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Four-dimensional all-loop amplitudes in quantum electrodynamics and gravity exhibit universal IR
singularities with a factorization structure. This structure is governed by tree amplitudes and a universal IR-
divergent factor representing the exchange of soft particles between external lines. This Letter offers a
precise dual interpretation of these universal IR-divergent factors within celestial holography. Considering
the tree amplitude as the foundation of the celestial conformal field theory (CCFT), these universal factors
correspond to marginal deformations with a double-current construction in the CCFT. Remarkably, a novel
geometric representation of these deformations through topological gauging provides an exact description
of transitions within bulk vacuum moduli spaces which extends the celestial holography beyond the
perturbative level. Our findings establish a concrete dictionary for celestial holography and offer a
holographic lens to understand loop corrections in scattering amplitudes.

DOI: 10.1103/PhysRevD.110.L081901

Introduction. The holographic principle [1,2], initially
formulated within the context of AdS=CFT [3], has been
a cornerstone in the quest to understand quantum gravity,
proposing that the information within a space can be
encoded on its boundary. Thriving in anti-de Sitter spaces,
its extension to flat spacetime has both theoretical and
applied necessity urgently [4–15]. In flat spacetime, scatter-
ing amplitudes are of fundamental importance in perturba-
tive quantum field theory (QFT). They are themain concerns
of the recently constructed celestial holography [16–22],
which formally establishes the holographic principle for flat
spacetime.
Crucially, Mellin transform establishes a concrete link

for celestial holography between 4D massless scattering
amplitudes in perturbative QFT and the correlators in
celestial conformal field theory (CCFT). While the

precise properties of the CCFT are yet to be fully defined,
which leads to the recent inquiries from various angles,
including fundamental conformal field theory (CFT) cha-
racteristics [23–29], symmetries [30–35], loop corrections
[36–41], double-copy relations [42,43], supersymmetric
extensions [44–46], Carrollian perspectives [47–51], and
diverse deformations [52–60], underscoring the trans-
formative potential of celestial holography.
Notably, current investigations have been predominantly

bottom-up by exploring the transformation from amplitude
to correlators of CCFT and by examining properties from
the dual perspective [61–63], leaving a top-down quanti-
tative verification of celestial holography, namely exactly
matching of independent computations beyond symmetry
perspective on both sides, an open challenge.1 This
extremely limits the implications of celestial holography
for a broader understanding of scattering amplitudes.
Moreover, scattering amplitude is defined by nature per-
turbatively. Hence, the nonperturbative feature is definitely
beyond the current scope of celestial holography.
This Letter contributes to the growing body of research in

celestial holography by addressing both critical challenges:
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1A top-down realization [64–66] of holography for asymp-
totically flat spacetimes has been recently constructed in the
context of twisted holography.
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the quantitativeverification of this intriguing framework and
its nonperturbative extension. Specifically, we focus on the
universal IR singularities exhibited by four-dimensional
all-loop amplitudes in quantum electrodynamics (QED) and
gravity. The bulk theory’s all-loop corrected amplitudes
exhibit both UV and IR divergences. The IR divergences
follow a universal factorization structure [67] resulting from
the exchange of soft virtual gauge bosons and gravitons. The
leading IR singularity of the loop amplitude is determined by
the tree amplitude and a universal factor.
Considering the tree amplitude as seed CCFT, we

systematically establish marginal deformation for the seed
CCFT via double-current construction. An exact agreement
has been uncovered between the universal part (the leading
IR singularity) of the loop QED [26,67] and gravity [68–70]
amplitudes and marginal deformations of the corresponding
seed CCFT correlators. Our findings offer a concrete dic-
tionary of celestial holography and extend the original
avenue of celestial holography. A concrete holographic
interpretation of loop corrections to the amplitudes is
revealed. This will definitely open a new avenue for the
understanding of the structure of loop amplitudes. Then, we
propose a geometric representation of the marginal defor-
mation, which remarkably equatesmarginal deformations in
the CCFT with bulk vacua’s moduli spaces. The celestial
holography is thus verified at the nonperturbative level.

4D amplitudes as 2D correlators. The isomorphism
between the 4D Lorentz group and the 2D global conformal
group suggests the possibility of restructuring 4D quantum
field theory using 2D CFT data. To manifest this con-
nection, the conformal basis was introduced [6,16,17,71].
In the case of masslessness, the transition from momentum
space to the conformal basis is achieved through a Mellin
transform. Specifically, we parametrize null momenta and
polarization vectors in terms of energy ω and angular
parameters z⃗ ¼ ðz; z̄Þ as follows2:

qμðω; z⃗Þ¼ ϵ̃ω

2
ð1þ zz̄;zþ z̄;−iðz− z̄Þ;1− zz̄Þ;

εþμ ðqÞ¼
1
ffiffiffi

2
p ð−z̄;1;−i;−z̄Þ; ε−μ ðqÞ¼ ε̄þμ ðqÞ; ð1Þ

where ϵ̃ ¼ 1;−1 for outgoing and incoming particles,
respectively, and z⃗ indicates the location on the celestial
plane. The n-point amplitude of massless particles is
identified as a correlator as follows:

An ¼ houtjSjini ¼ hO1 � � �Oni; ð2Þ

where Ok is the annihilation or creation operator of kth
particle, which can be recast in terms of operators smeared
along null infinity in the extrapolate dictionary [77–79].
Mellin transforming the correlator in Eq. (2), we have [18]

hXni ¼
Y

n

k¼1

�

Z

∞

0

dωkω
Δk−1
k

�

An; ð3Þ

where Xn ¼
Q

n
k¼1OΔk;sk .

Perturbatively, the amplitude in momentum space can be
expressed as a series in powers of the bulk theory’s

coupling constant g: An ¼
P∞

l¼0A
ðlÞ
n , where

AðlÞ
n ¼ gl

l!

�ðBnÞl
ϵl

Að0Þ
n þN ðlÞ

�

: ð4Þ

Here, l denotes the loop order, and ϵ acts as the dimen-
sional regularization parameter governing IR singularities.
The right-hand side of Eq. (4) consists of two parts. The
first one, primarily universal, arises from Abelian Feynman
diagrams [26,68]. The second term encompasses nonuni-
versal infrared contributions, which are power suppressed
in the dimensional regularization.
For scalar QED, ge ¼ − e2

8π3
, and the leading IR factor

[67,80] from Eq. (4) is

Be
n ¼ π

X

i;j

QiQj log
−2qi · qj

μ2

¼ π
X

i;j

QiQj log jzijj2; ð5Þ

where Qk represents the electric charge of the kth particle,
zij ¼ zi − zj, and μ is an arbitrary energy scale. The terms
involving the energy scale can be eliminated by utilizing
the conservation law

P

k Qk ¼ 0, with the parametrization
provided in the second equality. Implementing Mellin
transform to the full amplitude in Eq. (4) in QED, denoted
as Ae

n, one obtains3

hXniðlÞe ¼ gle
l!

�ðσenÞl
ϵl

hXnið0Þe þ NðlÞ
e

�

; ð6Þ

where hXnið0Þe is the correlator of CCFT that is the Mellin

transform of the tree QED amplitude, σen ¼ Be
n, and NðlÞ

e

2Here, we focus on 4D scattering in Minkowski spacetime.
Massless particles enter and exit at past and future null infinity
I∓, parametrized by advanced v ¼ tþ r and retarded u ¼ t − r
time coordinates. In what follows, we will use stereographic
coordinates ðz; z̄Þ to parametrize the celestial plane which is
conformally mapped from the celestial sphere. See, e.g., Ref. [72]
for the properties of the celestial plane and Refs. [73–76] for the
transformations between the celestial plane and sphere.

3The parametrization of the factor in the exponential here is
different than the one in Ref. [26] because we keep the collinear-
divergent terms; see, e.g., the comments in footnote 11 of that
reference. The aim of the present work is to reveal a concrete
correspondence between 4D amplitudes and 2D correlators.
Subtractions in 4D and 2D are different in general, and we will
not consider the collinear divergences in this paper.
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corresponds to Mellin transformed nonuniversal contribu-

tions N ðlÞ
e .

For gravity, the coupling constant is set to gG ¼ GN

16π2
. The

leading universal IR factor from Eq. (4) is [67–70]

BG
n ¼ 8π

X

i;j

qi · qj log
−2qi · qj

μ2

¼ −4π
X

i;j

jzijj2ωiωj log jzijj2: ð7Þ

Implementing the Mellin transform to the full graviton
amplitude AG

n yields

hXniðlÞG ¼ glG
l!

�ðσGn Þl
ϵl

hXnið0ÞG þ NðlÞ
G

�

;

σGn ¼ π
X

i;j

jzijj2GiGj log jzijj2; ð8Þ

where

GkOΔk;sk ¼ OΔkþ1;sk ð9Þ

and NðlÞ
G corresponds to Mellin transformed N ðlÞ

G for
gravity amplitude.

Seed theories and currents. We select for our seed CCFT
correlator the Mellin transform of the tree-level scalar QED

amplitude hXnið0Þe and gravity amplitude hXnið0ÞG , respec-
tively. The seed CCFTs admit symmetry currents originated
from soft theorems. In the conformal basis, they are
represented by conformally soft operator OΔ;s with an
integer conformal dimension Δ. The conformally soft
operators of relevance for constructing deformations in
the present work are with dimension 1. The Ward identity
of such soft operators O1;s are divergent, which can be
regulated by slightly shifting the conformal dimension
similar to dimensional regularization as Δ ¼ 1þ ϵ [81],

hO1;sXnið0Þ ¼
Wð0Þ�

ϵ
hXnið0Þ þOðϵ0Þ; ð10Þ

where the leading factor Wð0Þ� is universal with nonuni-
versal subleading corrections from the regularization.
In scalar QED, the seed CCFT features Uð1Þ symmetry

[82–84] is derived from Oe
1;�1 with the leading universal

factors

Wð0Þþ
e ¼

X

n

k¼1

Qk

z − zk
; Wð0Þ−

e ¼
X

n

k¼1

Qk

z̄ − z̄k
; ð11Þ

which corresponds to the leading soft photon theorem
originally obtained in Refs. [67,85–87]. The soft current in

the context of 2D CCFT [83,84] is ðJ; J̄Þ ¼ ðOe
1;þ1;O

e
1;−1Þ

with the Ward identity in Eq. (10), where Oe
1;−1 is the

shadow [84,88] of Oe
1;þ1, generating another copy of Uð1Þ

symmetry. Therefore, the symmetries generated by Oe
1;�1

can be split into a Uð1Þ ×Uð1Þ symmetry, where J1A ¼
ðJ; 0Þ and J2A ¼ ð0; J̄Þ. The indices 1 and 2 distinguish the
currents from different copies of Uð1Þ. It is worth noting
that the operator product expansion (OPE) of JJ and JJ̄
vanishes at the leading order of the regularization [25,30].
This observation can also be understood more intuitively:
the leading soft photon theorem originates from large gauge
transformations, and the symmetry algebra is Abelian with
no central extension [89,90]. From the boundary perspec-
tive, these currents arise from the fluctuations of the gauge
field Ai

A residing on the celestial sphere, given by JAi ¼ δSe
δAi

A
,

with i ¼ 1, 2. Here, Se represents the CCFT action
incorporating Uð1Þ ×Uð1Þ symmetry.
When a soft graviton is emitted in a scattering process,

the amplitude satisfies the Weinberg’s soft theorem [67].
Correspondingly, one can introduce conformal soft oper-
ators OG

1;�2 with dimension 1 with the insertion in 2D
correlators as

Wð0Þþ
G ¼

X

n

k¼1

z̄− z̄k
z− zk

Gk; Wð0Þ−
G ¼

X

n

k¼1

z− zk
z̄− z̄k

Gk; ð12Þ

where Gk is defined in Eq. (9). Then, we define the soft
current asP ¼ OG

1;þ2 and its shadow [84], P̄ ¼ OG
1;−2, which

are components of a traceless current PAB. It is important to
note that PAB is Abelian in the leading order because of the
vanishing of thePP andPP̄OPEs [25,30]. However, it is not
a Kac-Moody current, as discussed in Ref. [83]. The
scattering of soft gravitons from bulk to boundary induces
fluctuations in the boundary metric γAB, associated with
different soft graviton modes, each dual to distinct currents.
These fluctuations are represented in the basisEa

A, enabling
the decomposition of the 2D transverse metric as
γAB ¼ gabEa

AEb
B, where a and b indices use gab for raising

and lowering. We denote Ea
A as the basis for the soft

graviton mode. Pa
A is defined as Pa

A ¼ PB
AEa

B ¼ δSG
δEa

A,

whereSG represents the action of theCCFTwith symmetries
generated by PAB, related to bulk supertranslations.

Deformations. We propose that a standard 2D CCFT
double-trace deformation captures the universal IR struc-
ture of the all-loop corrected amplitude in Eq. (4). This
deformation, constructed by two commutative currents, can
be defined as [91]

∂S½λ�

∂λ
¼
Z

d2xO½λ�
jj̄ ; O½λ�

jj̄ ¼
1

2
ϵā b̄ϵ

ABjā½λ�A jb̄½λ�B : ð13Þ
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Here, S½λ� serves as the action deformed from the seed
CCFT4; λ is a coupling constant; ā is an abstract index,
which can be chosen as i or a in this Letter; ϵAB, ϵab are
Levi-Civita tensors; and ϵij is Levi-Civita symbol.
In scalar QED, we utilize the soft current JiA to induce a

dimensionless marginal deformation within the CCFT. The
JJ̄ deformed action by specifying the abstract indices as
ā b̄ ¼ ij and the current as jāA ¼ JiA within the generic form
Eq. (13).5 Applying the Ward identities in Eqs. (10)
and (11), one obtains the lth order correction of the
deformed correlator

hXniðlÞ½λe� ¼
1

l!

�

−
λe
ϵ

�

l
��

−
1

ϵ

X

n

i;j¼1

QiQjI11̄ij̄

�

l
hXnið0Þe

þ NðlÞ
λe

�

; ð14Þ

where NðlÞ
λe

is the nonuniversal part which is from the flow
effect of the current JiA and is power suppressed in the
expansion of ϵ. The integral Irs̄ij̄ is defined as

Irs̄ij̄ ¼
i
2

Z

d2z
ðz − ziÞrðz̄ − z̄jÞs

; ð15Þ

which can be computed using the Stokes formula, as
detailed in Ref. [56], and their evaluations are provided
in the Supplementary Material [92]. Finally,

hXniðlÞ½λe� ¼
1

l!

�

−
λe
ϵ

�

l
�ðσenÞl

ϵl
hXnið0Þe þ NðlÞ

λe

�

; ð16Þ

where charge conservation lets us eliminate any scale for
the celestial plane introduced in the evaluation of Eq. (15).
Here, σen is precisely the one introduced in Eq. (6). Hence,
by identifying the regularization parameters in Eqs. (4)
and (10) and setting the deformation coupling constant
λe as −ϵge, an exact equivalence emerges between the
universal IR divergent factor of the all-loop amplitude and
the JJ̄ deformed correlator.
A parallel correspondence holds true for gravity. Utilizing

the operator PAB, we formulate a 2D marginal deformation,
addressing the 4D loop correction of amplitudes exhibiting

an infrared leading divergence. The action governing the
double-trace PP̄ deformation specifies the abstract indices
as ā b̄ ¼ ab and designates the current as j ¼ P in Eq. (13),
with λG representing a dimensionless coupling constant. The
lth-order correction of the PP̄ deformed correlator can be
obtained by configuring jj̄ ¼ PP̄. Employing the Ward
identities in Eqs. (10) and (12) and evaluating the integrals
Irs̄ij̄ (detailed in the Supplemental Material [92]) yields the

following result:

Xn
ðlÞ
½λG� ¼

1

l!

�

−
λG
ϵ

�

l
�ðσGn Þl

ϵl
hXnið0ÞG þ NðlÞ

λG

�

; ð17Þ

where σGn is the same as that introduced in Eq. (8). By
identifying λG as −ϵgG,

6 the l-loop corrected 4D gravity
amplitudes, particularly for the leading term of IR diver-
gence, can be regarded as correlation functions in a seed
CCFT with the lth marginal deformation PP̄. For consis-
tency, we reformulate soft theorems [81,99–101] within the
deformed CCFT. It is shown that the leading soft theorem
does not flow under the deformation. This consolidates the
fact that the leading IR singularity in Eq. (4) is universal. Our
rigorous confirmation also shows that the deformed Ward
identity of the stress tensor, arising as a shadow trans-
formation of the deformed subleading soft theorem, pre-
cisely agrees with the amplitude-based derivation [102].
Explicit computations are available in the Supplementary
Material [92].

Geometric realization of moduli spaces of bulk vacua. In
standard holographic scenarios, marginal deformations in
the boundary conformal field theory correspond to con-
tinuous moduli spaces of bulk gravitational vacua. Recent
works [53,57] in celestial holography have extended this
idea to transitions in bulk vacua at the perturbative level,
characterized by introducing coherent states of zero-energy
soft particles. The marginal deformation discussed in the
previous sections aligns with such transitions, representing
changes in electromagnetic or gravitational field vacua. To
explore these transitions in more detail from a nonpertur-
bative perspective, we employ a geometric realization of
the marginal deformation, as proposed by Refs. [103–106].
In celestial holography, the nature of the symmetry

breaking and relation of the degenerate vacua are very
different from the standard case of spontaneous breaking of
a global symmetry [107]. The parameter that generates the
spontaneously broken symmetry is an arbitrary local
function on the celestial sphere. The vacuum state is
changed by soft particle creation, which is classically

4It is important to note that calculating the universal part of
deformed correlators only requires the data of correlators in the
seed CCFT, the precise form of the seed CCFT action is not
needed.

5If one considers the soft currents as classical fields, the
deformation of the action is precisely the inverse shadow of the
effective action of the soft photon modes in Ref. [84]. There
the shadow transformation is introduced by the propagator in the
effective action. However, in our construction, a shadow trans-
formation is not involved. The situation is similar to the gravity
case in the next section.

6In the main text, we have assumed that the length scale of the
celestial plane is 1, using stereographic coordinates on the
Riemann sphere ðz; z̄Þ. One could also restore the length scale
r0 to regulate the collinear limits, in which case the identification
should be λG ¼ − ϵGN

16π2r2
0

for the identifications in Eq. (17).
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measured by the memory effect. At the classical level, the
degenerate vacua all have vanishing field strength tensor
Fμν or curvature tensor Rμναβ and are characterized by
asymptotic symmetry transformation; see, e.g., detailed
analysis in Chapter 2.11 of Ref. [107].
Suppose that the action S½ϕ; F� is associated with the

complete seed CFT, where ϕ denotes a collection of
arbitrary fundamental fields and F is the background gauge
field. A double current deformation can be viewed as a
form of topological gauging [103–106],

S½λ� ¼ S½ϕ; F� − 1

2λ
SM½F; Y�;

SM ¼
Z

d2x ϵABϵā b̄ðFā
A − Yā

AÞðFb̄
B − Yb̄

BÞ; ð18Þ

whereFā
A now is promoted into a dynamical gauge field and

Yā
A is the auxiliary field. Correspondingly, the double current

deformed action results from integrating over Fā
A using a

leading semiclassical approximation with the saddle point
condition [106]. We set Yā

A to represent the reference
background gauge field, ensuring the proper recovery of
the undeformed theory as λ approaches zero. The path
integral transformation of Eq. (18) provides a comprehen-
sive quantum definition for these deformations [106].
Different saddle points in the gauge field Fā

A lead to distinct
action decay patterns, distinguishing theories with unique
vacua. Notably, specific saddle point choices automatically
induce JJ̄ and PP̄ deformations

Fā
�A ¼ Yā

A þ λϵā b̄ϵABj
B½λ�
b̄

: ð19Þ

In a holographic understanding, the F� can be regarded as
the source field coming from the bulk, which generates
fluctuation to the vacua of the bulk.
For scalar QED, Yā

A is the background (undeformed)
gauge field Ai

A, so the JJ̄ deformation will change the
gauge field in the bulk from Ai

A to Fi
�A,

Ai → Fi�ðλeÞ ¼ Ai þ dχiðλeÞ; ð20Þ

where λeϵ
ijϵABJ

B½λe�
j ¼ dχiA since dðλeϵijϵABJB½λe�j Þ ¼ 0 for

conserved currents. This indicates that the JJ̄ deformation
on the boundary is equivalent to implementing a large
gauge transformation in bulk with dynamic terms, which
leads to the transition between inequivalent vacua in
bulk [90,107].
For gravity, Yā

A is the background basis Ea
A of the

undeformed metric, i.e., the Minkowskian bulk metric. It
will be formally changed through the PP̄ flow. In particu-
lar, the transverse metric will be switched from γAB to

γ½λG�AB ¼ gabFa
�AF

b
�B

¼ γAB þ 2λGP̂
½λG�
AB þ λ2GP̂

½λG�
AC P̂

½λG�
BD γ

CD; ð21Þ

where P̂½λG�
AB ¼ P½λG�

AB − γABP
C½λG�
C . As a marginal deforma-

tion, the current P̂½λG�
AB should obey the same properties as

the seed theory from a nonperturbative perspective, which
leads to the following decomposition that the current must
satisfy:

P̂½λG�
AB ¼ −2∂A∂BCðz; z̄Þ þ γAB∂

D
∂DCðz; z̄Þ: ð22Þ

Remarkably, the supertranslation shifts the transverse
metric as [74,75]

γvacAB ¼ γAB þ 1

ρ
Cvac
AB þ 1

4ρ2
Cvac
ACC

vac
BDγ

CD; ð23Þ

where the traceless vacuum shear tensor Cvac
AB satisfies the

same type of decomposition as the current P̂½λG�
AB . After

balancing the dimension, we can identify P̂½λG�
AB as Cvac

AB
2GNϵ

in the

bulk. Together with the identification λG ¼ ϵGN
ρ , one obtains

γvacAB ¼ γ½λG�AB : ð24Þ

This verifies that the PP̄ deformation on the boundary is
equivalent to implementing a supertranslation in bulk, a
dynamical coordinates transform. The vacuum of standard
Minkowskian spacetime will flow to the inequivalent
vacua [74,75,107].
Finally, it is worth noting that supertranslations and

large gauge transformations in the bulk account for the
exchange of virtual soft gravitons and gauge bosons,
respectively [67,80,107]. This exchange generates the
leading IR divergence in the amplitudes for scalar QED
and gravity [84,88,108]. Therefore, it is reasonable to infer
that the IR-divergent component of the amplitude relation
in Eq. (4) corresponds to the deformed action on the
boundary in Eq. (18) near the saddle point F�, confirming
the consistency of our framework with previous research,
especially [53,57,109–111].

Concluding remarks. This paper establishes a precise
correspondence between the leading-order universal infra-
red divergences in 4D massless scattering amplitudes
within the bulk theory and marginal deformations of
correlators in 2D CCFT. In the context of QED and gravity,
we determine the soft current, J or P, by invoking the
leading soft photon theorem [82–84,88] or soft graviton
theorem [83,99,108], respectively. By deforming the seed
CCFTwith the composite operator JJ̄ or PP̄, we uncover a
universal part of the deformed correlators expressed in a
factorial form. Notably, there is an exact agreement
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between the correlator relations and the Mellin transform of
the universal part of the amplitude relations in Eq. (4),
underscoring the remarkable fact that the universal part of
the loop amplitude can be precisely reproduced by the tree
amplitude and a marginal deformation in the context of
celestial holography. Lastly, we propose a geometric
representation of the marginal deformation, linking it with
the moduli spaces of bulk vacua, thereby offering a
promising avenue to understand the interplay between
boundary CCFT and bulk theories.
In summary, we offer quantitative verification for

celestial holography at perturbative and nonperturbative
levels, opening avenues for future exploration.
First, within our framework, soft theorems, known to

extend beyond the leading order [85,87,112–114], allow
systematic construction of marginal deformations using
subleading soft currents. The Mellin transformation of
resulting CCFT correlator relations is poised to unveil
insightful holographic amplitude relations, potentially dis-
covering novel results for loop amplitude. Despite ampli-
tude relations being expressed in the low-energy expansion
form in Eq. (4), they closely relate to the classical limit of
loop amplitudes, crucial for recent amplitude-based gravi-
tational wave investigations [115–130].

Second, utilizing the geometric representation to identify
moduli spaces of bulk vacua corresponding to subleading
soft theorems’ marginal deformations is crucial. This
uniquely determines the symmetry transformation of the
bulk solution phase space, addressing distinct proposals in
the literature [131–139].
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