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FIG. 1.

encounters a (red) co-moving flying focus pulse (a) or conventional Gaussian pulse with a stationary focus (b).
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Interaction geometries for producing an observable signature of vacuum birefringence. An x-ray probe pulse (blue)

The three

snapshots from top to bottom show the progression of time. The x-ray probe pulse has a length L, spot size ., and travels
to the right with a velocity v, = c. The optical pulse has a spot size ., Rayleigh range Z,, and a phase velocity vy = —c,
where / is either F' (FF case) or G (conventional case). The peak-intensity of the FF pulse travels to the right with a velocity
vr = c. By extending the interaction length, the FF pulse produces the same birefringent phase difference with a much lower

laser power.

ties by using axiparabola-echelon optics [79] or nonlinear
media [80] [81]. These concepts have been motivated by
a number of theoretical studies into the unique possibili-
ties that FF pulses offer for laser-based applications and
fundamental physics studies [79, 82H86]. In the realm
of high-field physics, FF beams have been proposed to
enhance observable signatures of the transverse forma-
tion length of electromagnetic radiation in the quantum
regime [87] and radiation-reaction effects at relatively low
laser intensities [88].

In the context of vacuum-polarization, we consider a
setup in which a linearly polarized x-ray probe pulse
counterpropagates with respect to a FF pulse. The focus
of the FF pulse moves in the same direction and with the
same velocity as the probe vp = v, = ¢ (left column of
Fig. . The x-ray probe pulse propagates inside the fo-
cus of the FF pulse over a macroscopic distance that is in-
dependent of the Rayleigh range Zr and limited only by
the energy of the FF pulse. This is in contrast to config-
urations that employ conventional fixed-focus Gaussian
pulses (right column of Fig. , which limit the interac-
tion region to their Rayleigh range Zg. In both cases,
vacuum-polarization produces different phase shifts in
the two polarization components of the probe pulse, re-
sulting in an ellipticity that accumulates over the inter-

action length. By extending the interaction length, the
FF configuration results in ellipticities that are measur-
able with state-of-the-art detection techniques at powers
(and intensities) that are orders of magnitude lower than
those required by conventional laser pulses.

II. PHASE DIFFERENCE DUE TO VACUUM
BIREFRINGENCE

The main analytical result of this work is the formula
for the phase difference A8, between orthogonal polar-
izations of an x-ray probe pulse induced by a counter-
propagating optical laser pulse with energy &;:

- 8@2 Sg h<w7>

Abe~ 15r 2EZ 0? ee, ()
where o = €2 /(4meghe) &~ 1/137 is the fine-structure con-
stant and (w,) is the average angular frequency of the x-
ray pulse. This formula was derived by perturbatively
solving Maxwell’s equations for an x-ray probe pulse
propagating in a medium whose magnetization and polar-
ization correspond to the vacuum modified by an optical
laser pulse (see Appendices for the detailed deriva-
tion). Equation accounts for the transverse structure
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FIG. 2. The ratio of laser powers required to achieve a

phase difference A, for a given laser pulse energy &. The
dashed red lines correspond to log,,(Pr/Ps) € {-2,—1,0}.
The solid blue lines and dash-dotted grey lines indicate the
spot sizes Wg,r = 2 and 5 pm for the conventional and FF
pulses, respectively. The plot is cut off at wg = 2 pm, rep-
resenting the paraxial approximation limit of a Ay = 1um
wavelength laser pulse. The vertical dashed line marks the
current threshold for experimental detection. For the param-
eters of the pulses, see the labels and text.

of the interacting pulses through the factor X, and the
lengths and synchronization of the pulses through the
longitudinal form factor A,. Both of these quantities will
be discussed below. The spot size of the laser pulse at fo-
cus is denoted by w,, where the subscript ¢ is either “F”
for a FF pulse or “G” for a conventional Gaussian pulse.
Equation allows for a straightforward comparison of
FF and conventional Gaussian pulses. A complete de-
scription and justification of the approximations that go
into the derivation of Eq. is presented in Appendix
(Al

Figure displays the predictions of Eq. and demon-
strates that for the same laser pulse energy, a FF pulse
can induce the same birefringent phase difference as a
conventional Gaussian pulse at a much lower power Pj.
The parameters used to generate Fig. were moti-
vated by current x-ray sources and near-term laser fa-
cilities. Specifically, a 10 keV x-ray pulse with a length
L =75 pm (25 fs) and focal spot W, = 1.5 pm colliding
with a Ay = 1 pym wavelength optical pulse.

The cycle-averaged powers of rectangular FF and con-
ventional pulses are given by

&

PZ - 0 ) (2)
where the pulse duration 7, determines the interaction
length: Dy = 74/2 (see Appendix |E). In Fig. [2| the inter-
action length of the FF pulse was chosen to be Dp =1
cm based on experimentally demonstrated focal ranges
[77]. Perfect synchronization between the center of the
x-ray probe pulse and intensity peak of the FF pulse was

Name hw~ [keV] Ay[nm] @, [pm] Lifs] Ref.
LCLS 25 0.0496 1 50 [90]
European XFEL 15 0.0827 3 25 [91]
SACLA 10 0.124 1.4 10 [92)
PAL-XFEL 9.7 0.128 5 25 93]

TABLE I. Parameters of the x-ray probe pulses used in the
analytical estimates and numerical simulations for Fig. [3]

also assumed. The interaction length of the conventional
pulse was set to Dg = Zg, where Zg = wgﬁ%/% is
its Rayleigh range and wg its angular frequency. The
centers of the conventional and x-ray pulses were set to
meet at the focus of the conventional pulse (see Appendix
@. This ensures a near-optimal configuration where the
conventional and x-ray pulses interact over an entire
Rayleigh range of the conventional pulse. For fixed laser
energy and phase difference, the spot sizes of the conven-
tional and FF pulses are nearly equal (Fig. , such that
AG( X 5[ X PFDF ~ P(;Dg, or

Pr~ =S p. (3)

Thus the FF reduces the power required for an observ-
able phase difference by extending the interaction length:
Dr > D¢ implies Pr <« Pg.

The vertical dashed line in Fig. [2|indicates the thresh-
old for currently measurable phase differences, i.e., Ay =
1.8 x 1075, The ellipticity of the x-ray pulse §2 is related
to the phase difference by 0% ~ A#7 /4. It is assumed that
the x-ray pulse is initially linearly polarized at an angle
of 45° with respect to the fields of the optical pulse and
has polarization purity better than the detection thresh-
old. This can be achieved using a monochromator and
multiple Bragg reflections from channel-cut crystals [89)]
and tested by a null experiment without the laser pulse.
A narrow band x-ray pulse (~ 1 eV bandwidth [89]) is
produced. Ellipticities 62 ~ 8 x 10~!! are within the de-
tection limits of existing experimental techniques [51}, [89].
As an example, a 1 kJ laser pulse focused to a wy = 3 um
spot can induce a phase difference Ay, = 3.5 x 107° and
an ellipticity 62 ~ 3 x 107'°, In the conventional case,
this would require a power of 5.3 PW and an intensity
of 7.8 x 10?2 W /cm?, which is nearly equal to the world
record [5]. In the FF case, only 15 TW are needed, cor-
responding to an intensity of 2.2 x 10%° W /cm?, a value
approximately 350 times smaller than the conventional
case.

These examples suggest that vacuum birefringence
measurements could be made experimentally accessible
by pairing a high-energy laser system capable of pro-
ducing a FF pulse with a hard x-ray source. Figure
shows the accumulated phase difference Afr that could
be achieved with x-ray pulses from currently available
XFELs (see Tab. [[] for the parameters). For each XFEL
considered, the phase difference reaches measurable val-
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FIG. 3. Accumulated phase difference between orthogonal

polarizations of an x-ray pulse from an XFEL interacting with
a FF pulse as a function of distance relative to the focus of
the x-ray pulse (z = 0). The FF pulse has a Ap = 1 um
wavelength, Wwr = 3 pum spot size, Pp = 15 TW, and £r = 1
kJ. See Table [[] for the XFEL parameters. Phase differences
outside of the red shaded region would be measurable with
current x-ray polarimeters [51}[89]. The analytical results are
plotted as dotted lines.

ues after just a few millimeters of propagation (outside
the red shaded region).

Ultimately, the experimental feasibility of measuring
the phase difference will depend on the sensitivity of Af,
to the transverse and longitudinal overlap of the opti-
cal and x-ray pulses. In Fig. near-ideal longitudinal
overlap was assumed. For the FF, this means that the
longitudinal center of the x-ray pulse was co-located with
the peak intensity of the FF. For the conventional pulse,
this means that the leading and trailing edges of the x-ray
and optical pulses met symmetrically at points located a
distance Zg /2 from the focus of the optical pulse.

The effect of imperfect longitudinal overlap on Af, is
captured by the form factor A, and is illustrated in Fig.
[ The full analytic expressions for the A, appear in
Appendices[D]and[E] The expressions can be summarized
as follows. In the FF case, Ar depends on the length of
the x-ray probe pulse L and the offset of its center from
the traveling intensity peak of the FF d [Fig. . For
ultrashort x-ray pulses (L < Zp) that are colocated with
the center of the FF intensity peak (d =0), Ap ~ 1. X-
ray pulses that are either offset from the center of the FF
intensity peak or appreciably longer than the Rayleigh
range of the FF will experience a lower intensity. This
causes a smaller value of the form factor and, as a result,
the phase difference.

In the conventional case, Ag depends on the length of
the x-ray probe pulse L and on the interaction length Dg
[Fig. . When Dg < Zg, an ultrashort x-ray pulse
(L < Z¢) will encounter an approximately constant field
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FIG. 4. Geometric form factor A, for the FF configuration

(a) and a conventional configuration (b). The x-ray probe
pulse has a length L. In the FF configuration, the x-ray pulse
is offset from the center of the FF intensity peak by a distance
d. In the conventional configuration, the interaction length
is Dg. For this plot, the spot sizes are w, = 1.5 pm and
w¢ = 3 pm. The red dash-dotted line indicates Dg = Zg.

amplitude near the center of the fixed focus, such that
Ag =~ 1. The near-optimal case of Dg = Zg used in Fig.
is displayed as the red dash-dotted line in Fig.
For longer interactions lengths or x-ray pulse lengths,
the x-ray pulse intersects the conventional pulse while it
is out of focus and has a lower intensity. This decreases
the form factor and results in a smaller phase difference.

The effect of transverse overlap is captured by the fac-
tor Xy, which depends solely on the ratio of the x-ray and
optical spot sizes o, = W /Wy:

1—|—20§

Yp= ——mF—.
fT 1 +02)2

(4)
As gy — 0, Xy rapidly approaches 1. Thus, it is unneces-
sary to focus the x-ray pulse to a spot size that is much
smaller than that of the laser pulse. For instance, when
the spot size of the x-ray pulse is half that of the laser



pulse, oy, = 0.5 and X, = 0.96. Aside from being easier
to realize in practice, larger x-ray spot sizes improve the
validity of the analytical approximation Dp/Z, < 1 (see
Appendix used to derive Eq. .

In optimal conditions where ¥p = X = Ap = Ag =
1, FF and conventional pulses with equal energies re-
sult in identical phase differences. This means that FF
pulses do not provide any enhancement in the phase dif-
ference when compared to experimentally relevant ultra-
short Gaussian pulses. However, the FF configuration
requires significantly lower laser powers and peak inten-
sities, allowing for more controllable conditions at the
cost of proportionally longer interaction lengths.

III. SUMMARY AND CONCLUSIONS

The extreme field scales inherent to nonlinear QED
complicate experimental efforts to test hallmark predic-
tions of the theory, such as vacuum polarization and bire-
fringence. In order to produce an observable signature
that could test these predictions, an experimental config-
uration must take advantage of strong or high-frequency
fields, long interaction lengths, or sensitive detectors. A
promising configuration for detecting vacuum birefrin-
gence uses the collision of a conventional, high-intensity
laser pulse with an x-ray probe pulse to induce a differ-
ential phase between orthogonally polarized components
of the x-ray pulse. However, even in this configuration,
an extremely high laser intensity is required to produce
an appreciable phase difference. This is because the in-
teraction length is limited by the Rayleigh range of the
laser pulse.

The programmable focal velocity and extended focal
range of a flying focus (FF) pulse allows for the accu-
mulation of the birefringent phase difference over much
longer distances. This reduces the required laser inten-
sity (and power) by orders of magnitude. Unlike a con-
ventional Gaussian pulse, the interaction length of a FF
pulse is independent of the Rayleigh range. Thus the in-
teraction length can be increased without changing the
spot size. As a result, a FF pulse with the same energy
as a conventional pulse can induce the same birefringent
phase difference at a much lower power and intensity.

Specific examples were presented for kJ-class laser
pulses colliding with x-ray pulses from current XFEL fa-
cilities. In one such example, detectable signatures of
vacuum birefringence were possible with either a 5.3 PW
conventional pulse or a 15 TW FF pulse. By mitigating
the need for temporal compression to achieve a high laser
power, the FF configuration could alleviate engineering
constraints on the optical elements. Further, lower laser
powers (and intensities) allow for more reliable in situ
diagnostics of the pulse.

The focal range of the FF pulse used in the examples
was 1 cm, which has already been experimentally demon-
strated [77], albeit at low intensities (1014 W/cm?). Sev-
eral paths to higher intensities have been outlined in

Refs. [79H81]. Kilojoule class short pulse systems, such
as the OMEGA-EP laser [94], are in routine operation,
and tight focusing is regularly used at several facilities
[5l ©5H97]. The promise of this work, and others like
it, will continue to motivate the technological develop-
ment of FF pulses at higher intensities. Once realized,
the configuration proposed here would provide a unique
experimental platform for testing properties of the QED
vacuum. For instance, the detectable signatures of other
effects arising from the EH Lagrangian, such as photon
splitting and photon-photon scattering [98], also accu-
mulate with the interaction distance. For photon-photon
scattering in particular, the framework developed in this
paper could be adapted to look at the defocusing of the
probe pulse instead. These effects can be experimentally
distinguished from the effect discussed here by detectors
with frequency or angular discrimination, the details of
which will be left to future studies.
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In the finalization phase of our manuscript, the pa-
per “Enhancement of vacuum birefringence with pump
laser of flying focus” was published in Phys. Rev. A
[99]. Although the authors study the same problem that
is considered here, the theoretical approaches and focus
are different, e.g., we compare the birefringent signals
produced by optimal conventional and flying focus pulses
with the same energy.

Appendix A: Wave equation for the x-ray pulse

The vacuum response to external electromagnetic
fields is described by the Euler-Heisenberg (EH) La-
grangian density [2H4]. This density was computed in
the limit of uniform and constant fields, i.e., it does
not depend on their spacetime derivatives. The char-
acteristic scale for the space (time) variations is deter-
mined by the reduced Compton wavelength (Compton
time) A\c = h/me ~ 3.9 x 1071 cm (A¢/c = h/mc? =~
1.3 x 10721 5), which is about six orders of magnitude



smaller than the characteristic wavelength and period of
optical laser pulses. As a result, the derivative corrections
to the EH Lagrangian will be ignored. Until Appendix|[E]
the units i = g = ¢ = 1 are used for the convenience of
derivation.

To illustrate the validity of Eq. , consider the un-
derlying assumptions of the model:

1. The paraxial approximation is valid for both the
x-ray and laser pulse. For the x-ray pulse this is a
reasonable assumption because the neglected lon-
gitudinal field is suppressed by a factor \,/2m,
compared to the transverse components. Correc-
tions to the transverse field are suppressed by the
square of this factor. For 10 keV pulse focused to
W, = 1 pm this factor is 2 x 107°. For the laser
pulse the transverse field correction is zero on axis
and suppressed by the factor (r2A?)/2mi} off axis.
As a result, this correction is negligible when ei-
ther a) the focused spot size wy > 2\, or b) the
focused spot size of the x-ray pulse w, < w,. The
longitudinal field of the laser pulse can be neglected
outright, because it only contributes to the birefrin-
gence calculation when multiplied by the negligible
longitudinal field of the x-ray pulse.

2. Only frequencies composing the initial x-ray pulse
are detected. This can be achieved experimentally
by using a spectral filter or spectrometer.

3. The period (wavelength) of the x-ray probe pulse
is much shorter than its duration (length), i.e., the
slowly varying envelope approximation (SVEA) can
be applied. For a typical 10 fs long 10 keV x-
ray pulse, the period is four orders of magnitude
smaller than the duration.

4. The nonlinear vacuum response is small, and the
solutions need only be found to first order in the
field intensity o< E7/E?. This is justified for laser
intensities much lower than the critical intensity
~10% W /cm?, which is certainly the case for any
available or foreseeable laser pulse.

5. The x-ray probe pulse can be modeled as a Gaus-
sian beam with a rectangular temporal profile. This
assumption holds because the x-ray probe pulse
does not need to be tightly focused. Other tem-
poral profiles can be accommodated by averaging
over intensity.

6. The interaction length D, is much smaller than the
Rayleigh range of the x-ray probe pulse Z,. This
is readily satisfied for conventional, high-intensity
Gaussian pulses, which are typically only tens of
femtoseconds (tens of microns) long. With FF
pulses, on the other hand, the interaction can be
sustained over millimeter-scale distances. Thus,
depending on the interaction length, higher x-
ray photon energies or more weakly focused x-ray

pulses may be required. For all FF and x-ray pa-
rameters considered here, the assumption is valid.

7. The temporal profiles of the laser pulses can be ap-
proximated as rectangles. It is primarily the total
energy of the optical pulse, not its temporal profile,
that determines A6, (see Appendix [F).

These assumptions are referenced in the Appendices
and when applicable, the order of neglected terms is in-
cluded. The last two assumptions have only been made
to simplify the analytical calculations. Numerical sim-
ulations that make neither of these assumptions are in
excellent agreement with Eq , see Appendix

The wave equation for the electric field of the x-ray
probe pulse in the medium (polarized vacuum in this
case) is derived from Maxwell equations and is given by
[100]

(V2= 0}HE, = 4n[V x ;M + 0}P —V(V - P)]. (A1)

The polarization P and the magnetization M of the
quantum vacuum are obtained from the EH Lagrangian
as [44, [52]

(67

_ 2 2 )
P= oy 7 [2(E* - B2 )E+7(E-B)B], (A2)
M o B2 _ E\B E.BE A

where E = E;+ E, and B = B, + B, are the combined
electric and magnetic fields of the intense laser and probe
pulses, respectively [T0I]. In the configuration considered
here, the laser field is polarized in the positive & direction
and has a phase velocity in the negative 2 direction
Ei(t,x :
E/(t,x) = 75(2’ )e*’w(“Z)ﬁ; (Ad)
+cc.+0O (1/&)@’&)@) s

EK t’m —iw. z)
By (t,x) = _%e o (t+ )y (A5)

+c.c.+ O (1/weby) ,

where Ey(t,x) is the slowly-varying, complex envelope
and wy = 27/ )y is laser frequency. The x-ray probe pulse
is polarized in the & and g directions and has a phase
velocity in positive 2 direction

By a(t ) + By y (1 m)'gefiwﬂ,(tfz)

2 (A6)
+c.c. + O(1/wyby) ,

E,(tx)=

E’Yyﬂl(tv x)g — E%y(f,, w)ie—iww(t—z)
2 (A7)
+c.c. + 01 /wywy),

B,(t,x) =

where the E, ;(t, ) are the slowly-varying, complex en-
velopes for the orthogonal polarization components and
wy = 27/, is the x-ray photon frequency.



Equations (A4))-(A7) employ the paraxial approxima-
tion (Approx. |1) and include only the dominant elec-

tric field components, i.e., those in the polarization di-
rections. With these prescriptions, the field invariants

= (1/2)(B? — E?) and G = —E - B are identically zero
when evaluated using the laser and x-ray fields indepen-
dently. However, cross-terms in the invariants, which
correspond to interactions of the fields, are non-zero be-
cause the phase velocities of the two pulses are equal and
opposite. These cross terms provide the largest contri-
bution to the vacuum birefringence experienced by the
x-ray pulse.

The exact fields of a conventional Gaussian or FF beam
have non-zero field invariants off axis (see Supplemental

J

Material of [88]). While this would introduce additional
terms in P and M, these terms are either (1) too small
to significantly affect the propagation of the laser pulse
or (2) negligible compared to the dominant terms that af-
fect the propagation of the x-ray pulse. More specifically,
these terms are ~ \?/(4r2epw?) times smaller than the
dominant contributions [88], where ey = 2.718 is Eu-
ler’s number. This factor is approximately 1072 for the
parameters considered here, w, = 3\,. Therefore the
non-zero contributions to the individual invariants will
be neglected, and P and M will only include the domi-
nant contributions to the invariants from the interaction
terms.

Using Egs. - (A7), the interaction terms in the
invariants are given by

E?-B?>=14 (EE(;'%)e_W(Hz) + c.c.) (We_i%(t_z) + c.c) +O0(v), (A8)
E-B=-2 <Ez(;,ﬂ3)€¢w(t+z) + c.c.) <E7’y2(t’w)ei“’”(tz) + c.c> +0(). (A9)
where v = max(1/w,W., 1/wetde). Then, to linear order in the probe field
P, (t,x)= o {nx <W6ww(t’z) + c.c) T+ 1y <E%y§t’w)ei“7(t’z) + c.c) y]
X (Eg(;’w)e_i“”f(t"’z) + c.c.> : +0(v), e
M, (t,x)= % [771. (We_w”(t_z) + c.c) Y — 1y (We_iw”(t_z) + c.c) i}
(Al1)

2
y (Ez(g,w)emww + c.c.> +0(v),

where
4o Ta
= —— = —. A12
e = ysrE2 0 T 45nE2 (Al2)
Thus, in P, and M,_, only the terms that oscillate

at w, were retained, see the assumption in Approx.
The neglected oscillatory terms, once substituted into the
wave equation, would produce sidebands at frequencies
2w~y £ wy etc., which can be excluded in an experiment
with a spectral filter or spectrometer.
Upon substituting the resulting expressions for P,

and M, into Eq. ., the wave equation can be re—
duced to a simpler form by making the slowly varying

envelope approximation (SVEA - Approx. [3). This ap-
proximation uses the fact that
VE )
/i—max<| ’”',' t MI><<1 (A13)
|wy By lwy By |

(

to drop higher order derivatives. On the right-hand side
of Eq. (Al]), the second time derivative of the polariza-
tion simplifies to

4m0; P, (t, @) =
— 2w {n, (B, .(t,®)e” =2 L cclz

+ 0y By y(tz)e 772 4 cc]g) (A14)
< {|E(t, @) + [3B7 (t, ®)e” 2 ) 4 c.c]}
+O0(v, k),
and similarly for the magnetization
41V x O M, (t,z) =
- 5‘*’3{7790[ %a:(tvw)e_w“’(t_z) +c.clE
+ 1y [Eyy(t ®)e 772 4 ey} (A15)

x {|Eo(t, ) +
+0(v, k),

(LB ( @)e ) 4 e}



which is equal to the polarization term. The third and
final term on the right-hand side of Eq. (Al]) is propor-
tional to V(V - P) and does not have an w? contribution.

Expressions (AGJA14{A15) are substituted into Eq.

, which is broken into two equivalent equations for
the non-conjugate and conjugate components. On the
left-hand side of Eq. ( ., the terms arising from 97 and
0? which are proportional to ww cancel, and the remain-
ing second derivative terms are dropped in accordance
with the SVEA. What remains is an equation for the
amplitude components E, ;(t, &) where j € {x,y}. After
multiplying by 2e™~(#=2) one finds

[2iw~ (05 + O) + V1] E, ;(t, )
= *QwvnﬂEZ(t )’ B, ;(t,x)
Wy Byt ®)[E7 (t,@)e > H2) 4 c.c]
+ OV, k).

(A16)

This time 7 = max(1/w- ., 1/ww?) since the longitu-
dinal components proportional to 1/wyi, were dropped.
The oscillatory terms in the last expression vanish upon
averaging over a laser cycle. Performing a change of vari-
ables to the moving frame coordinates { =t—z and Z = z
with the associated derivatives 0; = 0¢ and 0, = —0:+ 053
yields the differential equation

(2iw,0: + V) E, 5 (€, )
= —2winj| E(&, )" Ey (€, 2) + OV, 1)

for the components of the complex envelope of the x-ray
probe pulse E., ;(§, x), where Z has been renamed as z.

(A17)

Appendix B: FF and conventional laser pulse profiles

The squared magnitude of the laser field can be ex-
pressed as

|Eo(& @)” = E7(€,2)97 (€ + 22)e
where gy(t + z) = go(£ 4+ 22) is the temporal profile of the

pulse and r = /22 + y2 is the radial distance from the
propagation axis. The amplitude and spot size of the FF
pulse are given by

—2r?/wi€s) - (Bl)

Er(€,2) = Bpl€) = H]fgw

wr(§,2) = wp(§) = wr\/1+4 (§/ZF)?, (B3)

where Zp = wp% is the Rayleigh range and wp is the
spot size at focus [82 [87]. Note the factor of two differ-
ence from the standard formula 81, [102]. Because the fo-
cus moves at the speed of light in the positive z direction,
Er and wr depend only on £ =t — z. The conventional
Gaussian pulse has a stationary focus at z = 0, such that
- - Eq
E 2) =FEg(2) = —/—
G(§7 ) G( ) 1+(Z/Zg)2,

wg(§, 2) = wa(2) = waV/ 1+ (2/2a)?, (B5)

(B2)

(B4)

where Zg = wmi%/2 is the Rayleigh range and w¢ is the
spot size at focus. In this case, both functions depend
only on z.

Appendix C: Evolution of the x-ray probe pulse

Each time slice of the x-ray pulse travels at the speed
of light. As a result, the electric field of each time slice
can be parameterized by its value of £ and described by
the ansatz

E’Y’j(gv x) = E’ij(gv z)
2 . war? ) (C1)

X exp (i@j(f,z) - wf(f,z) T 2R; (&, 2)

where E%j(f,z), 0;(&, 2), wi(& 2), and R;(&, z) are all
real functions of z. This ansatz has been chosen so that
the unknown functions take familiar functional forms in
the absence of vacuum-polarization effects, i.e., those of
Gaussian optics. Plugging Eq. into Eq. , mul-
tiplying through by E* ;({,x), and separating the real
and imaginary components provides the equations

E 1 w;
wt [ 2L 4+ — | 42w, (uﬂ - ]) =0, k), (C2)
J <E R, I\" TR,

V>3

[W2wj (R} — 1) + 4R3)r* — 2R3w? (2 + wyw?6})

(C3)
= 23, B} g} Rjwje™> /" 4+ O, r).

where the prime denotes a partial derivative with respect
to z, and the dependence of all quantities on { and z has
been omitted for brevity. Integrating Eqs. (C2)) and (C3)

over 2me= 2"/ yields
E' . w
= 4 O, k), (C4)
E,; wj

and

wXwi(R; —1) — 4R? — ARjw w30
2 C5
B R )

Ow,k).
2+ + 0, k)

and over

Similarly, integrating Egs.
ome=2r /Wi p3 yields
w 1

S~

and

w2w} (R — 1) — 2R3w w36
w} ()
= _sznjEe e R2 ; ‘ 2

W +O(l7, Ii).



Combining Eqgs. (C5)), (C6]), and (C7)) provides differen-
tial equations for the spot sizes w;(, z) and phase shifts
0;(¢, z) of the x-ray probe pulse

2. 2 2 w?w;l
W — —— |1 =W B g —5—55 | = O, k),
J w%w? v (wj2 + w?)?
(C8)
2 o QWi (2w] +wi)
0+ —— —wnEigi——5t—sar = OV, k).
J w,ywjz 7 (wj2 +w?)?

(C9)

(C4]) imply conservation of power,
w3 (&, 2)E2 (€, 2) = constant, and the radii of curvature
R;(&,z) can be found from Eq. (C6) once w;(§,z2) is
known.

In addition, Eqgs.

Appendix D: Perturbative solution

Equations and can be solved perturbatively
by expanding in orders of the small dimensionless pa-
rameter n;E7 (Approx. . The spot sizes and phases
are written as

W (57 Z) = w(O)(Z) + 5wj (57 Z) ’
0,(&,2) =00 (¢, 2) +60;(¢, 2).
The zeroth-order solutions are equal to the spot size and

phase of a Gaussian beam (Approx. [5]) in the absence of
vacuum polarization effects:

(D1)
(D2)

w O (2) =ty /1 +22/22 (D3)
00 (€, 2) = 0y(€) — arctan(z/Z,) (D4)

where 0p(§) is an arbitrary real function and Z, =
w2 /2. Bquations (C4) and (D3) imply that the zeroth-
order amplitudes Ej(-o) (&,2) o< 1/w®(z) depend only on
z.

The corrections dw;(§,2) and 860;(§,z) arise from
vacuum-polarization effects. To first order in 7, Ef (Ap-
prox. , the corrections satisfy the differential equations

120w, ~ w(©®
" J 2,.2,.2
T oy B ()
= 0(57 K’ 62) b
46w, ~ 2(w(®)2 4+ w?
0wy 2 2 o 4 W)+ Wy
5 O PRI O w7 (D)

= O(’D/? Ii? 62) 9

where e = E2/E2. This system of equations can be used
to find numerical solutions for dw; (&, ) and 66;(§, z). In
order to derive analytical estimates for these quantities,

the equations will be solved in the region where 22/ Z?/ <
1 (Approx. @ Further, the temporal profiles of the laser
pulses will be approximated as rectangles, ie., g0 = 1
for the duration of the interaction and g, = 0 otherwise

(Approx. @

1. FF pulse

For the FF pulse, Er(£) and wp(€) are given by Eqs.
and . When the length of the x-ray pulse
L is much smaller than the interaction length Dp, the
initial conditions dw;(—Dr/2) = owi(—Dr/2) = 0,
36;(—Dp/2) = 0 can be imposed. The leading order
solution for z € (—Dp/2, Dp/2) is then

uf (6.5) = <20, B O o
) ¥ F (D7)
Dy 5ok, e2, B
><<Z+2> +0W, k%, d%),
Fle ) — o 2o WEEORD] + wh(©)]
60; (&, 2) = wyn; EE(§) (W2 +wF(6)]? (D8)

D
X (z + 2F> + OV, k,e2,d?),

where higher order terms in d = Dy/Z., were neglected
(Approx. @ Thus in obtaining this solution, the terms
proportional to dw; in Egs. and were omit-
ted. By substituting the solution back into these equa-
tions, one can verify that this is a valid approximation
consistent with Approx. [6]

The vacuum-polarization nonlinearity depends on po-
larization, i.e., it is birefringent. This results in a differ-
ent 66 for each polarization component of the x-ray pulse.
The difference in these phase shifts, A0p = §0,—00,, pro-
vides a measurable signature of the birefringence. Specif-
ically,

AGp(€,2) = ?—(g <E§(§)>

Xi
)"Y

wi (§)[20F + wi ()]
[@F + wE(E))?

+ 0V, k,e2,d*).

(D9)

The value of £ determines the synchronization of a par-
ticular time slice of the x-ray pulse with respect to the
peak intensity of the flying-focus pulse. For the temporal
slice of the x-ray pulse that is colocated with the inten-
sity peak of the FF, £ = 0, and this expression reduces
to

15 \ Eo Ay (D10)
J’» O(’I)’, H? 82’ d2) k)

o\ 2
2 E Dr/2
AOF(O,Z):a< F> MZF



where the transverse overlap factor Xy is given by

1+ 20%J
Yp= —F D11
r (1+0%)? (D11)
and op = W,/Wp. The phase difference increases as

or — 0. However, if this limit is achieved by focusing
the x-ray pulse too tightly, the approximation Dr/Z, <
1 would not be valid. Nevertheless, for o < 1 and
z = Dp/2 the phase difference reduces to

~ 2
DF o 2a EF DF
A%QL2>_w<a)M

+0(7, n,sz,dz),

(D12)

which matches the result for the interaction of a probe
with a strong plane wave field over a length D (see, e.g.,
Ref. [103]).

Experimentally, it is infeasible to temporally resolve
the polarization of the x-ray pulse after its interaction
with the FF pulse. This motivates averaging Eq.
over all £ within the x-ray pulse:

L/2+d
A%@El/ AOp(€, 2)de

L —L/24d
~ 2
20 (Ep\ z+ Dp/2 (D13)
== S e Ap (L, d
15 (E) N, " F(L,d)

+ O, K, €%, d%).

This is an exact result for the approximate expression
in Eq. (D9). The longitudinal form-factor Ar(L,d) de-
pends on the initial synchronization and geometry of the
pulses and is given by

1 pr/L
Ap(L,d) = -—"—
r(Ld) =37 +207%,
, s (D14)
e 2 .
T+ + (2 + 30%) arctanu e
PR

In Eq. , L is the length of the x-ray probe pulse,
d is the longitudinal displacement of its center from the
peak intensity of the FF pulse, and pp = Zpy/1+ 0%.
With d = 0 and in the limit as L — 0, Ap(L,d) — 1.

2. Conventional Gaussian pulse

For the conventional laser pulse, E¢(z) and wg(z) are
given by Egs. and (B5)). In this case, the length of
the x-ray pulse L is comparable to the interaction length
D¢ and must be accounted for explicitly. A best case sce-
nario of perfect synchronization is assumed so that the
centers of both pulses meet at the focus of the conven-
tional pulse z = 0. This means that leading and trail-
ing edges of both pulses meet symmetrically around the
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focus at z = —D¢g/2+ L/4 and z = Dg/2 — L/4, re-
spectively. This ensures that each temporal slice of the
x-ray pulse interacts with the laser pulse in the vicinity
of its focus over the entire interaction length. The tem-
poral slices of the x-ray pulse are again parameterized by
¢ € (=L/2,L/2) but this time with no offset. The lead-
ing order solution of Eq. after the entire interaction
is then

1 ~ w. ZG
560G (&) ==p B2 202G
J (f) 277] G(1+Ué)3/2
2 uy(§)
x |26 4 (2 + 302) arctan u (D15)
1+u? s (©)
+ OV, k,e2,d?),
where pe = Zg\/1 + 0%, 0 = W, /¢, and
Dq/2+£/2 ~Dg/2+&/2
up(e= DOBEEE g = “POPHER g
PaG PG

As in the FF case, the terms proportional to D¢ /Z., (Ap-

prox. @, i.e., dw; in Egs. (D5]) and were neglected.
The phase difference Afg = 06, — 66, is given by

LN 2
o (0% EG ZG
Abg () = 15 (Ecr> A (14 02)3/2

odu 5
X { 5 + (2 + 30¢) arctanu
1+u wi(®)

+ 0O, K, €2, d?).

ur(§)  (D17)

After averaging over all £ within the x-ray pulse, one finds

L2
A%:l/ Abe(€)de

L) 1)
~ 2
20 (Eq\ 2pc o - (D18)
- = PCsyAa(L, D
15 (E) A, C a(l, Da)

+ O(§7n,52,d2),

which is an exact result for the approximate expression
in Eq. (D17)). Here, the transverse and longitudinal form
factors are

2
Sp = M : (D19)
RolL.De) = sy Wb, (020
and the auxiliary function
W(u) = (24302 )uarctanu— (14+0%) In(1+u?). (D21)

In the limit of an ultrashort x-ray pulse (L — 0) and for
small interaction lengths (D¢ < Z¢), A¢ =~ D¢ /2pc.
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Appendix E: Phase difference as a function of laser x1075
pulse ener
gy 25 - [ ——
In this appendix, the factors A, €y, and ¢ are made ,/""f
explicit for clarity. The cycle-averaged power of a laser Fd
pulse with a Gaussian transverse profile is given by 3.01 ’,"
7
T 2o 2 2 = /
Py = —eocEjw; + O(1/wiwyg) . (E1) 3 . /
Noly {
The energy of the pulse is & = 74P, where 74 is the ﬂ»“
duration. /..‘"
The duration of the FF pulse is determined by the 2.0 ] —— Analytical estimate
. . |1 _ {
fogal range Dr and velocity of_the focus vp: T = |c | Numerical result
v |Dp [81), 188, 102]. For vp = —c,
oD 0.0 0.1 0.2 0.3 04
i = N N
= = FPp = SeoBpDpiy + O(1/w}i}).  (E2) Driy
FIG. 5. Phase difference for a short, perfectly synchronized
10 keV x-ray pulse due to vacuum birefringence in a FF pulse
with Ap = 1 pm, wp = 3 pm, Er = 1000 J, and Pr = 15 TW.

Er =
c
The interaction length is Dr = 1 cm. The phase difference

Substituting E2 into Eq. (D13), setting z = D /2, and
averaging over the x-ray frequency spectrum yields
is plotted as a function of Dp/Z, for the numerical solution
[solving Eqs. (D5]) and for both polarizations] and the
. The range of Dp/Z,

8a? Er h{w,)
Abp = — VS pAp(L,d
157 e2E2, W% (L d) (E3)
+ O,k 2 d2) analytical approximation in Eq. (E3)
oo values corresponds to spot sizes 1, € (1,5) um
The phase difference is independent of the focal range
gf; einjnhgrelzily ;;rsgo;t;glclgll :;)nt};e iz;lseeraf;laseeenzl;gg interaction length, the average power of the conventional
can be calcula’i};l as 8% 8¢ P pulse can be calculated as
ng
CgF Ps = . E8
Pr=gp (EA) “ 7 2Dg (E8)
Typically, the interaction length should be comparable
to the Rayleigh range. For the purposes of Fig. 2 D¢ =

which does not depend on the spot size Wwg.
The duration of the conventional pulse is set to en- Ze

sure that the x-ray pulse and conventional pulse overlap

over the entire interaction length, i.e., 7¢ = 2D¢/c. The
Appendix F: Numerical implementation

In order to numerically solve Egs. (D5]) and in the

energy of the pulse is then
. (Eb)
FF case, the envelope function gr needs to be specified.
Here a smooth polynomial function is employed, which

T N .
Pg = —eoE& D + O(1Jwiid)
is more realistic version of the rectangular pulse profile

2D
Eq =5
Substituting E%; into Eq. (D18)) and averaging over the
x-ray frequency spectrum yields . . >
used for the analytical estimates. Specifically,
8a? Eq h{w . -
Abg = ﬁé}; ;zﬁ Yaha(L,Dg) (E6) 1023 — 1524 +62%, Z. €(0,1),
_ ;r 9 G ( )7 1, 2+€[1,DF], (Fl)
+ Ok, e% d), I C1028 — 155 —65°, 2 € (~1,0)
0, otherwise,
where 2. = (2 4+ Dp/2+ L,/2)/L,, Dp = Dp/L,, and
L, is the ramp length. The length of the ramps are set

where the form factor Ag contains an additional coeffi-

cient that depends on the interaction length D¢g
to be 0.5% of the interaction length. This ensures that

the ramps are long compared to the wavelength of the

200 ~
Ac(L, Dg) = DLEAG(LDG) - (ET)
laser, but short compared to the overall pulse duration.
The system of Egs. (D5)) and was solved using

Other than the form factors Ay, the phase difference for
a given pulse energy is identical in the FF [Eq. (E3))] and
the 4th order Runge-Kutta integration scheme [104] with

conventional cases [Eq. (E6)]. Given an energy and an



a step Az = 0.1 pum. The phase difference A0 was cal-
culated by subtracting the solutions for each polarization
Abp = 595 —60F.

As was discussed in Sec. the approximation allow-
ing for an analytical solution begins to break down when
the Rayleigh range of the x-ray pulse Z, becomes com-
parable to the interaction length Dp. To determine the
accuracy of the analytical results, the case of a perfectly
synchronized (d = 0), short (L < Zp) 10 keV x-ray
probe pulse was simulated using Eqs. and (D6). In
the simulations, the phase accumulated over an interac-
tion length of 1 cm in a vacuum polarized by a FF pulse
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with a spot size wr = 3 um and an energy £ = 1 kJ.
Figure [5| shows the phase difference predicted by the an-
alytical result [solid line, Eq. } and the numerical
integration (discrete points) as a function of the small
parameter Dp/Z,. The results are in excellent agree-
ment for the range of x-ray spot sizes considered, w., =
1 -5 pm. The small discrepancy for tightly focused x-
ray pulses disappears if higher x-ray photon energies are
considered (thus increasing Zr). Moreover, focusing the
x-ray probe pulse much tighter than the laser pulse does
not appreciably modify the phase difference (see discus-
sion in the main text).
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