k= dXzHj 24 j;e ' * into Eq. (4.4). In the gure, the blue and red
shaded circles represent two distinct mass eigenstates on the physical layer. The total FTP
corresponds to the purple area in the numerator of the phase decoherence term normalized by
the purple area in the denominator of the state decoherence term. Consequently, SD denotes
the probability of the two mass eigenstates being in a superposition on the relativistic-PS. On
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Figure 4.1: Demonstration of how we separate the FTP de ned in Eq. (4.4) into two terms:
the state decoherence term and the phase decoherence term in Eq. (4.9) and Eq. (4.10) in terms
of probability. The blue and red shaded circles represent two di erent mass eigenstates on the
physical layer, and while the state decoherence term represents the separation of the two mass
eigenstates, the phase decoherence term demonstrates a phase wash-out e ect.

the other hand, PD re ects our uncertainty about the system on the relativistic-PS, achieved
by averaging over all possible scenarios. More speci cally, in alignment with Eq. (3.42), the
term involving the coherence length describing the WP separation represents SD, while the
localization term signi es PD. Therefore, we can anticipate that the SD term will be primarily

in uenced by the (microscopic) uncertainties on the rst layer, while the PD term will be largely

a ected by the (macroscopic) uncertainties on the second layer.

4.1.2 State Decoherence

In this section, we will demonstrate how the SD term can be subjected to a further analysis and
approximation. Ultimately, we will establish that despite SD representing state separation on
the physical layer (2nd layer), it can be considered equivalent to a PWO e ect on the Wigner-PS
(1st layer) in most scenarios. Consequently, the primary sources of uncertainty that dominate
SD are those involved in the rst layer, namely , and .

x (coordinate uncertainty on the Fock-PS 3 layer 1): This uncertainty arises from intrinsic
o -shell e ects associated with the nite space-time extent of the vertices, which, in turn,
depend on the neutrino interaction occurring at the production and detection sites. In
fact, when a Fourier transformation of the weighting function gr-/gp is preformed, it
results in an e ective form factor that depends on the neutrino momentum. This can be
observed by integrating out X1/ x, in Eqg. (2.30). Consequently, depending on the nature
of the interaction, 4 may represent the charge radius of the proton or neutron, which is
typically on the order of 0:1 1 fm, as noted in [61], or even the inter-atomic distance, which
can be atascale of @ 1 nm, as discussed in [62]. In Sec. 3.1, we accounted for sources of
uncertainty as unrelated spatial and temporal uncertainties (as they are not constrained
to the mass-shell) for both the production and detection locations in the computation of
the transition amplitude. In Sec. 2.2.2, we have demonstrated that x combines these
sources of uncertainty in a convolution-like manner, and thus, it is primarily in uenced by
the largest source of uncertainty.
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X

p (Momentum uncertainty on the Fock-PS 3 layer 1): This uncertainty originates from the
WP description of the external states at a quantum mechanical level, which also becomes
apparent when we compute the transition amplitude. To illustrate, | is closely related to
the mean free path of interactions that occur before the external particles engage with the
neutrinos or the lifetime of the parent particles, as discussed in [32,42]. Furthermore, as
the external particles are on the mass-shell, the energy uncertainties are intrinsically linked
to the momentum uncertainties. Unlike , , combines various sources of uncertainty,
encompassing the momentum and energy uncertainties in both production and detection
processes, in a product manner. Consequently, the smallest among these uncertainties
tends to dominate. However, the total momentum uncertainty at each site results from
the convolution of the initial and nal state WPs, thus, it is the smaller of the two that
typically prevails, as explained in Sec. 2.2.2.

We stress that , and , are independent of each other, and both can be characterized
in either coordinate space or momentum space. The distinction between these two types of
uncertainties lies in whether they originate from uncertainties associated with the external states

or the e ective vertices (internal states). Furthermore, as demonstrated in Sec.3.3 and Sec.3.4,
it is more convenient to express the width of the quasi-probability distribution in terms of

— — — — 2 2
x=and = ,=,where =1+4 X p

x (coordinate uncertainty on the Wigner-PS 3 layer 1): By Eq. (4.20), the damping term
in Eqg. (4.3) for a time-independent Gaussian distributed PDF is

X
= x . 411
= P 2 (4.11)
Nevertheless, as we will demonstrate in the following section, this structure is identical
to that of |, which is typically macroscopic, and consequently, it can be disregarded
comparably.

p (momentum uncertainty on the Wigner-PS 3 layer 1): The damping term in Eq. (4.3)

would be L
p= ;e%; (4.12)

for a time-independent Gaussian distributed PDF, according to Eq. (3.34). Here, the time-
dependent component can be accounted for by substitutind. o with To. Consequently, the
decoherence e ect arising from , should be sought for at longer distances. Such e ects
have been extensively researched and examined, particularly for reactor neutrinos, as seen
in [53,54]. These studies exclude values of (3) ! below 208 10 * nm at a 90% con -
dence level. Infact, (2 ;) ! characterizes the total spatial uncertainty, encompassing both
the production and detection regions. Hence, in the ensuing discussion, we occasionally
consider , to be approximately 0.1 MeV as a "reasonable” value. This value corresponds

to (2 p) ' 10 3 nm, which falls within the range of the proton/neutron charge radius
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and the inter-atomic distance (typically around 0.1{1 nm), as estimated in [62] for reactor
neutrinos.

To derive the State Decoherence (SD), we can begin by expressing the SD term using Eq. (4.9)
as

R o R
dXzHj 2k | . dX2HS2ik  2ik
4R = R

R S = R ; (4.13)
dXaH 25  dXoH dXaH 25  dXzH g

Ssjk (X3) = &R

where we replace jc with

Z Z
2k = 25kJ€ * = Sk 2k € * and 2 (X2) = Bx dBpj 1k (P X2)i:  (4.14)

Here, Sg;jk = Sz;jk (Xz), 2k = 2;jk (Xz), and Kk = ik (Xz). Additionally, according

to Eq. (3.29), j (X2) = 0 for any j, and g5 (X;p;X2) /Py (X; p; X2) represents the
n-noHnaIized transition probability distribution on the Wigner-PS, such that .k (X2) =
dBx  d®p; 146 (X; p; X2). Thus, the remaining term becomes:

el K RdsﬁRdse}Dik (X; p; X 2)€ i (XZ).
“Bx dBpj ok (%P Xo)] T Bx BpDj (xpiX2)

(4.15)
This shows that Sy;; (X2) =1, since j; = j; =0forall j. Therefore, we only need to consider
the terms dependent onx and p for Djk . In fact, Eq.(4.15) has the same form of a PWO e ect
(Eq.(A.3)) with the phase structure jk averaged within the normalized Dy region.

R 3 R 3
Sojk (X2)= e ' * R Pxg &P 1k (P X7)

For example, if we consider Gaussian distributed weighting functions as in Eq. (3.19), then

" oM " i
Lik = P Pi
Dik (x;p; T;L;E) = exp '2 exp ————— (4.16)
2 ¢ 25
The phase structure is generally given by:
k(P TE)= iTp(vy vi)+i x(Pj  Py); (4.17)

where the relation betweenT;L;E and Ljk ;Pj ;Pj; P« is provided in Sec.??.
In the following discussion, we will assume isotropic distributions and simplify the scenario
to one dimension. From Appendix B, we observe that the rst approximation in Eq. (4.18)
can be made in the limit of X3 x, and g x,. Here, we have taken s and x, as
the width of Sy (X2) and Yo (X2; X3)  H(X2;X3) 25k (X2), respectively, when applying
Appendix B. This factorization condition implies neglecting the uncertainty of X 3 on the second
layer for the term that can be taken out of the integral, i.e., X2 ' Xsg, in Sy« for some x,.
At the same time, g cannot be neglected to maintain SD. Furthermore, if the total uncertainty
x, is predominantly due to the physical layer uncertainty H, as is the case for macroscopic
measurements, thenYo; (X2) ' Yz (X2) " Yauk (X2), leading us to the second approximation
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in the following equation:

R
dX5Yo:i
Saik (X3) ' Szjk (X2) q g Sy (X2) : (4.18)
X2=X3 dXzYQ;jj dX2 Yok X2=X3

The comparison between the width sizes 062k , 24« , and H can be assessed by assuming
Gaussian distributions for the weighting functions on each layer. Speci cally, for both Sy«
(with width  sx,) and 2 (with width x,), We can use Eq. (3.12). As forH (X2) (with
width 1.x ,), we can simply represent it as a Gaussian distribution aroundX 5. In this scenario,
we have the following expressions for j, and Sy :

" #
Li + Lk)? 2 (P + Py)2 2
2k (L E;T) = exp (L Zk) > (P Zk) x (4.19)
and " - #
Li L , 2 2
Soik (LE;T) =exp (L Zk) o (P ZP") X (4.20)

Therefore, the width of j with respectto L and T is given by . =(2 p) Yand phir =

[ p(vi +vi)] ' EZ[ p(m?+ mf)] *, respectively. For Sy, the width with respectto L and T

is st =[ p(vi vl ' E?[ p(m? mi)] ' while s !1 for the ime-dependent case,
as Syjk does not depend orL.

In terms of energy uncertainties, we have:

2 2 ', I, 3
1 m? + m?2 1 m? + m?
= 4 1 prMe o 1 PR L ST
£ dEexpd S 2L T S o 2 (4.21)
and 2 I I 3
z 1 _m? mZ 2 1 m? mZ ?
e = 4 = B IS 2+ 0 Tk 25 .
SE dE exp 5 T 5E2 b 3 5E 22 (4.22)

Due to the 1=E dependence, the exponent in Eq. (4.22) approaches 1 &s approaches in nity,
resulting in a divergence of gg. Consequently, the width g also becomes very large in
such cases. Therefore, . phiL ; sL and e phiE ; s . This indicates that the
macroscopic uncertainty 4, ; w;e will dominate over the transferred microscopic ones of ,;jx
for Yok (X2; X3) in Eq. (4.18). As a result, we can approximate | ' y. and g ' pe .
In summary, the factorization condition for Eq. (4.18) is satis ed for the L and E components if
the measured valued o and Eq are much larger than .. and g . This condition is typically
met in neutrino experiments with the resolution required to measure neutrino oscillations.
Regarding the temporal aspect, we will explore two scenarios: one wherey.r is much
smaller than 1 and s, and another where .r approaches in nity. If neither of these
situations applies, it's necessary to perform an integration over the variablel while considering
the in uence of Hy. In the former case, where .t is signi cantly smaller than T and g7,
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Figure 4.2: Demonstration of time-independent state decoherence (left plot) and phase de-
coherence (right plot) plotted in a similar fashion as Fig. 3.3 and Fig. 3.4, both representing
phase wash-out e ects. The former is in the Wigner phase space on layer 1, while the latter
is in the relativistic phase space on layer 2. The coloured contour plot in the background is
the oscillating phase structure plotted as cos(jk ) (left plot) and cos( j ) (right plot), on the
corresponding layer. The outer red (blue) circles are the level for two standard deviations of
positive (negative) values of the time-independentP,, (X1;X3) (left plot) and Pa;k (X2;X3)
(right plot) for weighting functions Eq. (4.24) and Gaussian distributed H_=Hg, respectively.
The inner circle (if there is one), is the contour for one standard deviation. Also, the black
dashed line is the contour for two standard deviations of the weighting functions.

the condition for factorization with respect to the variable T is met. Here, H(X,) dominates
over gk (X2) for all X, = L;E; T, resulting in Sz;jk (X3) Szjk (X3). Consequently, we
can directly obtain the time-dependent SD weighting function DYk (x; p; To; Lo; Eo) and phase
structure Yk by substituting X, with X3. In particular, if all quantum uncertainties follow
Gaussian distributions, then DYk corresponds toDjk (x; p; To;Lo; Eo), and Gk aligns with
jk (p;x;To;Ep). To illustrate this time-dependent PWO e ect, we have provided a visual
representation in Fig.3.3. This e ect intensi es as the wave packets of two states separate over
time. Importantly, this phenomenon can be translated into WP separation on the physical layer,
as described in Eq.(4.13) and visualized in Fig. 4.1.

On the other hand, if we have no temporal information during the detection process, meaning
nt !'1 ,then X, = T should be integrated out in Eq. (4.13) before looking at the SD term. In
this case, after the approximation given in Egs. (3.24)-(3.27) and including terms up toO(m?),
the Gaussian example in Eg. (3.12), leads to
p

. . m
ik (P LE)jL=LgE=E, = | ZEL ( x LO)EO X (4.23)
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As illustrated in the left plot of Fig. 4.2. Furthermore, the time-independent SD weighting

function is

2 3

2 p— !
p Eo+(m?+ m2)=2Eg m?2 x
Dix (X; p;Eo) * exp4 2x? 2 J B
ik (G P Eo) ' exp4 2 7 22 Pz

p*S: (4.24)

In the left panel of Fig. 4.2, we illustrate the PWO e ect based on the aforementioned phase
structure and weighting functions. In this visualization, we set =1, , = 0, and amplify
mjzk to be one order smaller thanEg for clarity. However, when mjzk Eo, the integration
over x has a negligible contribution to Sz . Consequently, the SD term can be approximated
as follows:
m? LO! de Dik; Ii;(lo; Eo)exp i Zékg“p .
2E, dpDjk; ,(p;Eo)

Sz (Lo;Eo) ' exp i (4.25)

2
Here, Djx; , represents a product of three Gaussian distributions. Furthermore, forEg nE%

the dominant contribution comes from the distribution with a width of -} centered at Eo.
The phase structure becomes approximately j ' %gpu This behavior is evident from
the upper row in the left panel of Fig. 4.2, where phase averaging primarily results from the
integration over p. Consequently, SD is mainly determined by the Wigner distribution with
respect to p, and we can refer to this asD,-induced decoherence. It's worth noting that the
resulting SD term, Sz;k , arising from this type of PWO e ect not only aligns with the standard
decoherence formula in Eq. (3.35) but also underscores that the dependence b and Eg is a
consequence of the phase structure.

Furthermore, although we have illustrated the case where all weighting functions follow
Gaussian distributions, it's important to note that the phase structure remains applicable to
arbitrary distributions, provided the saddle point approximation is employed in Eq. 3.18. Hence,
since the phase structure essentially implies a Fourier transformation fronp to j = r;;i_kz"" ,
we have depicted the damping term and phase shift term resulting from SD for various ty?aical
distributions in Fig. 4.3. In particular, the single Gaussian case represents a standard statistical
distribution for a single process. The two-Gaussian case takes into account neutrinos that
are simultaneously produced by two distinct processes, each with slightly di erent expectation
values for momentum. The other two distributions are better suited for describing anH_ -
induced PD e ect, which we will delve into in the subsequent subsection. A more comprehensive
discussion of this plot will be provided alongside theHg -induced PD e ect. Nevertheless, since
both decoherence e ects can be characterized by Fourier transformations, albeit with di erent
spatial mappings, we present both e ects within the same plot. This demonstrates that distinct
sources of decoherence can be discerned based on their dependenciesLonEg), which stem
from di erences in their underlying phase structures.

In summary, while SD characterizes the separation of two mass eigenstates on the physical
layer, quanti ed by the overlapping area between them (as illustrated in Fig. 4.1), the situation
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changes when we shift our focus to the Wigner-PS. As depicted in Fig.3.3, we observe that
the width of P,j does not decrease as the two mass eigenstatés,;; and Py, , move apart.
However, the phase density increases as these two mass eigenstates separate, resulting in a
stronger PWO e ect. This ultimately yields the same outcome as calculating the extent of
overlap between two mass eigenstates on the physical layer. Furthermore, from the colored
background in Fig.4.2, it's evident that the phase structure varies with the PS variables on the
third layer, namely Ty, Lo, and Eq. However, the width of the overlapping weighting function
remains constant. In the case of the left plot, which represents the time-independent scenario
with wr !'1 | itis clear that there is no dependence only. Conversely, in the time-dependent
scenario shown in Fig.3.3, it emerges that there is no dependence &ry. This happens because
inL; Lk, the common factorL cancels out, as shown in Eq. (3.19) or directly from Eq. (4.20).

Figure 4.3: Decoherence damping terms (second row) and phase shift terms (third row) for
di erent shaped weighting functions ( rst row) of H -induced orD,-induced decoherence. While
both types of decoherence are described by Fourier transformation, the former transfers from
L space to the j = mj2k =(2Eo) corresponding to Eq. (4.30); and the later frompto j =

mjzk Lo=(2E2) relates to Eq. (4.25). In particular, the same coloured lines represent weighting
functions with the same widths.
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4.1.3 Phase Decoherence

In this section, we will demonstrate that the primary factors governing the in uence of PD are
the macroscopic uncertainties, which are outlined as follows:

L (coordinate uncertainty on the relativistic-PS 3 layer 2): This uncertainty primarily
arises from the macroscopic spatial uncertainties of the entire process, with its dominant
contribution coming from the production pro le of the neutrino source, especially in cases
of vacuum propagation. Unlike 4, [ does not factor into the Feynman diagram (Fig. 2.2)
for calculating the transition amplitude. Instead, it re ects the uncertainty associated with
the transition probability on the second layer. For example, | could be determined by
factors such as the size of the reactor core (around 3-5 meters) for reactor neutrinos or
the distance traveled by mesons/muons before they decay into neutrinos in accelerator
experiments. In the case of Gaussian-distributed PDFs, the damping term in Eq. (4.3)
can be well-approximated as

Ll LEgh: (4.26)

especially when the mass splitting is small, as observed when integrating out the energy
variable E in Eq. (3.42). In other words, this damping term is nearly independent of the
traveling distance. Therefore, it is advantageous to search for such e ects close to the
neutrino source to achieve higher statistics. In Fig. 4.3, we illustrate the e ects of PD for
various production pro les:

{ The one Gaussian PDF is suitable for neutrinos produced at rest, such as reactor
neutrinos and DAR neutrinos.

{ The two Gaussian PDFs are shown for scenarios with multiple sources and/or detec-
tors.

{ The box PDF is appropriate when experimental constraints, like the geometry of
accelerator or reactor components, dictate a simpli ed box-shaped production pro le.

{ The exponential decaying PDF is suitable for neutrinos produced by decaying parti-
cles in ight, such as accelerator neutrinos and atmospheric neutrinos.

However, if the propagation process itself contributes to , then | will accumulate over
distance. This can occur due to matter e ects [60] or some exotic e ects [16,21,22,51], as
mentioned in the literature. In such cases, 2 can be proportional to L, in agreement with
the dependence on the traveling distance in the damping term calculated by the Lindblad
equation, which is often used in the studies mentioned above.

e (energy uncertainty on the relativistic-PS 3 layer 2): This uncertainty is primarily
determined by the energy resolution of the experimental apparatus and the reconstruction
model employed in the experiment. Typically, in the case of neutrinos detected using
photomultiplier tubes, the energy resolution is characterized by g = gp Eo, where 2
typically falls within the range of approximately O(0:1) MeV. Furthermore, dierent
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Figure 4.4. Phase decoherence by the macroscopic energy uncertaintg on the physical layer
as a phase wash-out e ect. Including a damping term ancb a phase shift term in Eq. {4.1) for
di gyent shapes of Hg with the same widths ( e= Eo =0:1 MeV for the blue line, g= Eg =
0:2° MeV for the red line), at energy Eo = 10 MeV.

sources contribute to the uncertainty related to the energy reconstruction model. For
instance, factors like the degree of quasi-elastic scattering, as discussed in [44] and [45],
can lead to a tail in the energy distribution Hg . Additionally, the 1 =E dependence in
causes the energy resolution g to be asymmetric with respect to the phase structure,
resulting in a phase shift even for a Gaussian-distributed PDF. Numerical simulations, as
depicted in Fig. 4.4, illustrate this e ect. These numerical results allow us to see how g
behaves concernindg=y and Lo. For example, Fig. 3.5 demonstrates that the impact of g
increases withL g in a manner comparable to the behavior of ;.

Similarly to SD, PD also characterizes a PWO e ect, which becomes evident from its de -
nition: Z
ajk (X3) = e " () dXo YRy (Xg; Xg)e k (X2): (4.27)

In this equation,

p Szjk (X2) 2k (X2)H (X2;X3)
dX2Sz;k (X2) 2;k (X2)H (X2;X3)

Yo (X2;X3) = (4.28)
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represents a real and normalized PDF, with the primary in uence coming from the macroscopic
weighting function Hx, for X, = L; E on the second layer. In cases wherey 1 ST, T,
YZC;’J-k is predominantly shaped by the macroscopic weighting functions. In this scenario, the
phase structure is described by:

K (TLE)= i(Ej E)T+i(P;  PyL: (4.29)

Conversely, if temporal information is unavailable, one should integrate over the time variableT
before examining the decoherence e ect. For the time-dependent scenario, the phase structure
up to O(m?) is given by Eq.(3.30), while for the time-independent case, it is represented by
Eq.(3.33).
When the factorization condition is satis ed for integrating out L, Eq. (4.27) becomes:
VA Z

2

. L . .
sik (LoiEo) ' e 2 ™ E5 dLH_(L;Lo)e ™k &  dEHe(E;Eo)e ™k

L (4.30)
This factorization is valid for the time-independent case, where bothH (L;Lg) and Heg (E; Eo)
are normalized PDFs. Consequently, we can consider the (macroscopic) coordinate and energy
uncertainties on the second layer as distinct PWO e ects. We refer to the former a#H -induced
PD and the latter as Hg -induced PD. In Fig. 4.3 and Fig. 4.4, we illustrate these two PWO

e ects, respectively, using weighting functionEeH L and Hg modeled as PDFs with the same width
for the same-colored lines. In other words, dX;Hx, =1 and maxHx,(X2) =1= x, 2 ),
following our de nition of \width" in Appendix A. The sole parameter for the two gures
depicting the PWO e ect on the second layer is the width x,, for a given Lo or Eo. For
instance, we use | = 1 m for the blue and yellow lines, and | =2 m for the red line in Fig.4.3,

at a distance Ly = 10 m. For Fig. 4.4, we employ g= Eg =0:1 MeV for the blue line, and

E:p Eo=0:2 MeV for the red line, at an energy Eq = 10 MeV.

In particular, much like the D,-induced SD, H, -induced PD takes the form of a Fourier
transformation from L to j = mjzk =(2Ey), as shown in Fig. 4.3. For example, a Gaussian
PDF transforms into a Gaussian distribution in the mjzk =E, space; the box PDF transforms
into a sinc function; and the PDF representing exponential decay (for neutrinos produced by
decaying charged leptons) is transformed into a Lorentzian function. Regarding the phase shift
term, Appendix B reveals that only the asymmetric functions (the yellow-lined two Gaussian
PDF and the exponential decaying PDF) have a non-zero and non- phase shift. For symmetric
ones, although there is no phase shift for a single Gaussian PDF, the phase ranges shift from
0 to (still with no imaginary part) for the box PDF and the symmetric two-Gaussian PDF
due to negative values of the function resulting from the Fourier transformation. However, due
to the smallness of the neutrino mass splitting, j is typically small for both Dp-induced and
H\ -induced decoherence e ects. Consequently, the range of interest lies within a small range
around j ! 0, where the phase is zero for asymmetric cases. On the other hand, irrespective
of how \symmetric" the weighting PDF spectrum may appeatr, it is not symmetric with respect
to 1=E. As a result, there will always be a non-trivial Hg -induced phase shift, even for a
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Gaussian-distributed PDF. Furthermore, it is evident that the larger the width of the PDF,
the more signi cant the decoherence e ect becomes, both in terms of the damping term and
the phase shift term. Ultimately, if we observe any phase structure dependence in the damping
term and/or the phase shift term, such as those in Fig.4.3 and Fig.4.4, we should be able to
reconstruct the production pro le and cross-verify the energy reconstruction model.

Comparing PD with SD, both phenomena originate from the PWO e ect, but they exhibit
distinct phase structures denoted as:

case phase structure PDF
time-dependent SD X DR
time-dependent PD & Hr HL He
time-independent SD ik Dk " Dp
time-independent PD ik HL;He

In particular, for SD, both the phase structure and the PDF vary with Ly and Eg, while in the
case of PD, only the mean of the PDF does. This structural di erence is shown in the right
panel of Fig. 4.2, where the phase structure in the background solely depends on the second
layer PS variables,L and E, without any dependence on the third-layer PS variables,L, and
Eo. This implies that the second and third layers share the same coherent phase structure,
but not with the rst layer. The third-layer phase space only determines the centering of the
weighting functions, and when it occurs in a region of higher phase density (at lower energy or
greater distance), the PWO e ect becomes stronger. To illustrate the PWO e ect for the time-
independent case, Fig. 4.2 is presented in a manner similar to Fig. 3.3 and Fig. 3.4. Additionally,
it showcases the phase structures on the Wigner-PS and the relativistic-PS, respectively, in the
colored background. The nal observable e ects on the measurement layer due to SDH, -
induced PD, and Hg -induced PD are further depicted in Fig. 4.3 and Fig. 4.4.

The advantage of framing the SD and PD e ects in terms of the PWO e ect lies in the
ability to numerically estimate decoherence using only the weighting functions as input. The
steps for numerically estimating SD/PD e ects are straightforward:

1. Determine the weighting functions on the Wigner-PS and the relativistic-PS.
2. Multiply these functions by the corresponding phase structures.

3. Integrate out the respective phase space variables.

These integration steps are guaranteed to converge because the weighting functions are local-
ized and concentrated around the next level of phase space variables. Even for the simplest
phase structure, such as the time-independent case on layer 2, the PD terms can be evaluated
numerically, as demonstrated in Fig. 4.4. In principle, by analyzing the waveform and spectrum
of neutrino oscillations, it should be possible to reconstruct the weighting functions once their
corresponding phase structure is identi ed.
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4.2 Spectral Analysis

From the previous section, we have established that neutrino decoherence e ects fall into two
categories: SD and PD, both arising as a consequence of a PWO e ect. Consequently, both of
these e ects yield damping terms and phase shift terms, with the latter being signi cant only
when the weighting function lacks symmetry with respect to the phase structure. To be specic,
SD is primarily determined by the (microscopic) uncertainties of the rst layer, characterized
by x and ,, whereas PD is controlled by the (macroscopic) uncertainties of the second layer,
encompassing 1, L, and g. However, only , from the rst layer uncertainties is observable,
given that , is much smaller than . Furthermore, in this section, we exclusively consider the
time-independent scenario since contemporary experiments, as shown in Fig. 4.5, continuously
emit neutrinos over a su ciently extended duration, thereby making 1 tend towards in nity.
In addition, as awe parameterize the uncertainties of the rst layer as , and ,, only
remains as a valid observational parameter, because, is absorbed by | . In this section, we
aim to estimate our experimental proximity to achieving a 90% con dence level sensitivity for
the detecting damping signatures, as outlined in Eq. (4.1), stemming from theD ,-induced SD,
H\ -induced PD, and Hg -induced PD. Such analysis would not be sensitive to the phase-shift
signature, as we will show in the next section.

Concerning the damping signatures, we assume that all weighting functions follow single
Gaussian distributions. Consequently, the damping term can be parameterized by ,, ., and

g as expressed in the equation below:

2 | | 3
4 M oelo mo 2 25
ik = exp 429? 27EO mjk E(LO;EO; E) ; (4'31)
0

The rst two terms are derived from Eq.(4.12) and Eq.(4.26), while the last term can only be
determined numerically, as demonstrated in Fig. 4.4. Furthermore, we assess the sensitivity to
the three uncertainty parameters through a 2-analysis employing the traditional rate measuring
method (RMM). This analysis aims to detect unexpected disappearance or appearance signals
resulting from SD and/or PD. Moreover, since neutrino decoherence is more pronounced at low
energy, as indicated in Fig. 4.5, we observe that current experiments involving reactor neutrinos
possess a higher sensitivity. Therefore, in the following, as a benchmark experiment to evaluate
our progress in detecting neutrino decoherence via the damping term, we select the RENO
experiment. This choice is based on the experiment's lower level of uncertainty compared to the
Double Chooz experiment and its simpler con guration of reactors and detectors in comparison
to the Daya Bay experiment. The latter complexity would introduce non-trivial e ects on the
damping signature through |, as discussed in more detail in Appendix??. Additionally, we
discuss the di erent dependencies onLy and Eg in the damping signatures within neutrino
oscillation, as explored in prior studies like [7,63].

To detect the damping term . , which typically arises from various sources of decoherence,
we conduct an analysis of the total neutrino count rate in ground-based neutrino experiments.
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