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1 Introduction

Understanding the nonperturbative effects in strongly coupled physics has been a longstanding
challenge. As a concrete realization of the holographic principle [1, 2], the Anti-de Sitter
gravity /conformal field theory (AdS/CFT) correspondence [3-5] provides a potent tool for an-
alytically studying strongly coupled field theories. A crucial application of this correspondence
lies in obtaining the correlators of local operators in the boundary CFT through gravitational
perturbative calculations performed in the bulk. The stress tensor correlators, which contain
information about a system’s energy, momentum, and stress distribution, have garnered
substantial research attention. The holographic computations of the stress tensor correlators
have been done in many remarkable works [6-10] when considering a boundary CFT with a
trivial topology. Simultaneously, it is imperative to investigate holographic correlators on
nontrivial topological manifolds as they offer valuable insights into the holographic principle
and the behavior of CFTs in curved spacetimes.

Exploring correlators in CFTs with nontrivial topologies through the variational principle
involves solving Einstein’s equations in a general bulk geometry. While solutions near the
boundary are well-established [11-15], the absence of the maximal symmetry in pure AdS
poses a substantial challenge for addressing the global boundary value problem. This difficulty
persists even when dealing with linearized equations, as discussed in previous literature [16-19].
Moreover, the research community’s understanding of higher-point stress tensor correlators
in strongly coupled CFTs with nontrivial topology remains limited. There is a pressing
need for explicit results obtained through holographic computations to shed light on these



complicated correlation functions. In our previous research [20], we delved into the study of
holographic stress tensor correlators within the framework of AdS3/CFTy when considering
a CFT defined on a torus. We expanded upon this approach in [21], extending our analysis
to AdS5;/CFT4. We computed the Euclidean thermal two-point correlators for the stress
tensor and the U(1) current in the latter case. Recent advancements in this field have also
led to investigations of correlation functions within holographic CFTs featuring nontrivial
topologies, as reported in [22, 23]. These studies contribute to the ongoing quest for a deeper
understanding of holography in diverse CFT settings.

When calculating the holographic stress tensor correlators, one may consider a pure
gravitational system in the bulk, where the boundary metric is the only source in the
corresponding CFT. Extending the computation of correlators to holographic CFTs that
contain multiple sources is a natural progression. A crucial research direction involves
investigating Einstein’s gravity minimally coupled to the matter field. This study focuses
on calculating holographic torus correlators in a minimally coupled Einstein-scalar system
within the framework of AdS3/CFTs. Before this, holographic correlators of Einstein-scalar
theories have been extensively investigated on manifolds with trivial topology [14, 24-28]. By
considering multiple sources, we can compute holographic correlators that involve a mixed
insertion of both the dual scalar operator and the stress tensor. The contribution of the
inserted stress tensor is obtained by perturbatively solving Einstein’s equation, leading to
the derivation of the holographic torus Ward identities. This result serves as a concrete
verification of AdS3/CFTy with non-trivial topology. The derivation of recurrence relations
is presented herein to compute higher-point correlators. To obtain the precise form of
holographic correlators, we subsequently calculate the two-point scalar correlator on the
thermal AdSs saddle. The procedure for computing holographic correlators is extended to
an Einstein-scalar system featuring a boundary at a finite cutoff. From the perspective of
field theory, such a bulk theory is dual to T?-deformed CFT [29-32].

The remainder of this paper is organized as follows. In section 2, we review fundamental
techniques for computing holographic torus correlators. In section 3, we calculate the
holographic correlators on the conformal boundary. We begin by considering the scenario
where the coupled scalar field is massless in subsection 3.1. The recurrence relations on a
general saddle are derived in subsubsection 3.1.3, and the precise two-point scalar correlator
on the thermal AdS3 saddle is computed in subsubsection 3.1.1. In subsection 3.2, we
investigate the scenario where the coupled scalar field is massive and derive the corresponding
recurrence relations. In section 4, we present a method for calculating holographic torus
correlators at a finite cutoff. We analyze the two-point correlators (7;;0) and (T;;T};) on a
general saddle in subsection 4.1. The exact three-point correlators (7;;00) on the thermal
AdSj3 saddle is computed in subsection 4.2. In section 5 we provide a comprehensive summary

and future perspectives.

2 Holographic setup and torus correlators

Let us briefly review the basics of calculating holographic correlators. Our calculations
are within the framework of AdS3/CFTy correspondence. The three-dimensional bulk M
is a solid torus that encompasses Einstein gravity (with a negative cosmological constant)



and a free scalar field,!

_ 1 3 _o) 2
Ibulk—167TG/Md :E\/E(R 2) e a/v(d /7K
+1/ Pev/G((09)? +m*P?) + L. (2.1)
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Here, we have set the AdS radius [ = 1. The second term is the Gibbons-Hawking term [33],
where K = ~% K;; with the induced metric v;; and the extrinsic curvature K;;. Einstein’s

equations and scalar equation of motion (EOM) are obtained from the variations of (2.1)
w.r.t. G" and P,

Ry — 26 + 87G[0,80,® + m?*®%G,,] =0, (2.2)
O ® — m*® =0. (2.3)

The Laplacian Ug)® = %6”(\/?9“” 0,®). The on-shell action diverges when evaluated at
the boundary, requiring the inclusion of the counterterm I in (2.1) to eliminate the divergence.
This prescription is called holographic renormalization [14] (see also [12, 25, 26, 34-36]) and
we will review it in appendix C.

It is convenient to work in the Fefferman-Graham (FG) coordinate system [11, 15], in
which the bulk metric G,, takes the form

2

ds? = G, datdx” = ZZQ + ll)gij(p, x)dzidx’. (2.4)

The radial coordinate p € [0, 72 and p = 0 is the conformal boundary. One can introduce

the complex tangential coordinates? (z!,2?) = (z, z) with identifications (z,2) & (z + 1,z +

1) = (2 + 7,2 + 7), where 7 is the modular parameter of the conformal torus boundary.

In the FG coordinate system, bulk solutions g¢;;(p,x) and ®(p,z) can be constructed near

the conformal boundary. As discussed in [37] (see also [5, 14]), there are two homogeneous

solutions 9ij and ,og;; for the metric, and two homogeneous solutions pl_%qﬁ_ and p% or

for the scalar field, where A = 1 + v/1 + m? is the scaling dimension of the dual operator.
The bulk solutions can be formally written as

9ii(p, ) = g5;(p, ) + pgy; (p, ),
d(p, ) = ¢ (p, ) + p~ 1o T (p, ), (2.5)

where ¢(p, x) = p%_l(b(p, x). The leading order of each solution has a specific interpretation.
9;;(0,z) and ¢~ (0, z) are the sources couple to the boundary stress tensor 7' J and the dual
scalar operator O respectively. gi'; (0,2) and ¢*(0,z) are related to one-point correlators
(T;;) and (O) in the boundary CFT.

By appropriately choosing the scaling dimension, each solution in (2.5) can be written
as a series expansion of p, called the FG expansion. The cases for A =1,2,--- have been
considered in [14], where the series expansion contains the integer powers of p and the

"We follow the convention of [14] for the bulk action.
2Throughout this paper, we work with Euclidean signature.



logarithmic terms. In particular, A = 2 corresponds to massless scalar field coupling whose
FG expansions take the forms

gij(p,x) = Z p" {Q(Qn)ij + plnph(2n+2)ij} (2),
n=0

[e.e]
6(p,2) = 3 0" [0am) + PNpYan 1) | (2): (2:6)

n=0
The expansions of two homogeneous solutions 9ij and pgg overlap on the positive integer
orders of p, which requires the presence of the logarithmic terms p"Inph s,y (z) for n > 1.
Similarly, the logarithmic terms p"Inpt(s,,)(z) for n > 1 are added to the scalar field expansion.
The zeroth-order coefficients g(g);;(z) and ¢)(x) (corresponding to g;;(0,z) and ¢~ (0,z)
above) are the boundary values of the metric and scalar field. The first-order coefficients
9(2)ij (%) and @(9)(x) (corresponding to g;;(O, x) and ¢1(0,x) above) are determined by the
state of boundary CFT, which are independent of the boundary values. Plugging (2.4)(2.6)
into (2.2)(2.3) and solving the EOMs order by order, one obtains each coefficient of (2.6) in
terms of g9yi; (), ¢(0)(7), g(2)ij(*) and ¢ (). Especially, h(oy;;(z) and 1) () correspond to
the conformal anomalies of boundary CFT, which contribute to one-point correlators (T;;) and
(O) respectively [14, 28, 38]. More generally, for the case where A is a rational number, the
fractional powers of p appear in the FG expansions [37], which will be discussed in section 3.2.
In the case of massless scalar field coupling, one-point correlators are obtained through

holographic renormalization [14],

1 1
(Tyj) = e <9(2)z‘j — 4G, (0)0;9(0) — 27 GO* b (0) Ok (09 (0yij — 2R(0)g(0)ij> ,
1
(O) =2 (¢(2) - 4D(O)¢(o)) 7 (2.7)

where the indices 1, j, k,l are raised by géé). (Tij) has the following trace relation and

conservation equation,

i 1 1
| (T7) = ~Terc o — 59'00)9i¢0); (2.8)
v%0) (T35) = (0)0ip(0)- (2.9)

Detailed derivation is reviewed in appendix C.

2.1 Prescription of holographic torus correlators

Throughout this paper, we primarily calculate holographic correlators within the framework of
AdS3/CFTy correspondence. This correspondence is characterized by the Gubser-Klebanov-
Polyakov-Witten (GKPW) relation [4, 5], which establishes the equivalence between the bulk
gravitational partition function and the boundary generating functional,

o 2 L i .
Zalo o), 90)ij] = <€XP /am d“z,/9(0) <¢(o)0 — 590 T >CFT- (2.10)

In the semiclassical limit, the gravitational partition function can be approximated as a sum

()
over all saddles, Zg[d(0), 9(0)i] = >a e~ Ton-shen[#(0)-9(0)is ] Assuming that the partition function



Zc[90) 9(0)ij] is dominated by only one saddle, holographic correlators can be obtained by
taking functional derivatives of its on-shell action [26, 27, 39, 40],

l=1

-1 Il

N I H Ton-shen b(0y=0 >
9oy (wx) ) \i=1 v/90) (W) } \k=1 592k§k dore =115
(2.11)

where the subscript ¢ on the left-hand side implies the connected part of the correlator. The
functional derivative is evaluated at the fixed point (¢(o), 9(0)ij) = (0,7:;). We are considering
three types of holographic correlators. For the case where m # 0 and n = 0, we obtain
m-point stress tensor correlators, which have been computed in a prior study [20]. When
m = 0 and n # 0, we obtain n-point scalar correlators, as discussed in section 3.1.1. However,
our primary focus lies on the case where m # 0 and n # 0, resulting in (m + n)-point mixed
correlators. Throughout this paper, we will calculate mixed correlators in various scenarios
and compare them with results in torus CFT.

To calculate holographic correlators, we introduce perturbations d¢) and dg(g);; to
the boundary values and then solve the bulk equations of motion (2.2) and (2.3) with the
perturbed Dirichlet boundary conditions. However, the bulk fields are constructed by both
the boundary values (¢() and g(g);;) and the state-dependent data (¢(2) and g(2);;). When
perturbing the boundary values, the changes d¢ 2y and dg(2);; in the state-dependent data
are not uniquely determined. In previous work [20], we employed the global regularity
condition to constrain the remaining degrees of freedom. The crucial requirement is that
the perturbed bulk solutions described by the FG expansions near the boundary can be
smoothly extended to global solutions. As mentioned earlier, the bulk M is a solid torus, and
the cutoff surface at p = p, is a torus with the induced metric v;;(p¢, z). As p. approaches
772, the cutoff torus shrinks into a circle and the bulk fields must be regular here. For
the perturbed scalar field, we have

lim §®(p,z) = §®*(x) finite, (2.12)
p—m—2

which plays a crucial role in section 3.1.1. The global regularity condition for the perturbed
bulk metric 6g;;(p,x) is more complicated. After changing the bulk metric, the new FG
coordinates differ from the original FG coordinates by a boundary preserving diffeomorphism.?
Then, the perturbed bulk metric can be divided into two parts: the change by the boundary
preserving diffeomorphism and the variation in the new FG coordinate system. Transforming
them into a smoothly compatible chart covering the circle at p = 7~2 and requiring all
2 ).

In previous work [20], we have used these constraints to fix the undetermined constants

its components to be globally regular, one can obtain some constraints on 6g;;(m

in two-point stress tensor correlators. For higher-point correlators, the calculation of the

constraints becomes increasingly tedious.

3For a specific form of this boundary preserving diffeomorphism, please refer to appendix B of [20].



There is an alternative method to fix the remaining degrees of freedom in holographic
correlators [41, 42] (see also section 7.2 of [43]). For the correlator with at least one stress tensor
insertion, the undetermined part can always be written as a one-point-averaged correlator,?

2T (2)X) = /

X
d*z <5<> + contact terms> . (2.13)
oM

oM 69(0)ij (2)

Let us calculate the first term on the right-hand side. Consider the global variations dg(gyzz = «
and dg(g).. = @ on the boundary metric, we have

ds® = dzdz + adz® + adz?
=14+ a+a)dz+a(z—2)dz+a(z - 2)] + O0(a?). (2.14)

After performing the global Weyl transformation gg;; — (1—a-— &)g(o)zj plus the coordinate
transformation (2/,2') = (z + «(z — 2),Z + a(z — z)), the torus metric (at leading order)
changes back to the Euclidean one ds? = dz’dz’ + O(a?) with the new modular parameter
7" =7+ a(7 — 7). For a general correlator, the changes under the global metric variation
and the global Weyl transformation are

(0(X))metric = & d?zﬂ + & dzzﬂ,
oM 09q)zz(2) oM 09(0)=2(2)
_ 5(X)
(XN wWeyl = —(a + & d?r—0 2.15
XD = ~(a+a) [ et (215)
The change of (X) under the coordinate transformation (z,z) — (2/,2') is
(5<X>)coordinate = O‘['(z—é)az <X> + aﬁ(i—z)@g <X>v (2'16)

where £ denotes the Lie derivative. The sum of the above three transformations is equivalent
to varying the modular parameter d7 = «(7 — 7), which gives the following two relations [20],

5(X) 5(X) )
)

69(0)zz(2)  09(0)22(2)

~<
() e
7<X> * d <6g(0)zz(z) 59(0)22(z)> . (217>

(7 =7)0n(X) = Lz, (X) + [ dz (

Later, we will utilize these relations to compute the two-point and three-point mixed correlators
and derive recurrence relations for higher-point mixed correlators.

3 Correlators in holographic CFT

In this section, holographic correlators on the conformal boundary are calculated in two
cases: the coupled scalar field is massless (A = 2) and massive (1 < A < 2). We mainly
focus on obtaining mixed correlators. The basic idea is to perturb the boundary values
b0y and g(g);; and solve the trace relation and the conservation equation order by order.
Furthermore, we compute the two-point scalar correlator and give a preliminary discussion
of the higher-point scalar correlators.

4In this paper, the complex variable z collectively represents both z and its complex conjugate Z.



3.1 Massless scalar field
3.1.1 Perturbative solution of massless scalar EOM

As we perturb the boundary value of the scalar field ®)(z) = €f(z), the bulk metric Q,[f}u
also varies due to the back-reaction. Hence, the scalar EOM should be considered in a
changing background,

\/.i’ﬁa“ («/g[e}g[ﬁlwayqﬂd) =0. (3.1)

The perturbed bulk fields have Taylor expansions old = Y reo *®* and g}f,], => 70 ekg}lﬂ.
Plugging them into (3.1), we read off the differential equation for ®K. Meanwhile, ®*) has the

FG expansion in the coordinate system (2.4), and the subleading term @El;}) corresponds to the

one-point scalar correlator (O)¥l. The k-th order variation of (O)!*] gives the (n + 1)-point
scalar correlator in the boundary CFT.

The zeroth-order coefficients ®9 and QLOJ are given by the saddle before perturbation.
In the FG coordinate system (2.4), they satisfy the boundary conditions® ®°!| p—0 = 0 and
pgi[?} |p»0 = mij. The simplest type of saddle is characterized by the disappearance of the
bulk scalar field. For instance, the thermal AdSs solution

1
ds? = Gldatda” = T dr® + 720" + (1+0%)di?, @fl(rp) =0, (3.2)

r2

where (¢, t) are the real tangential coordinates with ¢ ~ ¢ + 27 and ¢ ~ t 4+ 27T The radial
coordinate r € [0,00) and r — oo is the conformal infinity. Such kind of pure gravitational
saddle is considered trivial since it does not contribute to the one-point scalar correlator
of the dual CFT.

We further compute the two-point scalar correlator of the saddle (3.2). The perturbed
scalar field ®!¢) satisfies the Dirichlet boundary condition at conformal infinity and regularity
condition at r = 0,

2(r 1) =eflp), (3.3)

3l (r, p, 1) ’ regular. (3.4)
r—0
Since ® is turned off, the first-order EOM is a homogeneous differential equation,

\/%aﬂ (,/g[o}g[oway(pm) _o. (3.5)

The investigation of scalar field solutions within a fixed gravitational background has been
extensively explored in numerous works [22, 44-53]. The majority of these studies utilize the

®In fact, the boundary condition of the massless scalar field can be extended to ®!°! |p—0 = C, where C'is a
constant. The boundary field theory can be regarded as a marginal deformation of the original CF'T,

S = Scrr + C/ d?z0.
oM

This class of boundary conditions will lead to the same holographic Ward identities.



Minkowski signature and implement the ingoing boundary condition at the horizon. The
derivation in the Euclidean signature space is analogous. The double periodicity of ®1) allows
us to represent it formally as a Fourier expansion,

+o0 ) )
olirp )= 3 @bl (e e, (3.6)
Plugging (3.2)(3.6) into (3.5), we obtain
1d d —m? n?
1+7%)—all ) e — — |l =0 3.7
rdr (r( tr >dr mon )+ (14r2)T2 2 ) ™0 (3.7)
Applying the following coordinate transformation and field redefinition,
1 n
z=1-17"73, Ol (r) = 23 (1 - 2)yhl, (2), (3.8)

we rewrite (3.7) in the form of hypergeometric equation,

2
x(l—x)ddgywn+h—<a+ﬁ+1> |yl — apyll (39

where the parameters o = 1 + 2 s+ 5, 8=1- % + 5, and v = 1 +n. The new radial
coordinate x € [0,1] with the conformal boundary at x = 1 and the circle at x = 0. The

boundary conditions for y%n are read off from (3.3)(3.4),

(1= 2yhla@)| = fonn (3.10)

x2y[1] (x )‘x—>0 regular, (3.11)

where fnn = 57 [, dgof rdtf(e,t )eimTt e~"% is the Fourier coefficient of f(i,t). Equa-
tion (3.9) has two independent solutions in the neighborhood of z = 0, and only one of them
satisfies the regularity condition (3.11). The form of the allowed solution varies depending
on the sign of n,

AN F >0
1] (l’) :{ B (aa67’77$)7 n-=.u, (312)

Y
" Az F(a—n,8—n1—nz), n<o.

F(a, 8,7, z) is the hypergeometric function [54] (and note that v — o — f = —1), which has
the following expansion in the neighborhood of z = 1,

_T(na-=2)! L'(v)
Flosfra) =~ e -y )
+ () + $(8) + 2vm — 1] + O(1 - =), (3.13)
I(\)

where () = T 1s the logarithmic differentiation of the Gamma function and v is the
Euler constant. Plugging (3.12)(3.13) into (3.10), we find

n > 0,
Abln =1 relr (3.14)
I‘(linfm ny, N <0.



Putting everything together, we obtain the global solution ®!!, then we expand it around
the conformal boundary,

ol(z,p,1)
+o0 2 2
m n [n| In!) ] n|
= 1 1+— 2yp—1|—— | (1—
mnz::_oo{ + <4T2+4>[¢< +2T+ )‘Hﬁ( 2T +2vE B) (1-z)
m2 n2 —imt 2
+ 4T2+ (I—2)In(1—2) p frne T e"™P+0((1—x)%). (3.15)
Now, let us return to the FG coordinate system (2.4). Applying the following coordinate
transformation
2
1— 2
- <1+:2Z> . p=m(z+72), t=—in(z—%), (3.16)

the bulk metric of the thermal AdS3 can be rewritten as
4

2 _
ds =12

1
+ = |dzdz — 7%p(d2? + dz?) + 7' pPdzdz], (3.17)
p

and the FG coefficients of ®[! take the forms

g (2) = f(2),
400 2 2 )
o £ [(En) 0o D5
Dy (2) = 4 mn;m <4T2+ 4> [¢(1+2T+ 5 ) tell-35+ 3
+ 25— 1+ 1n(471'2)] |”|] Frne ™ )zgim(n )7
—+o00 2 2 . im . im\z
Wiy (z) =4r? Y (:;2 + Z ) Frnne T )2 im0 )2, (3.18)

By definition, the perturbed one-point correlator (O) [ = 2(<PE ]) —|—\Il[(1])) Taking the functional
derivative w.r.t. f(z'), we obtain the two-point correlator,

” & m?*  n? n m  |n
ooy = 5 (G ) [o (e 5) v (-5 1)

m,n=—00

+ 2vE + 1n(47r2)] - ‘Z'] et )i )E, (3.19)

An alternative method for obtaining the scalar two-point correlator is presented herein. We

start from the Poincare AdS3 with the metric ds? = % + dwdd - Applying the following

coordinate transformation

4m2p o—i2m(z=5) ) — I—m P —i2nz ﬂei%z (3.20)

Y= a2



we recover the bulk metric (3.17). The calculation of the scalar two-point correlator involves
perturbing the boundary value of the scalar field and subsequently solving for the subleading
order ®1(p, 2, Z) from (3.5). Consider the following Fourier mode of the scalar field,

(I)g]k (x)e_i“teiksp, (3.21)

where the coordinates (z,t, ) are defined in (3.16), and (w, k) are real parameters. Plug-
ging (3.21) into (3.5) and using the boundary conditions

(I)B’]k(iv)’x_” = fw,k’v

@g]k(a:) regular, (3.22)
’ r—0
we obtain
F(1+@+M)F<1_@+M) Ik|
(I)[l] _ 2 2 2 2 ., 1_
><F(+—+m - +M 1+ [k, ). (3.23)
2 2 2 2’ ’

Integrating (3.21) over the momentum space, we find

ol (z,t,¢) = / . dwdk@g]k(x)e_meikw
R 7

=/ dt'de' Ky(z,t —t',0 — &) (', &), (3.24)
R2

where the bulk-boundary propagator takes the form
r1+g+8hr(i-g+4)

1
Kot=to—¢) = 15 [ (-
g(l‘,t t P 50) 42 dwdk (1+|k’) €2 ( l’)
< F(1+2 +@ TR LIRS z)e wl=ikle=e)] - (3.25)
2 27 2 27 '

Now let us return to the thermal AdSs spacetime, which can be regarded as a quotient of
the global AdSs3 spacetime [55, 56]. The thermal AdSs propagator, denoted as Ky, satisfies
the following periodicity conditions:

Ki(x,t—t, 0o —¢) = Ki(z,t —t' + 27T, 0 — @) = Ke(x,t —t', 0 — ' +27). (3.26)

This propagator can be constructed from the global AdS3 propagator K, via the method
of images [44, 57-59]. We shift the Euclidean time ¢ and the angle coordinate ¢ in (3.25)
by integer multiples of 2#T and 2w, respectively, followed by summation over all such
propagators to obtain

o0
Ki(z,t —t',o— )= Z Kg(z,t —t' + 27mT, o — ¢’ + 27n)

iw k w k
_ ! dwdk[F(1+ +||>F<1_2+;>x”5(1—x)
T 4n2 L(1+ [k])
x F(1 + i E - m 1+ [k, z)e @) gik(e—¢)
% Z e—i27rmTwei27rnk} ) (327)

,10,



Consider the Dirac comb function defined as Iy (u) = > 02 d(u — nL), which has the

n=-—00
Fourier series expansion

o0 ) w
> e, (3.28)

n=—oo

Plugging (3.28) into (3.27) we obtain

1= T+g+Er(-g+4)

K — z2 (1—=z
ot =t —¢) = 47r2Tng::_OO[ (L + |n]) (-2
In| im |n| i (=) in(p—g')
F(1+ﬁ+71—ﬁ+7,1+\n\,x)e T(t=t)e -
(3.29)
It follows that
7T s
ol(z,t,0) = / dt' [ do'Ki(z,t —t', 0 — ) f(t',¢)
—nT -7
= 2 (1—x)
N o1+ o)
n n my
x F(1 +2T+‘2‘ _2T+’2 1+ |n|,z)e ’Ttem“"fmm]. (3.30)

This solution is consistent with the one derived from the previous approach. Once again,
we expand @l around the boundary and extract the FG coefficients (3.18). By computing
the variation of the perturbed one-point correlator (O) = (<I>[(”) + \I’E”)) we recover the
two-point correlator (3.19).

In computing higher-order coefficients, the back-reaction of the scalar field to the bulk
geometry needs to be considered. The k-th order EOM (for & > 2) is a nonhomogeneous

g[o (\/ 0jglolnvg, <I>[k> M, (3.31)

Here M " is a functional of f(y,t), whose explicit form is written in terms of the lower-order

differential equation given by

coefficients of the metric and the scalar field,

k—1 1

MK = — % {\/aau(\/ﬁgﬂ”ay)y 'l (3.32)

=1
Plugging (3.2)(3.6)(3.8) into (3.31), we obtain

d? d

where ]\Zf,[jf}n =4(1 - a;)zx% Mr[,’f]n and M,[jf}n is the Fourier coefficient of M. Consider a
Green’s function with the following Dirichlet boundary problem,

(2(1 = 2)02 + [y = (a+ B+ 1210 — aB)Gnn(w, 20) = 3(x — 70),
(1 —2)%mn(z, z0)

=0, x%%mm(x,xo)’ . regular. (3.34)
T—

z—1
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(k]

The explicit form of ¥, ,, is discussed in appendix B. yn]i’;n can be formally written as
k ! 2,5 2 rlk
y,[n]n(x) = 4/0 dzo(l — zo)“xg M%]n(mg)%m,n(x,xo). (3.35)

To obtain the exact solution, we need to calculate M#ﬂn(aﬁo), which contains the metric
coefficients g,[f]y for I < k — 1. The first-order perturbation Q,[}V] = 0 due to the absence of
matter terms in the first-order of (2.2). Consequently, M2 = 0, resulting in the vanishing
of the connected three-point correlator. In fact, since the bulk scalar theory is free, any
higher-point scalar correlator® at order O(G) can be factorized into a product of lower-point
scalar correlators. Therefore, the connected part of the correlator can only be non-zero at
higher orders of G. To see this, we consider the connected four-point scalar correlator, which
corresponds to M in (3.32). Expanding the Einstein’s equation (2.2) to the second-order

in €, we obtain

1
Q[vuv0g32;+vyvggg2g ~V, VG —v2gll 262 = —8rGo, oMo, oY, (3.36)

where V, is the covariant derivative operator of the metric Q,EOV], and Greek indices are
raised by G Olwv  The second-order perturbation QLZJ is proportional to Newton’s constant G,
yielding a non-zero connected four-point scalar correlator at order O(G"'), which is suppressed
in the semiclassical limit. Unfortunately, due to the lack of a viable method for solving
the differential equation (3.36), we are unable to provide an explicit form of the four-point
correlator in this context. Similarly, one can expand Kinstein’s equation to higher orders in
€ and obtain differential equations for higher order perturbations of the metric. One can
verify that these perturbations are always proportional to GG, implying that the connected
higher-point scalar correlators are non-zero at order O(G').

As a direct generalization, we can activate the scalar field source ¢(o)(2) = €(2). The
boundary field theory should then be considered as the CFT deformed by the marginal
operator O,

S" = Scpr + /E)M d?ze(2)O(2). (3.37)

The deformed one-point correlators can be perturbatively constructed from the correlators
on the pure gravitational saddle,

(Tij(2))e = (Tij) + /a/v( 4’z /6./\/( d®z2€(21)€(22)(T35(2)O(21)O(22)) + O(€°),
(O(2))e = /8M d?21€(21)(0(2)0(z1)) + O(€2). (3.38)

3.1.2 Two-point and three-point mixed correlators

In terms of holographic correlators (2.11), we specify the boundary values of bulk fields as

b(0)(2) = e1f(2),
9(0)ij (2) = mij + €axij(2), (3-39)

SHere we are referring to a correlator that has more than two scalar operator insertions.

— 12 —



where €1 and € are infinitesimal parameters. The perturbed one-point correlators can be
expanded in powers of ¢; and s,

<Tij>[51’62] — Z 6k612< >[k Al
k=1

<O>[61,62] _ Z Elfeé<0>[k’l]. (340)
k=1

Plugging (3.39)(3.40) into (2.8)(2.9), we obtain

> m _[0,m]s - m 0,m k

> et 9([0) (T = = 3" [16 GREO) 5 2 19(0) " oif0,f]
m,k,1=0 m=0

3 ellcel;mvg%)mh A — Z b (0(2)) o, . (3.41)
m,k,1=0 k,1=0

Here gég), R(g), and V{O) depend only on the boundary metric g();;. We derive the differential
equations for stress tensor correlators and mixed correlators from the coefficients of each
order in (3.41), while the scalar correlators remain unspecified.

For instance, the first-order coefficients satisfy

()0 = 0, (3.42)
& (T = (O >[°’°}8-f, (3.43)
()0 = 1%, T 00 g — 0] + XL, (3.44)
(TN = 5[(26‘%; — I XEN(Ti) O + DM () 001). (3.45)

In deriving (3.45), we have utilized the translation invariance of (T; >[O 0] with indices raised by
n*. Tt is convenient to work in the complex coordinates (z, z) with the Euclidean metric 7,5 =
N> = 5, N> = nzz = 0. Taking functional derivatives on both sides of (3.42)(3.43)(3.44)(3.45),
we obtain

s
azm — %<o>aza(z ~ ), (3.47)
e e .

féiiz(éiﬁ - Tor (33 S sy 535(()))
+ el - ) o ) (3.49)

,13,



0- 6(I2:(2)) 1 ( 0.2 xz2(2) az 2(5ng(2’) _ 93 5Xzz(z)>

g(0yij(z1) 167G “oxij(21) oxij(21) 7 oxuj(z1)
dxzz(2) 0X22(2) ~
+ 20, S (z1)<T”>+2a e )<Tzz), (3.50)
0(T(2)) e o 0(T2(2))
aziég(om G o faziég(o);; ol (3.51)

The first three equations determine the two-point mixed correlators. (3.46) gives
(T2(2)O(z1)) = 0. (3.47) and (3.48) are first-order differential equations, which can be
solved as

(T.-(2)) 1 2z (w)) T, (w)) 1 L
S (0)(21) B IIIlT/ d’ 360y (21) + <O>3zGT( 1),
HWesle)) _ AT 1
0) (1) ImT/ g 9¢(0)(21) 3 <O>BZGT( 1) (3.52)

where G, (z — z1) is the torus Green’s function with modular parameter 7 (see appendix A
for the definition), and Im7 is the imaginary part of 7. As we discussed above, (3.52) leaves
two one-point-averaged correlators undetermined. By definition (2.11), we can rewrite them
as the global metric variations of (O), and then apply (2.17) to obtain

2T _ 1 / 2w 20 _ i 0y - Lio),
oM 2

(
oM 0py(z1) 2 69(0)zz(w)
2, 0(zz(w)) _ 1 2, 900G1)) _ o oy L
aMd 5poy(z1) 2 aMd 69(0)22(w) 1m70:{0) = 540) (359)

Putting everything together, we obtain

(T(:)0(20)) = ~i0:(0) = 5= [orl2 = 20) + 26, (3 )| O)

(Tz2(2)O(z1)) = c.c. of (T,,(2)O(z1)),
(T.2(2)0(21)) = 0, (3.54)

where p-(z) and (;(z) are the Weierstrass p-function and (-function respectively. Note that
the two-point mixed correlators are expressed as functions of the scalar one-point correlator.
The latter is determined by the FG coefficients of the saddle (2.7). In our context, the scalar
one-point correlator vanishes as a consequence of the Zs symmetry ® — —®. More generally,
since our calculations are based on the semiclassical approximation, the precise one-point
correlator could be nonzero at higher-orders in 1/¢, but it is suppressed in the large-c limit.
The last three equations (3.49)(3.50)(3.51) determine the two-point stress tensor correlators.
Note that these equations are derived with the scalar field turned off, and stress tensor
correlators obtained from them agree with the results in pure gravity [20].
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Let us further consider the second-order coefficients of (3.41),

W (T5) 0 = — S0 foir,

Ty = (0 >[1 "o.f,

0 (T )Y = 49T 101,

09 (Tig) 1) = x0T 1) 4 21(208x], — )T )+ 0 () 1)
+(0)1;f,

0T 0% = X (T) 00 = X (L) — S [403]0 x — 40X Oy

+ 0" 0ixk — 30'XL0ixX} + 20°X3,0,xF — 4 (9,0 X}
+ 8k8kxij - 28‘akxjk)]
O (T5)02 = x40, (T) O + L1(208] — XTI + 0 (T

1 . . )
+ i[Xkl((?]Xik — 3ixh — OkX) + xR (Oxt — B — ') (T0)100)

1 4 .
+ 300 = 200x7) + X" (ki — 20N (T3

(3.55)
(3.56)

(3.57)

(3.58)

(3.59)

(3.60)

The last two equations (3.59)(3.60) give the three-point stress tensor correlators, which have

been considered in our previous work. For the remaining four equations, (3.55)(3.56) give

the correlators of type (T;;(2)0(21)0(22)),

(T.2(2)0(21)0(z2)) = —i0:(0(21)0(22)) 217r é[([@ (2 = 2n) +2¢- (1”

n

6 = 2) =26 (5) = 20)| 22, ) (0()0()

- <7r82n6(z — 22)0., + [pf(z — 2n) + 2¢, <;)] 5zn3zn) 6(z1 — 22)],

(Tz2(2)O0(21)O(22)) = c.c. of (T,.(2)0(21)0(22)),
(T.z(2)0(21)0(z2)) = — %825(2 —21)020(z — z2) + (21 > 22),
and (3.57)(3.58) give the correlators of type (T;;(2)Tki(21)0(22)),

(Too(2)To2(21)O0(22)) = — i0:(Tz(21)O(22)) — 21 [ (pT(z—zl)JrZCT(l))

(3.61)

(pf z— 22) +2¢; (2>) (CT z—z1) = 2¢ <1> (z—z1)) 0

(CT z—29) = 2¢; (;) z—z > ](Tzz(m)O(zz)),
(T:2(2)T52(21)O(22)) = c.c. of (T:2(2)T:2(21)O(22)),

(To2(2)T52(21)O(22)) = — i0-(Tzz(21)O(22)) — % [(pT(z — 22) +2G; (;))

1

(6= m) =26 (3) (0= ) ) | (Ta(a1)02)),

,15,



(T:2(2)T:2(21)O0(22)) = %5(2 — 21 )(T:2(2)O0(22)),
(T2(2)T52(21)O(22)) = c.c. of (Tpz(2)T:2(21)0(22)),
(T.2(2)T.2(21)O(22)) = 0. (3.62)

In this context, we have utilized the principle of translation invariance, represented as

N, 0..(X(z1,...,25)) = 0. While our calculations effectively reduce the stress tensors
in the mixed correlators, they leave the scalar correlators undetermined. Unfortunately,
the application of FG expansions to the scalar equations of motion (EOM) results in the
breakdown of the constraint on ¢(3), rendering it impossible to establish a differential equation
for (O). Determining scalar correlators requires a global solution to the scalar EOM, a topic
we have explored in section 3.1.1.

3.1.3 Recurrence relations of mixed correlators

In principle, with increasingly tedious calculations, one can obtain the arbitrary higher-point
mixed correlator by the above method. Some special perturbations simplify (3.41) and lead
to recurrence relations. For instance, if we only turn on the variations of the scalar field
d¢(0)(2) = e1f(z) and zZ component of the metric §g(g)zz(2) = €2F'(2), geometric quantities
can be represented as polynomials in e,

gég) =Y — 46y F5L6!

zZ7z)

_ _ 1 _ _
Tloyij = €2 65070, F + 65650, F — 577“55558,17 + 2€3056707 FO. F,
R = —4€07F. (3.63)

Plugging (3.63) into (3.41) we obtain

0k,00, 0
(Toz) o) = F(T )W 4 RO 02 — Z216000: f0=f — 610(0:)°F,

O:(T,, )l = %<o>[k—1vllaz f 4 2F0 (T, )1 4 30, (T, )R — o (TR0 (3.64)

where 0, , is the Kronecker symbol defined as d,, , = 1 for m = n and d,,, = 0 for m # n.
The terms containing the Kronecker symbols come from the conformal anomaly and contribute
to some specific correlators (as contact terms most of the time). Taking functional derivatives
on both sides of (3.64) and solving the differential equation, we obtain

5k+l<TZZ(Z>>
TT5 060y (%) TT5=1 09(0)22 (%))
1 E SH=1(0(x;
=C(z,y) + — Z [(@GT(z — ;) — Gr(z — xl)ﬁxz) < l(x j ]
2m = [Tiri 00 (zr) [Ti= 59(0)22(2/]‘)
1 5k+l_1<TZZ(y )
+— 20.Gr(z —y;) — G (2 — y;)0y, .
W; ( ’ e )Hf1 000y (i) 172 69(0)z2(yj)
0k,001,1 53 Ok,2
TG 02G (e = y) + 52 0100, 00, G (2 — 21)00, 61 — )]
+ 6110, G (2 — )0y 0y — 21)0y0(y — w2) + (1 > xQ)] . (3.65)
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AT - (w))

is calculated us-
Hle 890y (i) H;Zl 39(0yzz(y5)

The undetermined function C(z,y) = == [ d*w
ing (2.11)(2.17)(3.64),

Clz,y)
ol k l k l
~ 2 lmm@ F A2+ (i = 300+ 2 (g [T0G) [T 7-+(0)
= J= i= j=
* 2?;12 101002, 05,8 (11 — ) + 8128,6(y — 21)9,0(y — w2) + (w1 & 22)]- (3.66)
Combining (3.65) and (3.66), we find the recurrence relation
l
<Tzz(z) H O(-rl) H T.. (yj)>
i=1 j=1
k
= [Mm; (ore=a 426 (5) + |62 -2 (5 ) (20 02,
: 1 1 k l
+jzl (2 [QT(z—yszcT (2” + [gr(z—yj)_Qgr <2) (z—yj)} ayj)l <i1_[10(xi)j1_[1Tzz(yj)>
T g’;oil&; pZ(z—y)—k% [5170 (Wawlé(z_wl)am + [97(2_371)4‘247 (;>:| 81‘181> d(x1—x2)
+5[71 |:KJT(Z y)+2¢, <1>} Oy0(y—x1)0y0(y—x2)+ (21 <—>x2)} . (3.67)

Note that (3.64) should also contain a differential equation for (Tsz)/F!,
0 (Tz) Pl = %(oﬂk—lv”ag f 4 0:F (T, ) 420, [F(T ) 1) — o (1) B0 (3.68)

Through a similar procedure, we obtain

i=1 j=1
_ ;ﬂ[ 2mid- + ; <pT “ )+ 26 (;) ACEE RS <1>(2 - x)] a@>
I 1 k !
X (@(z —) - 2% ()6~ yﬂ) ] (T 0G0 [T 7ot
7j=1 i=1 7=1
: Y i . W Ok00L1 o o
+ Z 6(z — y;)(T2z(2) H O(xi) H Tzz(yj’)> 397CF 0,0:0(2 — y)
j=1 N
(;L |f$lo (71'83315( 1)8501 + @7—(2’ — $1) + QCT (;>‘| 8“8301) 5(%1 - $2)
4 % oz —y) + 26 (;)] 9,0(y — 21)0,0(y — w2) + (21 > xg)l . (3.69)
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With the omission of the contact terms, (3.67) and (3.69) agree with the Ward identity in
the torus CFT [60-63] by the Brown-Henneaux central charge relation ¢ = 525 [64]. The dual
operator O is a primary operator with conformal weights h = h = 1.

3.2 Massive scalar field

We further compute mixed correlators in the case of gravity coupled to a massive scalar
field. Dual operators are classified according to their scaling dimensions. The operator is
irrelevant for A > 2, in which case, we can only consider the infinitesimal source; otherwise,
it would cause a self-consistent problem [5]. For A = 2, the operator is marginal and has
been discussed in section 3.1. In this section, we are interested in the relevant operator where
A < 2. The scaling dimension has a lower bound A > 1 called the BF bound [65, 66], which
guarantees the stability of the AdS background.

We continue to adopt the FG coordinate system (2.4). Plugging (2.4) into (2.2)(2.3),
we obtain the EOMs of the bulk fields,

p(2029i — 20,99 0pg1 + 6" 009110p9i5) + Rigyij — 9" Dpgr19ij
+ SWGpl_A[A(A - 2)9ij¢2 + p0ipdjp| = 0,

Al2—-A
V(0090 — Vi (Bpa) + 167G~ |25 2000+ p0,0010] =0

A)

1 .. 1—
90290 ~ 399000 By + 167Gy | (2 - ) ((2¢2 +900,0) + $%0,00,6| =0

D)6 + 20(8p090,¢ + 2056) + (2 — A)(Fplnge + 49,¢) = (3.70)

where ¢(p,x) = p%_lé(p, x). It is natural to expand g;; and ¢ in powers of p and then solve
the above equations order by order. The bulk EOMs contain p~2, and A is not necessarily
an integer. We thus cannot simply assume that g;; and ¢ can be expanded as formal Taylor

series in p. The authors of [37] prove that for rational scaling dimensions, the FG expansions
M’
and 0 < % < % As we mentioned in section 2, each bulk field has two homogeneous solutions,

include fractional orders of p. Suppose tha where M and N are relatively prime

and their expansions in p are given by [37],

N-1 T
n mAN
gi(px) =Y p it Z p" g 2n+2mﬁ)ij] (z),
n=0 L
N-1 T
¢:|:(p’ x) = > pn 2n + Z p M¢i2n+2m )] (;12) (3.71)

Plugging (3.71) into (2.5) and adding logarithmic terms to the overlap of two solutions, we
obtain the FG expansions for g;; and ¢, which will be shown later.

Let us first assume that N > 2. Since M and N are relatively prime, the smallest integer
that m% passes through is N. Thus, the first logarithmic term that appears in the scalar
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field expansion” is plnpi (o) instead of pl_Q%lnpd)(% 4Ny The FG expansions take the forms
M

|32

gij(p, ) = g0y (T Z Mg 2m )i (37) + plg(2)ij + Inphayl(x) +---
o, x) Z mar (om0 (2) + pl*z%%%%) (z) + P17%¢(272%) ()
+ploe) + nm/)(z)](x) e (3.72)

Plugging (3.72) into (3.70), we obtain

h(2)i; =0,
. 1 N/ N
9(0)92ii = 50 —647G 5 (1— M) P0)P(2-42 )

, N N
— kl
V7 g@)i5 = 0i(9(0)92)kt) +167CG [M¢(0)3i¢(2_4iv[) + (1 - M) ¢(2_41\1\4’)6i¢(0)} . (3.73)
The next step is to calculate the one-point correlators (7;;) and (O) by taking variations of
the renormalized on-shell action. Following the spirit of [14], we construct the counterterm
as (see appendix D for a detailed derivation)

LJWJ G 20 m
1 N 8rGg? X (MG)2C(gpayd™
Iy = —— d? 1+ — M —Riplne|, (3.74
t T 8nG /3/\/15 W | g ey +mZ::3 —ml T 1 fe)ne (3.74)

where {C'(Qm N )} are some constants that do not show up in the finite part of the renormalized
M
on-shell action. The renormalized one-point correlators are given by

(Tij) = ﬁ(ﬂ@)ij - Trg(?)Q(O)z‘j) - 2%@0)?5(2_4%)9(0)1‘]‘7
(0) =2 (1 - 2]\]\9 B(2-420)- (3.75)
Combining (3.73) and (3.75), we obtain the trace relation and the conservation equation,
(T}) = _RR(O) + 2%¢(0)<O>7
Vio)(Tij) = (0)0id(0)- (3.76)

One can compute holographic mixed correlators from (3.76) by utilizing the same techniques
in section 3.1. In particular, we are concerned with the holographic recurrence relations
and wish to compare them with the results in CFT5. Plugging the Taylor expansions (3.40)

"The discussion here is slightly different from [37]. In the latter, the FG expansion of ¢ contains
N N
pl_Qﬁlnp¢(2_4l) and pl_ﬁlnpw(2_2ﬁ). We can keep these two terms, plug the expansions of g;; and
M
¢ into (3.70), and solve the equations order by order. Eventually we will find that Va-ade) =V ony) =0
for N > 2.
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into (3.76), we read off

N 81,00
RN [k,1—1] [k=1,1] »  9%,0001 o2
(T:z) F(T) o OV e O: (3.77)
0:(T.z) P = %<o> EM0, f+2F0(T2) M 430, F(T) M 0T H, - (3.78)
1
DTz = 5(0) k=L, f+0, F (T, )=y 20, [F(T. ) - o (1) B0, (3.79)

After taking the functional derivatives, (3.77) gives (1.:0...0T,,...T,;), while (3.78)
and (3.79) provide the differential equations of (7,,0...0T,,...T,,) and (T5:0...0T,,...T,,),
respectively. We solve these differential equations by the torus Green’s function and compute
the one-point-averaged correlators using (2.17). The final results are listed as follows:

(T:2(2) ﬁlO(fBi) l_Iszz(yJ)>
i i
= —% [27ri87+iz; ((1—]\]\;> [pT(z—xi)—i-QCT (;)} + [CT(Z—%‘)—QCT (;) (z—ﬂfz)} aIi)
+§ (2[ore—ur 26 (5)] + [ete=um) =26 (5) -] 3] <£[10<wi> llezzwm
- g’;;ﬁg o7 (2=v), (3.80)

i=1 j=1
1 i N 1 B Iy,
=5 —2#@8;—%; ((1—M> lpT(z—a:i)—i—QCT <2> + |G (z—mi)—2¢, (2> (z—xi)] a%)
l 1 k l
+Z (C‘r(z_yj)_ZC‘r (2) (Z—yj)> a:Uj"| <HO($U1,) HTzz(yj)>
j=1 i=1 j=1
l k
£ 0T (2) [T 0we) TT Torlg ) — 500,026 —). (381)

Except for the contact terms, (3.80) and (3.81) agree with the Ward identity in the torus

CFT, and O is a primary operator with conformal weights h = h =1 — % SN

5
For the case of N = 1, the fractional order §; passes through 1 and the scalar conformal
anomaly 1/1(27 4y emerges. The FG expansions take the forms
M

M-—1
9i(p.x) = goyij () + > P%g(&;)ij(m) + plg(2)i; + Inphayyl(z) + -+,
m=2
M-3 m 2
d(p, ) = Py (x) + > PP (2m) (@) +p' M [qb(g_%) +1HP¢(2_%)} (x)+- . (3.82)
m=1
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Plugging (3.82) into the bulk on-shell action, we can read off its divergent part as ¢ — 0,
which is canceled by the following counterterm,

1 1 8rGg? M=l (1G) 2 Damyd™

Io=— [ &zt — S
787G Jom. xf[ MY e~ +mz::3 e

1 -
+ 1 (R +e(xG) % Dy lns] . (3.83)

Unlike the counterterm (3.74), the subleading terms here have a finite contribution to the
renormalized on-shell action. More precisely, the finite part of gﬁmg%_l is proportional to
d)é‘g) (using the FG coefficients in appendix D). Thus, the renormalized one-point correlators
take the following forms

1 2 M _
(Tij) = & G( 92)ij — Trg(Z)g(O)ij) - Mﬁb(o)(ﬁ(z,i)g(o)ij + (rG) 2 1AM¢%)9(0)¢;',

©0)=2(1-5) b g+ @G ¥ Busly (3.84)

where Ajs and B)y are some constants. Since the bulk action (2.1) is invariant under ® — —®,
additional terms in (3.84) occur only when M is even. For example, when N =1 and M = 4,
the counterterm is constructed as

1 1
It = FPe /E)M d*z /5y [1 + 27rG5%¢2 + ZR(V)IHS + 212G?prelne | (3.85)
and the renormalized one-point correlators are
1 1 G
<Tz‘j> = %@(2)@' - ng(z)g(o)z‘j> <Z5 ¢(1)9 0)ij T 1 (z)(o)g(())iju
(0) = ¢) + 271Gy (3.86)
These terms contribute an additional trace anomaly,
i 1 2 M _
(T7) = _RR 0t M¢(O) (O) + (nG)=2 1CM¢%), (3.87)

which is also proportional to ¢%)' Moreover, one can easily prove that the conservation
equation takes the same form as (2.9). To calculate the higher-point mixed correlators, we
perturbed the boundary values as (3.39) and expanded the one-point correlators as (3.40). The
differential equations for ( Z])[k’” are obtained from the trace relation and the conservation

equation,

< z>[kl - Z [Oml] T1]>[kl m]+ (5k70R[0’l]

[k—=1,0] ¢
()10 g o

2M 647G

+05 107 O(WG) D M

1 : 0,m]s mls i —[0,m —m 1 1 _
O:T)M = 1 3 [0:06)™ g0 0= 20V g Ty (1_M> (O)Ho, f

— 50O+

g On00: R +8k010(wG) 7 TR M0,

O.(Tex)F = c.c. of 9-(T,. )k, (3.88)
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Additional terms proportional to dx 070 in (3.88) contribute contact terms to the mixed
correlators when the number of scalar operators & > M.

4 Correlators in holographic CFT with a finite cutoff

In the preceding sections, we have computed the mixed correlators within the framework of
AdS3/CFTy and successfully derived the appropriate Ward identities. In what follows, we
will be interested in the holographic aspects of the AdSs with Dirichlet boundary at finite
cutoff. (y, z, 2) are the FG coordinates in bulk, and the boundary 0 M. is a hard radial cutoff
at y = y.. A natural holographic dictionary is given by the generalized GKPW relation,

_ 2 L i .
Zald ey, 9(eyig) = <6XP /(‘WC d°z\/9(c) (@%)0 = 590 Tis >EFT’ (4.1)

where ¢ (2) = ¢(ye, 2) and g()ij(2) = Gij(Ye, z). We consider the semiclassical limit and
assume that the gravitational partition function is dominated by only one saddle. Then
the left-hand side Zg|[¢(c), 9(c)ij] = ¢~ fon-shenl®()9(0)is] The bulk action takes the same form
as (2.1) and one can introduce the counterterm on dM,,

1

I =——
T 8rG OM.

1

Here V¥ is some local function of (y., ¢, 0;¢, gij), whose specific form is obtained by holographic
renormalization. For example, in massless scalar field coupling ¥ = 217Gy lny.g* 0,40, ¢.
The renormalized one-point correlators take the forms

1

(Tij) = 3G [3,7;9@‘;‘ - gklaygklgij}y: o Xij,
0) =290, (v 0)] -V, (43)

Y=Yc

where we have used the notation
1 ov
X = —— |Ug;s —2——
Y 8nGlye [ 9 dg¥ ] y=ve

1 ov 1 ov
M l&b ~ (“58(6@)” ' (44

Y=Yec

Plugging (4.3) into (3.70), we obtain the trace relation

(1) = 4nGe [({Ti) + Xi)? — (1) + XD?] + 0271(0) + )2

L oo Aq A2—A) 1_a 2 R i
L 0" P(e)0id () + — 5 Y% Py — 116G Xi, (4.5)
and the conservation equation

The indices 1, j, k,l are raised by géz).
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From the field theory perspective, the dual EFT in (4.1) is obtained by 7 deformation
of the original CFT [29]. The flow equation of the EFT action is

. . 1 R .
_ 2 - N2 (i i\2 y_ W)y
/d 2/9(¢) {(Tw + X)) — (T} + X))* + G (ty e X)] . (4.7)

Here A = 271Gy, is the deformation parameter. t¥ is the radial component of the matter
stress tensor. For example, when the coupled scalar field is massless, we have

Iny, 2
= —*3 ‘b0 0idb (o) + = (O - D(c)¢(c)> ;
lnyC
Xij = ( i9()0jb(c) — 23k¢<c>ak¢<c>9<c>ij>- (4.8)
By turning off the sources, the flow equation can be simplified as follows,
oS 9 . , )
= T, T — (T 1
w&%/MMJ T+ 0% (1.9

It can be observed that, in the presence of a matter field in the bulk, the dual field theory at
a finite cutoff deviates from being a standard TT-deformed CFT. The deformation operator
encompasses both the T'T operator and the dual scalar operator.

According to the generalized GKPW relation, holographic correlators are computed
by (2.11), by replacing ¢y and g(g);; With ¢(.) and g(.);; respectively. We change the boundary
values like (3.39) and solve (4.5) and (4.6) perturbatlvely The terms of order e} read

(o) = A1) 4+ A7)0 4+ BlOYEH 4 7l (4.10)

Ox(Toz) B = — 0 (Tz) B0 4 FIT, (4.11)

0:(Tez)Bl) = —9(T.2) P + .7'—7[{2_’5[]. (4.12)

Here fr_[pi ;.”’ Fr. iy l] and F. [kj consist of lower-order coefficients and local functions of f and x;;.

A, A, and B are constants determined by the one-point correlators at the saddle,

Ao 87TGyC<TZZ)[0’O} i_ 8mGY(Tsz >[O 0l
14 167Gy, (Tyz) 00 14 167Gy (T.z) 00
A—17\[0,0]
ve_ (0) : (4.13)
4(1 + 167Gy (T2z)00)
Plugging (4.10) into (4.11) and (4.12) we obtain
(0 + A0.)(To)M ! 4 A0,(To2) B = —Bo,(0)F! — o, FIFI 4 FlH1 (4.14)
AT 1 (8, + A9:)(Tez) M = —Bo(0)M — o 70 4 FlY ”. (4.15)
Adding (0, + A03)(4.14) and —A0,(4.15) we find
(0:05 + ADZ + AD2)(T..) 1M
= —Ba2O)M — 2FIN 4 (. + A0n) FEN — A0, FIN. (4.16)
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The matrix M defined by M%9;0; = 0,05 + A0? + Ad? is positive definite® as long as |A| < 3.
We introduce the following coordinate transformation,

_ A+~A LAt i(14+ As)ImA Z4(1-a,— z(l—AA)Imfl 7|
As(ReA + A) A4s(ReA + A)
A4 A i(1 - Aq)ImA i(14+A4)ImAY -
= 1-Ap+——— 2\ Z 4 (14 A — ——2 | Z|, (417
Sy ( AT A ReA+ ) )T U TR T ALRea + A) (4.17)

where A = sgn(ReA)|A| and A = igg The periods in Z are 1 and Q with the new

modular parameter

(Ag + 1) (A4 A)1 + (A4 — 1)(21+A)%.

0= _ 4.18
ZAA(Al + A) + 2¢ImA ( )
Plugging (4.17) into the left-hand side of (4.16) we obtain
- 2A% A(1+24)(ReA + A
(0.0- + A0 + AT, )kt — ZEAAQF2AReA+A) ) i) (4.19)

A% (ReA + A)2 + Im A2

Then equation (4.16) can be solved by the torus Green’s function (which is defined in
appendix A),

Skt <Tzz (Z)> (k.0
Hl‘tl 6f(xl) Hl‘fl 6Xo¢j3j (yj)

/d2 <+ ~Ga(W — Z)awaw)

5k:+l< Zz(w)>k,l
7 .
H 1 0f () Hj:l 5Xaj,8j (y;)
Later, we will perform this procedure to compute the specific holographic correlators. Note

that (4.17) is available in the domain {A, |A| < $}\{4,ReA =0 and 0 < |[ImA| < }. When
A is a pure imaginary number, we can apply the following coordinate transformation,

(4.20)

L ADZAL L+ (AYPJA (i A PAL+ [1+ (M)A
4N, | A] 4N, | A] ’
S G AA+ [+ (AYA ), (i A)?AL+ 1+ (AL)*]A (4.21)
4N, | A] 4N, | A] ’ '
where Ay = \/gtgﬁiggiihgiﬁ; The periods in Z’ are 1 and ' = £ [Im(A7)+ Z:_A,A |A[Im7].

The coordinate transformation (4.21) fails when A is a real number.
To end this section, let us discuss the ambiguity of the counterterm, as also mentioned
n [29]. It should be noted that the counterterm (4.2) lacks covariance due to its explicit

8 M is always positive definite in our consideration. Using the trace relation (4.5) we find

2 1 1
AP = 4 4 LHAmGy2((0)00])2 ST
‘S”Gy(t(Tzzﬂo’O]F
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dependence on y.. Consequently, counterterms of the same form constructed in alternative
FG coordinate systems exhibit differences from (4.2), which tend to zero as y. — 0. More
generally, any counterterm that effectively cancels the divergence of the on-shell action in the
CFT limit is permissible. Diverse choices of counterterms yield distinct holographic trace
relations, resulting in varied flow equations for the boundary field theory.

4.1 Two-point correlators on general saddles

For simplicity, we consider the massless scalar field coupling in the remainder of this paper.
From the counterterm (4.2) with ¥ = 271Gy Iny.g" 00010, it follows that

lnyC 1
Xij = ( i) 0P () — 28k¢(c)3k¢(c)g(c)ij) ;
lnyc
Y = — 2 D(C)¢(C)' (4.22)

The two-point mixed correlators on a general saddle are computed by implementing the
procedure illustrated in (4.10)—(4.20). The results are listed as follows:

—i[(1 = A)d, — Ad:](O) N (A% + A — ReA)Im(Ar)
1 —2ReA 2 A4 |A]2(1 — 2ReA)ImT

/dz K82GQW 7) - ( 2~7TAA|A|2 )

(T22(2)0(21)) =

A% + A — ReA)Im(Ar)

X (5(10 —z1) — B(O(w)0(21)>>

(Tz2(2)O(z1)) = c.c. of (T,.(2)O(z1)),

— QBlnyc(?glaglGQ(Z1 - Z)}a

(T.2(2)0(21)) = A(T52(2)0(21)) + A(T32(2)O(21)) + B{O(2)O(21))
— 2Blny.0,0:0(z — z1)]. (4.23)

We also compute the two-point stress tensor correlators,

(To2(2)T52(21))
_i[(l — A)aT — Aa‘?]<Tzz> N (1 — A)<Tzz>
B 1 — 2ReA 1 — 2ReA
(A% + A — ReA)Im(Ar) 1
2(T%2)0:,
ATrAA|A]2(1 — 2ReA)ImT | 1 + 167Gy (T%z)
+ 1677Gyc(2<T22>8z1 + <Tzz>a€1) 167 Gafll 821GQ<Zl - Z)

21 A 4| Al?
- 2B/d2 KeﬁGQ (W —2Z) — (A1+A_R6A)Im(m)> <O(w)Tzz(Zl)>] }
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<TZZ(Z)T22(ZI)>
—Z[(l - A)BT - A@;](ng> (1 — 2R6A) <ng> - A<ng>
1 —2ReA * Im7(1 — 2ReA)

(A% + A — ReA)Im(Ar) 1 [ )
1 c Tzi Tzz
4w A 4| A]2(1 — 2ReA)Tmr { 11 167Gye(T.z) 6mGyc(1z)((T32)0%,

+ <Tz2>az1621 + ( z2>62 )

b 0170105 — 15?08 |Gal21 - 2)

21 A 4| AJ?
— 2B/d2 Ka%:g (W —Z) - (Ai+A_ReA)Im(AT)> <O(w)Tzz(zl)>] 3

(T.2(2)T.2(21))
= A(T.2(2)T.2(21)) + A(T:2(2)Tez(21)) + B(O(2)T:z(21))
1
A 167Gy (Ton) <<T Ao G82> oz —21);

<Tz (2)T2z(21))
AT (2)Toz(21)) + AlTs2(2) Toz(21)) + B{O(2)Tez(21))

1 Ye 2 1 )
AT,z) — 1 50 60— ).
2(1+ 167Gy(Tsz)) ( (Tz) 4 (0)” + 167TG8 0z ) 6(z — 1)

<ng(Z)ng(21)> = C.C. Of <Tzz(z)Tzz(z1)>a

(T.z(2)Tzz(z1)) = c.c. of (T.z(2)T.(21)- (4.24)
As a special case, we plug A = — fjﬁgyg and B = 0 into (4.24) to derive the two-point stress

tensor correlators in the cutoff thermal AdSs [20].

4.2 Three-point mixed correlators on thermal AdS3 saddle

Let us now specify the saddle as thermal AdS3 with the scalar field turned off,

ds2:d—p2

10 - _ _
7t ;[dZdZ — wp(dZ? + dZ7) + n'p*dZdZ), é(p,Z) =0.  (4.25)

The periods in Z are 1 and €2. We introduce the following coordinate transformation,

Z —m2p. 2 —2p. 2+ 7Z
v= P e TPt T2 (4.26)

1—7m2p.)?’ - 1—72p,

The new FG coordinates (y, z, Z) are defined in a manner that ensures the boundary metric

on OM, takes on an Euclidean form. The periods in z are 1 and 7 = Ql 7;2"’)‘9 Combin-
ing (4.3)(4.22) we obtain the one-point correlators
(L) = s (Ta) =
FU8GYT + An2y, T 8GV/1 + An2y,
473
(T.z) = Ye (0) = 0. (4.27)

8G\/1 + 42y, (1 +V1+ 47{{%)2’
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Plugging (4.27) into (4.23) and (4.24), we find that the two-point mixed correlators (7;;0)
vanish, and the stress tensor correlators (7;;T};) consist with the results in pure gravity. We
further compute the three-point mixed correlators (1;;00),

(T:2(2)0(21)O(22))
i 1+ 272y, ~ Imzo
= —§8T<O(z1)0(22)> + 02, (27r T 47r2y0622GQ(Z2 —7Z)—1i s > (O(zl)O(z2)>]
TYe 2 <z Imzy 1 )
—(0r — 07) +i——(0s — 0z,) + ——
ot arty | Vi g, T 0 Ty O 0 g

+ 0.,Gq(Zs — 2)0s, — 0:,G(Zy — Z)@ZZ] (0(21)0(22))

Yelny, 1,9 ~ 1
0,05 —0..Gq(Zy — Z) — O O

Ye 9 1,9~ 1

T yclny. Lo~ 1
o, - DY g ) ([ Z02GawW — 2) - 0,,6(z1 —
< 2 2 1 +47r2yc 2) [(ﬂ' Q( ) ImT 1 +4ﬂ'2yc> 2 (Zl 22)‘|

T yclny. Lo~ 1
+ =0, || =05Ga(W — Z) — 9z,6(21 —
2v/1+4r2 Kw o ) Im7y/1+4n2y. ) (a1 = =)

_ ngc)zamam Kiaﬁég(w -2)- — \/11+T2y> 0.,02,0(z1 — ZQ)] b (2 2),
(T2:(:)0(21)0(z2))
15’;2% (L:(2)0(:1)0(22)) + (T::(2)0(:1)0(z2))|
T [m 0101010 (z2)) — 0:5(z — 1)s6z — 22

— yelny (O(2)0(21))0.0:0 (2 — 22) + ye(Inye)20.0:6 (2 — 21)0.0:0(z — 22)}
+ m2yelnye[0.0(z — 21)0.6(2 — 22) + 056(2 — 21)0z0(2 — zz)]} + (21 ¢ 22),

(Ts:(2)0(21)O0(22)) = c.c. of (To.(2)0(21)0(22)). (4.28)

The calculation of (O(z)O(2’)) can be accomplished by following the procedure in section 3.1.1.
(1]

The radial coordinate = and the field redefinition ym.,, introduced in (3.8), continue to be
employed. The boundary conditions are modified to

_ fman

n 9

T—=Te xc?(l _ CUC)

il (@)

x2 yi,ll]n(x) ’ regular. (4.29)

z—0
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The exact solution takes the form

nfm,nF(azﬁv'YvI) n > O

1 2 (1-ze)F(afryae) —
yLl}:”(x) - zfg_,n;’"F(%—r’Z,;—n,l—n,x) . n<0 (430)

2. 2 (1—z¢)F(a—n,B—n,1—n,x.)
It follows that
“+o00 m ~ D ~
1—x2)F Cimt

oW pry= Y |ZZAZDF@BTT) = ing| (4.31)

mn==00 | 2.2 (1 — 2.)F(&, 8,7, zc)
wheredzl—l—%%—@,ﬁzl—%%—@ and 4 = 1 + |n|. Now, let us go back to the FG
coordinate system (v, z, z) via the following transformation,
_92 2
1—47r2(1—|—\/1—|—47r2yc> y B . s 3
x = — , p=m(z+2), b=~ ————.
1—|—47r2(1+\/1+47r2yc> y V1 +4Ariye

The modular parameter of the cutoff torus 7 = iT'\/1 + 472y.. The first-order perturbed
one-point correlator (O)! is calculated using (4.3), and then the functional derivative w.r.t.

(4.32)

f(2') is taken to obtain the two-point scalar correlator,

(0(2)0(¢))
82 io (L 1 ABFG+LB+19+ 1 mgaey) |l
7 = oo I+ 472y, | 4m2ye  F(1+ dn2yo) F(&, B, 7, 71+41r2yc) 2
1 n2 m?2 ; m N m\(z_3z
S . Y e”("—ﬂ(z—z )eZ”(”JF?)(Z—Z )., 4.33
T+ dn2y, ( 4 4’T|2> yc} (4.33)

To end this section, let us discuss the non-locality of holographic correlators. We consider
the thermal AdSs saddle, whose scalar one-point correlator (O) = 0 and scalar two-point
correlator is explicitly obtained in (4.33). As previously mentioned, the two-point mixed
correlators (7;;0) = 0, and the stress tensor correlators (T;;T};) are consistent with the results
obtained in the absence of a matter field [20]. Hence, no indication of non-locality can be
discerned in these two-point correlators. Non-locality may potentially become evident in the
higher-order correlators. For example, the three-point mixed correlator (T..(z)O(z1)O(z2))
involves an integral of the form

1

yC/ 2 L o
—=|d —0.Ga(W — Z) —
8 v <7r wlial ) Im7+/1 + 472y,

which could suggest the non-locality of the correlator. Similar integrals can also be observed

><0(w)0(zl)><0(w)0(22)>, (4.34)

in the three-point stress tensor correlators. One can verify that, due to the vanishing of (O),
the three-point stress tensor correlators are consistent with the results in pure gravity. For
example, the three-point correlator (T,(2)7T.,(z1)T:.(22)) in a cutoff thermal AdSs is given

by equation (C.22) in the previous work [20], which contains an integral

1 5~ 1
nGye [ dw (Wag,amw R e Wyc) (T () T (21)) (T (w) Tis (22))
— (Tww (W) T2z (21)) (Tow(w)Te2(22)) + (21 ¢ 22)]~ (4.35)
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It is noteworthy to mention that the techniques utilized in this section to compute the thermal
AdS3 correlators can also be applied to other gravitational saddles, such as the Euclidean
BTZ black hole [67, 68]. Analogous terms as presented in (4.34) and (4.35) can also be found
in the three-point correlators of these saddles.

5 Conclusions and perspectives

In this paper, we investigate the holographic torus correlators of the scalar operators both at
conformal infinity and at a finite cutoff. The three-dimensional bulk in our study contains
Einstein gravity and a free scalar field. Firstly, we employ the near-boundary analysis to
solve Einstein’s equation and calculate the mixed correlators in two cases: when the coupled
scalar field is massless and massive. Additionally, we derive recurrence relations for a specific
class of higher-point correlators. Our results are consistent with the Ward identity in torus
CFT, providing concrete validation of AdS3/CFTy with non-trivial topology. Secondly, to
fully determine the holographic correlators, we explore the global solution of the massless
scalar EOM and accurately compute the scalar two-point correlator on the thermal AdSg
saddle. However, determining the higher-point scalar correlators remains unresolved. A
robust algorithm for computing scalar correlators on a general saddle is still lacking.

Utilizing our results to compute the precise correlators on a non-trivial saddle would
be interesting. A well-known AdS-sliced domain wall solution is the Janus solution [69, 70],
and its holographic correlators are calculated in [28, 71]. The authors of [72, 73] investigate
the AdSs Janus solution. We wonder whether there are analogous solutions in the bulk
with a torus boundary. Another important direction is to introduce the scalar potential
in the bulk. Exact bulk solutions in the presence of an exponential potential have been
explored in numerous works [74-79]. Extending our study to the model that includes a
general self-interacting potential of the scalar field is necessary.
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A Green’s functions on torus

In this appendix, we give the definitions of Green’s functions G, (z — w) and G,(z —w) on a
torus with modular parameter 7. They satisfy the following differential equations,

1 1
;8507-(2 — ’UJ) = 6(2 — UJ) — m,
1 ~ 1
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where §(z — w) is the delta function with respect to the measure d?z = 4dz A dz. G-(z — w)
can be represented by the Weierstrass (-function,

Gz —w) = G (2 — w) — 26, (;) (2 —w)+ fﬂIm(z —w). (A2)

mT

(-(z) is defined by a series expansion [80]

1 1 1 z
() =1 . A3
T e A e A e M

The inclusion of the last two terms in (A.2) guarantees the double periodicity of G,(z — w).

G-(z — w) can be represented by the Weierstrass o-function,

Gz~ w) =z~ w)P) ~ G (3) (e =~ (5) - 0 = Gz — )P

o.(z) is defined as

2

o)== I (1— 2 >6mim+2<mim)2, (A.5)

(m,n)€Z2\(0,0) m o+ nT

B Green’s function ¥, ,(z, o)

In this section, we attempt to construct the exact Green’s function for the hypergeometric
equation, which is used to calculate the higher-order scalar coefficients in section 3.1.1. The
Green’s function %, ,(z, z¢) satisfies the following differential equation

(2(1 = )32 + [y = (@ + B+ 1)2]0, — aB)Fpnn(x, 70) = 3(z — 20), (B.1)

Wheretheparametersa:1—1—%4—%,B: 1—%+%and7:1+nform,n€Z. A
particular solution to this differential equation can be written as

ym,n(CU,l‘O) - A(l‘o)l‘o(l _ xO) - (3)

(3) (4) (4) (3)
i ym,n(iﬁo)ym,n(xO) H(JU . 330) ( y(T),n(:U) ymv”(x) ) , (B.Q)
ym,n(-xO) ym,n(x(])

where A = yﬁng,)n(y%?n)’ — ygﬁ)n(yg)n)’ is the Wronskian. H(z — z9) is the Heaviside step

function defined as H(z — zp) = 1 for x > 29 and H(z — z9) = 0 for = < xo. y,(i’)n and yq(ﬁl,)n

are two independent solutions of the hypergeometric equation in the neighborhood of z = 1.

Note that v — a — 8 = —1, these two solutions take the forms
yg,)n(x) = F(Oé,ﬂ, 2> 1- .T),
) [y _ B B 1 — ()r(B)k
ym,n(gj) - F(a,ﬁﬂy 1 56)111(1 l’) + (a _ 1)(B _ 1)(1 _ .T) + —~ k'(2)k
X [W(a+ k) + (B +k) =2+ k) — (1 + k)1 - 2)F, (B.3)
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where F(«, 3,2,1 — ) is the hypergeometric function, (A) =1 for k =0 and (\)x = A(A +

1)---(AN+k—=1)for k>1, and ¥(\) = % If « and 3 are negative integers, which means

that m = 0 and n = —4,—6,—8,---, then (1 + § + k) diverges for k¥ < —1 — 5. The

second solution should be modified to

n 2
4 T2 (_ _ﬂ)
y(()ilr)L(if):F(l—i‘g,l—i—gﬂ,l—x)ln(l—x)+ + Z M

n*(l-z) = kY(2)k
X {w <—k:— Z) —(2+k) —1/)(1+k)} (1—z)k. (B.4)
Obviously, the particular solution yy, ,, satisfies
* F(a,ﬁ,2,1—x0)
1—=2x €T, T = )
( Jmn 0)’:;:%1 A(zg)zo(l — zo)(av — 1)(B — 1)
x%yfn’n(x, xo) T 0. (B.5)

Let yﬁ,pn and yg)n be two independent solutions of the hypergeometric equation in the
neighborhood of x = 0. The general solution to (B.1) takes the form

Gmn (T, 70) = Am,nyﬁnl,)n(x) + Bm,n%(vz,)n(x) + y;,n(ma o), (B.6)

where A, , and B,,, are undetermined constants. As we discussed above, the Green’s
function %, ,, satisfies regularity condition at x = 0

L2 Gy (i, 20) regular. (B.7)

x—0

The asymptotic behaviors of the two solutions are yﬁnl,)n ~ 1, y,(,%)n ~x " forn > 1, yﬁ)n ~1,

yg)n ~ Inx for n = 0, and y,(ﬁ,)n ~ ", yq(fl)n ~ 1 for n < —1. Thus the regularity
condition (B.7) requires that By, ,, = 0. A, can be determined by the boundary condition

of Yppat z =1

(1 —2)9%mn(z,z0)

rx—1
which is discussed as follows:

o For n > 0, the homogeneous solution y%)n takes the form

(1) () = F(a, 8,7, ). (B.9)

Ymn
The hypergeometric function can be expanded in the neighborhood of x =1

L(pl—=2)'  T(yhnd-a)

Fe)l(5)  Tla-1I(E-1)
where O(1) contains the regular terms as x — 1. Plugging (B.5)(B.6)(B.10) into (B.8)
we obtain

F(a,B,v,z) = +0(1), (B.10)

A - _ F(O[)F(B)F(O[,ﬁ7271 _$0)
e A(zg)zo(1 — zo)(a — 1) (B — DT ()

(B.11)
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e For n < 0, the homogeneous solution y%)n takes the form

D (2) =2 "F(a—n,—n,1—n,z). (B.12)

ym,n

The expansion of yﬁnl)n in the neighborhood of x =1 is

_l-n)(1-=)! I'(1 —n)ln(1 —x)
MNa—n)I'(B—n) TIa—n-1I'(E-n-1)

+0(1). (B.13)

Plugging (B.5)(B.6)(B.13) into (B.8) we obtain

Do) (0,521 — )
A = = A lzo)ao(l — wo)(@ — 1)(5 — DT(1 — )’ (B.14)

Finally, we can put everything together to obtain the explicit form of ¥, ,(z,zo). Note
that (B.5) does not apply to the zero mode yg 5, which satisfies lim,—1(1 — z)yg o (z, 7o) = 0.
The zero mode of Green’s function can be written as

1—x
(1 — zo)lnzln (1—a:o)
xolnzo(l — x)

g&o(.f, l‘o) = —H(CL’ - .T[)) (B15)

C Review of holographic renormalization

To obtain the finite holographic correlators of boundary CF'T, one needs to introduce additional
boundary terms to cancel the divergence in the on-shell action. In what follows we will review
this prescription in the context of AdSs coupled to a massless scalar field. The first step is to
determine the coefficients in the FG expansions (2.6). In the FG coordinate system (2.4),
Einstein’s equations and scalar EOM can be rewritten as [12, 14]

p(2029i5 — 20,9i9" 0pg1; + 97 0pgr10p9i5) + Rigyis — 9" 0pgrgij + 87G 006 = 0,
V906" 0pgr) — Vi) (Opgri) + 167G 8,000 = 0,
1 ..
9" 0591 — 59" 0p9;89" Dpii + 167GOp0,6 = 0,
Og)® + 2p0,Ingd,¢ + 4p82¢) =0, (C.1)

where we have used m = 0 and ¢(p,z) = ®(p,z). Rg),; and V), indicate the Ricci
tensor and the covariant derivative operator of the metric g;; respectively. Plugging (2.6)
into (C.1) we obtain

h(2)ij = —4nG <3¢¢(0)3j¢>(0) - ;Q%)ak¢(0)al¢(0)g(0)ij> ;
Vo) = —%D(o)fﬁ(o)a
92%)9(2)@' = %R(O) + 477G9%)3k¢(0)31¢(0),
V{Q)Q(Q)ij = 3z‘(9%)9(2)k1) + 167G P(2)0ib(0)- (C.2)
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Here R(g) represents the Ricci scalar of the boundary metric g(p);;. The second step is to
extract the divergent part of the on-shell action. We follow the regularization procedure
n [12]. The bulk integral is restricted to the domain p € [¢,772], and the boundary integral
is evaluated at the finite cutoff p = e. Plugging (2.2)(2.3) into (2.1) and using the FG

coordinate system (2.4), we obtain the regularized on-shell action

1 1 1 1
Lo = —— 2 — — 2 { - = :| . .
g e /./\/[Ed $dpp2\/§+ 4G BMEd €T a’:‘f €\/§ (C 3)
Plugging (2.6)(C.2) into (C.3) we have
—1 2 1 1 Kl
Ireg = 7871’6’ AL d“x, /9(0) l:&? + <4R(0) + QWG9(0)8k¢(0)81¢(0)) lne] + O(l) (04)

The last step is to construct the renormalized on-shell action. The counterterm I. is to
cancel the divergent part of (C.4),

1

Ip=——
T 8rG OM.

1 1
d2{[;, /9(0) [6 + (4R(0) +27TGgé€é)ak¢(0) 81¢(0)> 1H€:| +regular part. (C5)

The selection of counterterm is not unique, since the regular parts of two allowed counterterms
can be different. The authors of [14] (see also [25]) provide a method to obtain an explicit
counterterm. This method requires us to invert the FG expansions (2.6). Plugging the

inverted expansions and the coefficients (C.2) into (C.5), we can rewrite g(y;, R and

R
b0y in terms of g;;, R4 and ¢. We only keep the terms that diverge as £ — 0, and finally,

the counterterm takes the form

1 9 1 kl )]
Lm—%Gafo¢4L+QRm+%G7%&W]m7 (C.6)

where 7;;(g,2) = Lg;;(e, ) is the induced metric on the cutoff surface 9M.. The renormalized
on-shell action lren = Ireg + Ict, which is finite as € — 0.

The holographic one-point correlators are defined as the functional derivatives of renor-
malized on-shell action,

. 2 9
= (o7

1 1
=% C <9(2)z‘j — 4G, (0)0;9(0) — 27 GO* b (0) Ok (09 (0yij — 2R(O)g(0)ij> ;

(Ireg + Ict))

-1 9
<@1%Qﬁw%ﬁ“0

1
=2 (¢(2) - 4D(O)¢(0)) : (C.7)

The indices i, j, k,l are raised by géé). In (C.7), we use the fact that faMs d2x\/§R(g) is
a topological invariant. Plugging (C.7) into (C.2), we obtain the trace relation (2.8) and
the conservation equation (2.9).

In the preceding discussion, we assumed the scalar field to be massless. However, for the
massive bulk scalar, the FG expansion may differ from the form given in eq. (2.6). Nevertheless,
if an exact FG expansion exists, the counterterm can still be constructed using the procedure
outlined above. In appendix D, we will demonstrate holographic renormalization for a
general rational number A.
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D Holographic renormalization for massive scalar field coupling

In this appendix, we will construct the counterterm in the case of gravity coupled to a massive

scalar field. To begin with, let us assume that N > 2 (where 2 QA N for a rational scaling

dimension A). The FG expansions of the bulk fields are shown in (3.72). We first compute

the coefficients g, v ;. and ¢, v for 1 < m < L%J Plugging (3.72) into (3.70) and
M M
extracting the coefficients of order pm%fl, we obtain
N N 1 Kl
N N N2
QmM {(m + Q)M — 1] ¢(2m%) + mﬁlng@m%)gﬁ(o) + G(Qm%) =0, (D.1)
where F/ (2m L) and G (2m ALy can be expressed by the lower-order coefficients,
M M
F = Z mim E kil
gy =2 R \ I ) (ama i) 2ms 3

m;€{0,1,-,m—1}
-2 —-m N i
g(2m1—)zkg(2m2 I)g(2m3—)l] 2Mg(2m1 %)klg<2m2%)g(2mg%)ij

N N
— 327TGM (1 - M> Z ¢(2m1%)¢(2m2%)g(2m3%)ij’
m1+mo+mz=m—2
m;€{0,1,-- ,;m—2}

N?2
G(Qm%) = Z mi(l+mg)— 1Ilg(2m1 1)¢(2m2%) . (D.2)

mi1+mo=m
m;€{1,2,--- ;m—1}

For m = 1 we have 92Ny = = 0 and ¢(2 = 0. For m = 2 we have

2
9(4%)”' = _47TG¢(0)9(0)ij7
47 G
Pary = - éo) (D.3)
By applying (D.1) and (D.2) multiple times, we find that for 3 < m < L%J, the coefficients
of the metric and the scalar field take the forms

I2md)ij = (G)%A(gm%)éf)%)g(o)m (D.4)
Plam ) = (WG)%B(Qm%)¢?5;L1, (D.5)

where A, N and B, N are some constants. Since we consider the gravity coupled to a free
scalar field, the bulk action (2.1) is invariant under & — —®, and thus A(2 Ny = B(2 Ny =0
M

for m is an odd number [37]. Plugging (3.72) into (3.70) and extracting the coefhicients
of order Inp, we obtain

g(o)h( 2)ij , w(g) =0. (D.G)
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Extracting the coefficients of order pY, we obtain

1 N N
Yoy92i = 5R0) — 064G 5 (1 - M) ZOLICIESY
)

N N
(9(h9@m) + 167G [M¢(°)ai¢(2—4ﬁ) + (1 - M) ¢(2_4ﬁ)3¢¢(0)} . (D7)

Following the spirit of [14], we plug the FG expansions into the bulk on-shell action, and
evaluate the boundary integral at a cutoff surface oM.,

1 9 1 N 8TG > 1 5 4
s = 523, 0V |2+ 25 (1-3) 228 | T 167G Jous, POV VI
M m m
__ b iz /gy 1_1<1_2N> 8rGo, L~ (WG)zC(Qm%)Cﬁ(O)
871G Jom. Oz " 2 M) 1-24; = ml
1
+ Role | +0(1). (D-8)

Plugging the inverted FG expansions into (D.8) and keeping the terms that diverge as ¢ — 0,
we obtain the allowed counterterm (3.74) for N > 2.

For the case N = 1, the two homogeneous solutions of the scalar field overlap on the
order pl_%. Plugging the FG expansions (3.82) into (3.70), we ﬁndZthat (D.4) holds for

2<m< M -1, and (D.5) holds for 1 <m < M — 3. The order p~# of the scalar EOM
gives the scalar conformal anomaly,

M M -2
Vo) = "o =2) | aE Me-#)00 T G-
x (nG) T gl (D.9)

The order Inp of Einstein’s equations gives the trace part of the metric conformal anomaly,
9oyh@ii = earG ! Mz w( 10()
M
The order p® of Einstein’s equations gives
heyij = — sr G 2 1/1( £)9(0)9(0)ij>
ij 1 L i
9I0)9@i = 0 T 390 F @i

A Xl —2M M? —2M +2
Vioydek = 9i(9(0)9@r) + 167G [ 2 200y T Y(s_1)0id)

o )00 (D.11)

E
E

1
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where

ma ki N
¥ ml'f‘%;:M M [ (g(le)g(QMz)kl) (271)9(2172)m
mi€{1,2,~ ,M—1}

m1+ 1
HiomG 2T e )
my€{1,2,- ,M—3}

x (TFG)%(;ﬁ%[)_lai(ﬁ(o). (D.12)

Plugging the FG expansions (3.82) into the regularized on-shell action, we obtain

L= - — [ &aygg|t-1 <1 - 2) 8109y = (79 Dz 9o
reg 87G Jorm. (0) e 92 M 517% = 17
1 M M
+ 7 [Bo) + (7G) 7 Dpoyof | ne| + 0(1). (D.13)

Using the invert FG expansion, we can rewrite g();; and ¢(g) in terms of g;; and ¢, and
finally obtain the allowed counterterm (3.83) for N = 1.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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