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Magic quantifies the non-Clifford operations required for preparing a state on quantum processors
and sets bounds on the classical computational complexity of simulating quantum dynamics. We
study a non-stabilizerness resource theory for operators, which is dual to that describing states.
We identify that the stabilizer Rényi entropy analog in operator space is a good magic monotone
satisfying the usual conditions, while inheriting efficient computability properties and providing a
tight lower-bound to the minimum number of non-Clifford gates in a circuit. It is operationally well-
defined as quantifying how well one can approximate an operator with one that has only few Pauli
strings; analogous to the relation between entanglement entropy and tensor-network truncation. An
immediate advantage is that the operator stabilizer entropies exhibit inherent locality through a
Lieb-Robinson bound, making them particularly suited for studying local dynamical magic genera-
tion in many-body systems. We compute this quantity analytically in two distinct regimes. First,
we show that random evolution typically has approximately maximal magic in the Heisenberg pic-
ture for all Rényi indices, and evaluate the Page correction. Second, harnessing both dual unitarity
and ZX graphical calculus, we compute the operator stabilizer entropy evolution for an interacting
integrable XXZ circuit. In this case, magic quickly saturates to a constant. This monotone re-
veals structural properties of many-body magic generation, and can inspire Clifford-assisted tensor
network methods.

Introduction.— While quantum computers are ex-
pected to surpass classical ones in solving particular
tasks, many relevant quantum tasks can also be effi-
ciently simulated using classical computers. A distinc-
tive framework where this is possible is that of Clif-
ford operations acting on the class of stabilizer states,
implementable with polynomial resources through the
Gottesman-Knill theorem [1, 2]. This efficient simula-
bility indicates the stabilizer framework’s non-universal
nature: alone, it cannot generate all possible quantum
states, and non-stabilizer states or non-Clifford gates –
i.e. quantum magic resources – are required. Quanti-
fying magic for many-body systems is challenging, yet
fundamental for its relevance in quantum technologies
and applications [3–12]. Indeed, a zoo of geometric
monotones exists [13–18], but these are not suitable for
many-body systems due to high computational complex-
ity requirements. A recent breakthrough was the de-
velopment of the stabilizer Rényi entropy (SRE) magic
monotone [19, 20], lower-bounding other relevant mea-
sures [14, 16, 17, 21, 22]. A key advantage of the SRE
is that it is efficiently computable in several practical
instances, such as in matrix product states [23–25] and
variational wavefunctions [26]. On the other hand, deter-
mining how magic is generated and propagated in many-
body dynamics has remained a challenging problem.

Let us apply these ideas to the fundamental problem
of computing expectation values of observables

⟨O⟩t = tr[OUtρU
†
t ] , (1)

describing the vast majority of quantum experiments
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Figure 1. Schematic of the comparison of magic resources for
states versus operators; cf. Eq. (1). (a) In the Schrödinger
picture, magic resources M tend to grow exponentially fast
for a local circuit or dynamics, before saturating to the max-
imal value. (b) In the Heisenberg picture, magic growth M
is bounded by a Lieb-Robinson light cone for an initially lo-
cal operator O. (c) Operationally, any operator which can
be well-approximated by an operator with only a polynomial
number χ of Pauli coefficients must have O(log(t)) magic.

and computations. In Eq. (1), O is a reference oper-
ator and ρ is the initial density matrix, while Ut is a
unitary evolution. Simulating this value typically re-
quires a choice: either we evolve the quantum state
ρU = UtρU

†
t (Schrödinger picture), or we evolve the op-

erator OU = U †
tOUt (Heisenberg picture); cf. Fig. 1. The

latter approach is beneficial in many applications. For
example, using tensor network methods one finds that
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for local operators, Eq. (1) tends to be more efficiently
simulatable in the Heisenberg picture for integrable dy-
namics [27–34]. Is it natural to ask if a similar principle
applies to magic resource theory, and how to quantify the
magic resources of an operator.

In this Letter, we identify a class of magic mono-
tones for operators and demonstrate their advantages
over state-based measures. Operationally, these mono-
tones bound the approximability of an operator in the
Stabilizer formalism; as in Fig. 1 (c). They are defined as
the entropy of the squared Pauli coefficients of a Heisen-
berg operator, extending the SRE to operator space. We
call this monotone the operator stabilizer entropy (OSE),
and it inherits desirable properties from the SRE, such as:
being efficiently computable using tensor networks [23],
being a full class of Rényi entropies, and providing a
lower bound on the T -count – the minimum number of
non-Clifford gates T = exp(−i(π/8)σz) needed when U
is decomposed as Cliffords plus single-qubit non-Clifford
gates. Beyond this, we show that the OSE has other in-
teresting properties: (i) it exhibits a Lieb-Robinson light
cone, with growth constrained to be at fastest linear,
unlike the typical exponentially fast growth of SRE in
many-body dynamics [35]; (ii) it equals the T -count for
diagonal T -gate circuits, saturating the lower bound; and
(iii) for long-time random evolution, they are typically
maximal, up to a O(1) correction.

We present evidence that magic resources can scale
significantly slower in the Heisenberg picture, even when
accounting for light-cone effects. To this end, we ana-
lytically compute the OSE in an interacting integrable
dual-unitary XXZ circuit model for an arbitrary initially
local operator across all Rényi indices and times. Using
graphical ZX calculus techniques [36–38] adapted from
Ref. [39], we show that it quickly saturates to a constant
value. This contrasts with the SRE, which grows exten-
sively in system size even after just a single layer of the
same dynamics [39].

Operator Stabilizer Entropy and its Properties.— We
will first define the operator stabilizer entropy (OSE) and
present its main properties, with more technical aspects
and proofs detailed in Appendix A.

We denote PN and CN as, respectively, the Pauli and
Clifford group acting on N qubits with total dimension
D = 2N , and take base-2 logarithms throughout. Then,
the OSE is

M
(α)
(OU) ∶=

1

1 − α
(logP (α)(OU) − logP

(α)
(O)),

P (α)(OU) ∶= ∑
P ∈PN

(
1

D
tr[OUP ])

2α (2)

where OU = U †
tOUt is the (time-)evolved Heisenberg

operator of some initial unitary operator O. Here,
α ≥ 0, and α ∈ {0,1,∞} are defined through their lim-
its. In Eq. (A1), P (α)(OU) is the generalized Pauli pu-
rity, which can be used to define linear Rényi entropies,
M
(α)
lin (OU) ∶= 1 − P (α)(OU) [20, 40]. Often in relevant

situations, the pertinent operator is a Pauli string; cf.
Eq. (1). In this case, the second term in Eq. (A1) is
zero and the OSE is the Rényi entropy of the distribu-
tion {Πi ∶= ((1/D) tr[OUPi])2}, with Pi a Pauli string.
From now on we usually take O ∈ PN .

The OSE Eq. (A1) is a good magic monotone for uni-
tary transformations U . In particular, it is (i) faithful,
in that M(α)(C†OC) = 0 for C ∈ CN , (ii) stable un-
der free operations, in thatM(α)(C†OUC) =M

(α)(OU)

for C ∈ CN , (iii) additive, such that M(α)(AU ⊗

BV ) = M
(α)(AU) + M

(α)(BV ), and (iv) bounded as
M(α)(OU) ≤ log(D2) = 2N . This upper bound can be
saturated, e.g., for an operator that is a uniform super-
position over all Pauli strings, and also we will show that
this is approximately the case for typical operators when
N ≫ 1.

Returning to the problem of computing expectation
values [Eq. (1)], consider broadly the stabilizer simulation
method. In this formalism, it is polynomially efficient
in N to compute Pauli expectation values of stabilizer
states. Assume an isolated system with a resource-free
initial state and operator: ρ = ∣ψ⟩ ⟨ψ∣ = C† ∣0⟩ ⟨0∣C for
C ∈ CN , and O ∈ PN . In the Heisenberg picture, the
number Pauli expectation values that need to be com-
puted to exactly evaluate Eq. (1) is the rank r of the
Pauli decomposition,

OU =
r

∑
i=1

aiPi, (3)

where M(0)(OU) = log(r) and ai ∈ C. However, many
of the amplitudes may be small ∣ai∣ ≪ 1, and thus con-
tribute negligibly to expectation values. Define ÕU to be
the truncation of the sum in Eq. (3), retaining only the
largest χ < r amplitudes. Define the error ϵ in computing
expectation values for any initial ρ,

∣ tr[OUρ] − tr[ÕUρ]∣ ≲ ∥ ∣OU ⟩ − ∣ÕU ⟩ ∥1 =∶ ϵ. (4)

If ϵ is small, then operator magic must scale sublinearly.
More technically, if the OSE with α ≥ 1 scales fast with
time, M(1)(OU) ∼ O(t), then for a given small ϵ the re-
quired rank of the Pauli decomposition of the truncated
operator is χ ∼ O(exp(t)); see Appendix A 3. There-
fore, one cannot efficiently compute expectation values
for OU using a stabilizer method. This supplies an oper-
ational interpretation of the OSE: namely, its scaling dic-
tates whether one can use stabilizer methods to (approx-
imately) efficiently compute arbitrary expectation values
of OU for any initial stabilizer state ρ. We stress that
this does not mean that slowly scaling OSE necessar-
ily means that one can approximate OU using stabilizer
methods. It is an interesting question when assurances
on simulability with the scaling of OSE with α < 1 apply;
see analogous tensor-network results [41, 42]. A random
sparsification method is a promising avenue for deter-
mining this [15]. Note that this error scaling from OSE
is pertinent to the recent Pauli truncation methods of
Refs. [43–47].
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Comparison to Other Monotones.— The OSE is a di-
rect generalization of state SRE [19] to operator space.
Moreover, optimizingM(α)(OU) over all initial operators
O, one arrives at the magic power, which in turn can be
used to lower-bound the circuit complexity of U [18].

OSE bounds the T−count τ(U), defined as the number
of single T−gates separated with Clifford layers in a given
circuit U . For an initial O ∈ PN ,

M
(α)
(OU) ≤ τ(U). (5)

This can be proven directly with a counting argument: a
single T−gate at-most doubles the rank of the superposi-
tion (3), while Cliffords preserve it. In fact, the example
of U consisting of a tensor product of T−gates saturates
this bound for O ∈ {σx, σy}⊗N . This can be verified by
directly calculating a single T−gate, and by applying the
additivity property of OSE. Notably, the value is inde-
pendent of the Rényi index, in contrast to the SRE of
tensor products of magic states ∣H⟩ ∶= T ∣+⟩ [19]. On
the other hand, for random Clifford circuits interspersed
with T−gates one can expect that on average for large
systems,

M
(α)
(OU)

N≫τ(U)
≈ τ(U)/2. (6)

This can be understood as follows: every random Clifford
maps a Pauli string to a random Pauli string. Then if a
T−gate does not commute with a Pauli string, it creates
a uniform superposition of two Pauli strings. This will
happen for half of all random Pauli strings, as this only
depends whether the local site where T acts is σx or σy.
If the system is very large, N ≫ τ(U), we arrive directly
at Eq. (6) as all Pauli strings resulting from applying a
T−gate will almost surely be independent of other Pauli
strings in the superposition of OU , from a counting ar-
gument.

We can also compare the Schrödinger and Heisenberg
picture stabilizer entropies in a more systematic way.
Considering the setup described around Eq. (3). For
a given unitary, we compare the average-case OSE and
SRE over initial Pauli operators and stabilizer states re-
spectively. The latter the former is related to SRE of the
Choi state of U [48], while the latter is termed nonstabi-
lizing power in Ref. [19]. Using a result from Ref. [19] as
detailed in Appendix A5, we find that

E∣ψ⟩∈Stab (M
(2)
lin (U ∣ψ⟩)) ≤

1

4
EO∈PN

(M
(2)
lin (OU)) +O(

1

D
).

(7)
This is striking as it means that both in the average case
and in the particular case of U = T⊗τ(U), the Heisenberg
picture stabilizer entropy provides a tighter bound on the
T−count. Finally, we note that the average linear α−OSE
also bounds the unitary stabilizer nullity ν(U) [17, 19]:
EO∈PN

(M
(α)
lin (OU)) ≤ 1 − 2

−ν .
Efficient Computability and Light-cone.— Another

merit of the OSE is its efficient computability via ten-
sor network methods, similar to the procedure laid out

in Ref. [23] for SRE. To clarify this point, we rewrite
the stabilizer purity from Eq. (A1) as a single overlap in
2α−replica space,

P (α)(OU) =
1

D2α
tr[(OU ⊗O

∗
U)
⊗αΛ] (8)

where

Λ ∶= ∑
P1,...,PN ∈P1

((P1⊗⋅ ⋅ ⋅⊗PN)⊗(P
∗
1 ⊗⋅ ⋅ ⋅⊗P

∗
N))

⊗α

. (9)

One can reshuffle indices of the above as (Λ(α))⊗n → Λ,
to arrive at e.g. Fig. 2: a tensor network in replica space
as a function of the single-site tensors

Λ(α) ∶=
1

4
∑
P ∈P1

(P ⊗ P ∗)⊗α. (10)

Fig. 2 more specifically depicts the OSE for a brick-
work circuit Floquet dynamics on a one-dimensional spin-
chain [49–54]. Here, each layer of discrete evolution is
on alternating next-neighbor pairs of spins, as in the
first-order trotter approximation for a local Hamiltonian.
Note that the support of the operator OU grows by at-
most two sites per time-step t. Then the extensive sum
in Eq. (8) reduces to only a sum over maximum length
2t Pauli strings, which are non-identity only within the
support of OU . This generalizes directly to quasi-local
operators, local operators on multiple sites (where one
instead needs only Paulis on the union of the support of
each Heisenberg-evolved operator), and also for contin-
uous evolution (up to an exponential error) in the form
of a Lieb-Robinson bound. Therefore, for local dynamics
and a local O,

M
α
(OU) ≲ t. (11)

where t is the number of layers (time); not be confused
with T−count, τ(U). From the expression Eq. (8), one
could adapt the techniques of Refs. [23, 25] to efficiently
compute the OSE when the bond dimension of the cor-
responding MPO of OU grows slowly; often the case for
integrable systems [27–34].

Operator stabilizer entropy of typical observables.— It
is instructive to compute the OSE for OU = UOU †, with
a Pauli string O ∈ PN evolved under a random Haar
unitary, U ∈ H. H is, for example, approximately repro-
duced from a random brickwork circuit after an exponen-
tial number of layers. This then reveals the typical sta-
tionary values of operator magic at late times for chaotic
evolution.

First consider the average Pauli purities P (α), requir-
ing the computation of 2α moments of the Haar distri-
bution.

P (α) ≡ EH

⎡
⎢
⎢
⎢
⎢
⎣

∑
P ∈PN

(
tr(OUP )

D
)

2α⎤
⎥
⎥
⎥
⎥
⎦

. (12)



4

Figure 2. Tensor network diagram for the generalized Pauli
purity, leading to the OSE (A1), for an initially local operator
O under brickwork circuit dynamics. Time goes from top
to bottom, and each brick represents a doubled-picture two-
site unitary, U ⊗ U∗. At the bottom we have Λ tensors from
Eq. (10), and at the light cone edges white bullets representing
vectorised identity ∣○⟩ = ∑i ∣ii⟩, connecting the copies U to
U∗. Black dots represent the initial local operator O, and the
normalization is not shown.

These can be evaluated exactly via Weingarten calcu-
lus [55–58], for instance resulting in

P (2) ≡ EH

⎡
⎢
⎢
⎢
⎢
⎣

∑
P ∈PN

(
tr(OUP )

D
)

4⎤
⎥
⎥
⎥
⎥
⎦

=
3(D2 − 8)

(D2(D2 − 9))
, (13)

while other expressions for α ≤ 5, together with a full
proof of the above, can be found in Appendix B 1. Using
this expression Eq. (13) to bound M(2) from Jensen’s
inequality, from Eq. (5) for e.g. two qubits we find that
2.22 ≤ M(2) ≤ τ(U). We can therefore be assured that
to reproduce Haar random dynamics on two qubits, on
average more than two T−gates are required. This is
consistent with the O(N) scaling determined in Ref. [5].

In the scaling limit N ≫ 1, we can further compute the
behavior of the moments for any α using the asymptotics
of the Weingarten symbols [56], finding that

M(α) ≃ 2N +
log[(2α − 1)!!]

1 − α
+O (

1

D
) . (14)

The leading term for any α ≥ 2 is maximal, meaning that
observables in the late time are approximately equally
distributed over all Pauli strings. Remarkably, the sub-
leading (negative) correction exactly matches that of the
filtered stabilizer entropy for Haar states in Ref. [59], sug-
gesting a universality in this page-curve-like correction.

Key to the derivation of Eq. (14) is the asymptotic
self-averaging ofM(α). The fluctuations of the moments
P (α) are exponentially suppressed in N , ensuring that
the difference in M(α) and (1 − α)−1 logP (α) is small.
Finally, for any α ≥ 2 the OSE exhibits strong typicality
for random evolution U : non-negligible deviations from
the the average values Eqs. (13)-(14) are exponentially
suppressed in D. Therefore, the distribution of Pauli

weights {Πi} will tend to be approximately maximally
mixed (and so the OSE will be maximal for all α), for
any given sampling of U ∈ H; see Appendix B 2.

Dual Unitary XXZ Circuit Dynamics.— We will now
compute the OSE for an interacting-integrable local cir-
cuit model. Consider an infinite one-dimension qubit spin
chain. The dual unitary XXZ model consists of layers of
two-site next-neighbor unitary gates given by

U = exp(−i(
π

4
(σx ⊗ σx + σy ⊗ σy) + (J +

π

4
)σz ⊗ σz)) ,

(15)
with 0 ≤ J ≤ π/4, and arranged in a brickwork pattern
(as in Fig. 2). For J = 0 this is a circuit of SWAPs, while
for J ≠ 0 it is an interacting integrable model. The maps
(15) are unitary in both the space and time directions;
a class which turns out to be particularly amenable to
analytic computations [60–62]. We evaluate the OSE for
arbitrary system size N and circuit depth (time steps) t
for an initial local unitary operator (see AppendixC),

O = axσx + ayσy + azσz (16)

where from unitarity, a2x + a
2
y + a

2
z = 1. We find that

M
(α)
(OU) =

1

1 − α
log
⎛

⎝

Aα + (cos
2α(2J) + sin2α(2J))

t

Aα + 1

⎞

⎠
,

(17)
where

Aα ∶=
a2αz

a2αx + a
2α
y

=
(1 − a2x − a

2
y)
α

a2αx + a
2α
y

> 0. (18)

For az ≠ 0, Eq. (17) grows fast before saturating to a
constant. We can also apply the replica trick to Eq. (17)
to determine M(1)(OU). Interestingly, we find that this
value increases linearly with t, with a coefficient that is
maximal and equal to t(a2x + a

2
y) when J = π/8 (reported

in Appendix C). We note thatM(α)(OU) is not a Rényi
entropy for non-Pauli initial operators (due to the non-
zero offset of logP (α)(O) in Eq. (A1)), so it is unclear if
α = 1 has any special meaning.

For readability, we here present the strategy for the
derivation of Eq. (17), and detail the complete computa-
tion in Appendix C. The main tools behind this calcula-
tion are dual unitarity [60] and the ZX calculus [39].

The first step in the proof is to notice that the two-site
unitary (15) can be written as a SWAP gate, followed
by a ZZ rotation Uzz(J) ∶= exp (−iJσZ ⊗ σZ). Consider-
ing initial Pauli operators σx,y,z separately, σz commutes
with Uzz, while σx/yUzz(J) = Uzz(−J)σx/y. On the other
hand, the SWAP component simply translates the opera-
tor to a neighbouring site. Then, an initial σx/y will only
anticommute with a single gate per layer of brickwork
dynamics. After t layers, and WLOG taking the initial
operator to be on site 0, we find that

OUt = U
(0,t)
zz (2J)U

(1,t)
zz (2J)⋯U

(t−1,t)
zz (2J)σ

(t)

x/y
, (19)
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with implied identity on all other wires, and where we
have explicitly labeled with superscripts the sites where
each unitary act. The next part of the proof involves sub-
stituting Eq. (19) into the tensor network expression for
the OSE, Eq. (8). In this form, the constituent expres-
sions for σx/y, Λ(α), and Uzz are easily representable as
a ZX-calculus diagram, as displayed in Eq. (C14). From
here, applying the ZX rules simplifies what is initially a
complex tensor-network, before applying a combinatorics
argument to deal with non-Pauli O to eventually arrive
at Eq. (17).

The scaling we find in Eq. (17) is surprising, as one
might expect that magic would scale linearly as the light
cone (and hence support of OU ) increases. In contrast,
the SRE density was found in Ref. [39] to be near-
maximal after a single time step, with an expression sim-
ilar to Eq. (17). Moreover, the scaling of Eq. (17) is
similar to that found for the local operator entanglement
of the same model, computed in Ref. [33] for the 2−Rényi
entropy. We discuss the consequence of this comparison,
including for numerical simulation algorithms, in our con-
cluding remarks.

Discussion.— We have developed a resource theory of
operator magic as quantified by the OSE. A defining
feature of this monotone is that it naturally embodies
locality. This leads to magic propagating at most lin-
early in time for a local operator. In contrast, recent
work has shown that the stabilizer Rényi entropies anti-
concentrate exponentially fast for chaotic dynamics [35],
while it grows linearly in time for doped Clifford cir-
cuits [40, 63]. Determining relationships between magic
in the Schrödinger versus Heisenberg pictures and ex-
tracting a locality principle also for the former requires
further investigation. In addition, it is important to iden-
tify connections OSE and other locally generated proper-
ties of many-body dynamics, such as entanglement [49].

As exemplified by the exact expression for the XXZ
dual unitary model, the OSE may be amenable to ex-
act computations of magic monotones in other solvable
models [60, 64–71]. This could shed light on the inter-
play of magic resources and many-body phenomena such
as phase transitions [4, 10, 11], eigenstate thermaliza-
tion [72–77], and information scrambling [8, 9, 19, 78, 79].

Regarding this latter concept, out-of-time order cor-
relators are a key metric [80–82], and have been shown
to necessarily witness operator entanglement growth [83–
85]. The OSE is in fact closely related to operator en-
tanglement [86], providing an avenue for uncovering in-
terplay between entanglement and magic resources [8].

Finally, from a practical point of view, there has been
recent progress towards the goal of combining stabilizer
and tensor-network methods for more efficient simula-
tion [87–93]. Determining stabilizer resources in the
Heisenberg picture may help progress this goal.
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A. Properties of Operator Stabilizer Entropies

For convenience we repeat the definition of the the operator stabilizer Rényi entropy (OSE)

M
(α)
(OU) ∶=

1

1 − α
(logP (α)(OU) − logP

(α)
(O)),

P (α)(OU) ∶= ∑
P ∈PN

(
1

D
tr[OUP ])

2α

.
(A1)

In this section, we will prove the following properties of the OSE:

1. OSE is a unitary magic monotone.

2. OSE is a Rényi entropy for initial Pauli operators.

3. If the α ≤ 1 Rényi entropy of OU scales linearly, then one cannot well-approximate OU by a polynomial number
of Pauli strings.

4. OSE lower-bounds T−count; this bound is saturated for U = T⊗τ .

5. The linear OSE, averaged over initial Pauli operators, upper bounds the linear SRE, averaged over initial
stabilizer states (with a factor of 1/4, up to exponential error in N). This average OSE also lower bounds a
function of the unitary stabilizer nullity [17].

1. OSE is a magic monotone

To be a valid magic monotone, we need to show:

(i) (faithfulness) M(OU) = 0 ⇐⇒ U ∈ C.

(ii) (Stable under free operations) M(C†OUC) =M(OU).

(iii) (additivity) M(AU ⊗BV ) =M(AU) +M(BV ).

We will consider statements in terms logP (α)(OU), and the proof forM(OU) follows directly.
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(i) First consider C ∈ C,

logP (α)(OU) = log ∑
Pi∈PN

(
1

D
tr[OCPi])

2α (A2)

= log ∑
Pi∈PN

(
1

D
tr[OCPiC

†
])

2α (A3)

= log ∑
P ′i∈PN

(
1

D
tr[OP ′i ])

2α
= logP (α)(O) (A4)

(A5)

where P ′i = C
†PiC. We have used that C†PC = P, that tr[PiPj] =Dδij , and that O ≡ Pℓ ∈ P. Therefore it follows

that M(OU) = 0. Now assume the converse; Mα(OU) = 0. Since the argument of the logarithm is positive, by
concavity we have

P (α)(OU) = P
(α)
(O). (A6)

Expanding U †OU = ∑i aiPi and O = ∑j bjPj , since tr[PiPj] = δijD, we have

∑
j

b2αj = ∑
i

a2αi (A7)

for all α ∈ Z+. This infinite set of conditions is met iff ai = bi for all i. This means that U maps the Pauli strings
to the same number of (possibly different) Pauli strings without affecting their weight. U is hence is a Clifford
unitary.

(ii) For C ∈ CN take U → UC, then

P (α)(C†OUC) = ∑
Pi∈P

(
1

D
tr[C†OUCPi])

2α

= ∑
P ′i∈P
(
1

D
tr[OUP

′
i ])

2α
= P (α)(OU), (A8)

where we have again defined P ′ = CPC† ∈ P, and used that CPC† = P. As P (α)(O) is unchanged, Mα(OU) =
Mα(C†OUC).

(iii) Consider any product Heisenberg operator AU⊗BV ∈ B(Ha⊗Hb), where U,V are unitaries such that AU = U †AU
and dim(Ha) =Da = 2

Na . Then

logP (α)(AU ⊗BV ) = log ∑
Pi∈PN

(
1

D
tr[AU ⊗BV Pi])

2α

= log ∑
Pi∈PNa ,Pj∈Pnb

(
1

DaDb
tr[(AU ⊗BV )(Pi ⊗ Pj)])

2α (A9)

= log ∑
Pi∈PNa

(
1

Da
tr[AUPi])

2α
+ log ∑

Pj∈PNb

1

Db
(tr[BV Pj])

2α

= logP (α)(AU) + logP
(α)
(BV ).

Here we have used the fact that all Pauli strings are product operators, in order to split up the summation of
Pauli strings into two separate sums. An equivalent expression applies for the initial operators, logP (α)(A⊗B) =
logP (α)(A) + logP (α)(B), and soM(α)(AU ⊗BV ) =M

(α)(AU) +M
(α)(BV ) as required.

The above proofs for (i) and (ii) generalize directly also to the linear OSE.

2. OSE is a Rényi Entropy for initial Pauli operators

We are required to show that Πi ∶= ((1/D) tr[OUPi])
2
= ((1/D2) tr[OUPi] tr[OUPi]

∗) is a probability. Clearly
Πi ≥ 0, as it is the absolute value of a complex number. Using that ∑P P ⊗ P = DS where S is the SWAP unitary,
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when we sum over all Pauli strings,

∑
i

Πi = ∑
i

(
1

D
tr[OUPi])

2
=

1

D2∑
i

tr[(OU ⊗O
†
U)(Pi ⊗ Pi)] =

D

D2
tr[(OU ⊗OU)S] =

1

D
tr[O2

U ] = 1, (A10)

where we have also used that OU is Hermitian. Therefore, as each Πi ≥ 0 and ∑iΠi = 1, {Πi} is a probability
distribution, and therefore the OSE (A1) is equal to the Rényi entropies thereof.

3. OSE Scaling Bounds Pauli Truncation Error

Consider an arbitrary Heisenberg operator OU . We would like to bound the error in the expectation value

∆ ∶= ∣ tr[(OU −W )ρ]∣ (A11)

where {W} is some set of approximate operators for OU , yet to be explicitly defined. The claim is that for W with
a normalized Choi state which is close to OU (e.g. through truncation), then for any ρ, ∆ is small. Note that in a
given simulation, one would also need an initial state ρ that can be efficiently contracted with W . In our case this
corresponds to Stabilizer states.

Now, define the truncation error as the trace-distance between the normalized Choi states of OU and its approximate
operator W

ϵ ∶=
1

2
∥ ∣OU ⟩ − ∣W ⟩ ∥1 =

√

1 − ⟨OU ∣W ⟩
2
. (A12)

We deal with a simple truncation of small amplitudes in the Pauli basis. First, we write

OU = xX + yY, (A13)

where X and Y are ortho-normalized (such that ∥X∥∞ = ∥Y ∥∞ = 1), and y =
√
1 − x2 (choose x, y to be positive and

real wlog). Then for W =X

ϵ =
√
1 − x2 = y. (A14)

We use this to write

∆ ≤ ∥OU −W ∥∞∥ρ∥1 = ∥OU −W ∥∞ (A15)
= ∥(x − 1)X + yY ∥∞ ≤ ∣x − 1∣∥X∥∞ + y∥Y ∥∞ (A16)

= 1 − x + y = 1 −
√
1 − ϵ2 + ϵ ≈ ϵ +

ϵ2

2
+O(ϵ4) (A17)

where we have first used that ∣ tr[Aρ]∣ ≤ ∥A∥∞∥ρ∥1 and then applied the triangle inequality together with ∥aX∥ = ∣a∣∥X∥.
The final approximation is taking ϵ≪ 1. Note that if we allow W to not be normalized (non-unitary), only the first
order term in ϵ survives (in this case we also have that the trace-distance (A12) is not well-defined, and so instead ϵ
can be defined via Eq. (A14)).

Now we specify the approximation method. Choose W to be Pauli-truncated. That is, in the Pauli basis,

OU =
D2

∑
i=1

aiPi, and W =
1

(∑
χ
i=1 a

2
i )

χ

∑
i=1

aiPi, (A18)

where the terms of the sum are in the order of non-decreasing amplitudes, ∣ai∣ ≥ ∣aj ∣, for i < j. W then keeps only the
leading χ Pauli terms. In this case, we directly have that

ϵ = y =

¿
Á
Á
ÁÀ

D2

∑
i=χ+1

a2i . (A19)

Now that we have a bound on the error in expectation values in terms of the truncation error ϵ, we can compare the
OSE scaling versus efficient simulability (along the lines of Refs. [41, 42]). In particular, recall the Fannes–Audenaert
inequality

∣S(ρ) − S(σ)∣ ≤ T log(D) + h(T,1 − T ) (A20)
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Here, S is the von Neumann entropy, h ≤ 1 is the binary entropy, D is the dimension of ρ, and T is the trace distance

T ∶=
1

2
∥ρ − σ∥1. (A21)

Define $(⋅) ∶= ∑i ∣Pi⟩ ⟨Pi∣ (⋅) ∣Pi⟩ ⟨Pi∣ as the dephasing channel in the (normalized) Pauli basis (equivalent to com-
putational basis in the Choi representation). Importantly for us, this channel is CPTP. Then, applying the
Fannes–Audenaert inequality to this (and that h ≤ 1)

∣S($(∣OU ⟩ ⟨OU ∣)) − S($(∣W ⟩ ⟨W ∣))∣ ≤
1

2
∥$(∣OU ⟩ ⟨OU ∣) − $(∣W ⟩ ⟨W ∣)∥1 log(D2

) + 1 (A22)

≤
1

2
∥ ∣OU ⟩ − ∣W ⟩ ∥1 log(D

2
) + 1. (A23)

Here we have used the monotonicity of distinguishability under CPTP maps. We notice that S($(∣OU ⟩ ⟨OU ∣)) is
exactly the Shannon entropy of the square Pauli coefficients of the operator OU ; equal to the α = 1 OSE M(1)(OU).
We will now use that truncation may not increase the entropy of a distribution, even after renormalization,

M
(1)
(OU) ≥M

(1)
(W ), (A24)

to arrive at

M
(1)
(OU) ≤

1

2
∥ ∣OU ⟩ − ∣W ⟩ ∥1 log(D

2
) + 1 +M(1)

(W ) (A25)

≤ 2ϵ log(D) + 1 + log(χ). (A26)

We have also bounded the OSE of W by its cardinality,M(1)(W ) ≤M(0)(W ) = log(χ), and substituted the definition
of the truncation error ϵ [Eq. (A12)]. Now assume that the OSE scales linearly with time, according to a local circuit,
M(1)(OU) = ct for c > 0. Then

log(χ) ≥ (c − 2ϵ)t − 1, (A27)

where we have also used that for a local circuit dynamics, the OSE is bounded by a light-cone and so OU effectively
has support on maximum 2t sites (D = 22t); see the discussion around Eq. (11) of the Main Text. Now we set a given
truncation error ϵ, and ask how the minimum bond dimension must scale with t to retain this tolerance. Eq. (A27)
indicates that the required cardinality χ for W to constitute an ϵ−accurate approximation to OU scales as exp(t).
Therefore, it is not possible to truncate OU to a polynomial number of Pauli strings, and so it is not possible compute
⟨O⟩t using Stabilizer formalism efficiently.

4. OSE bounds T−count

We here give a proof that OSE bounds the T -count, denoted here τ(U), for doped Clifford circuits. Consider an
arbitrary initial O and OUt = U

†
tOUt decomposed in the Pauli basis,

OUt =
rt

∑
i

aiPi. (A28)

Here, we take the time t to be discrete, with each step t → t + 1 denoting a layer of circuit that contains exactly one
T−gate and arbitrary Clifford gates. Then, every T−gate can at most double the size of the superposition rt+1 ≤ 2rt.
This is because T †PT results in at most a superposition of two Pauli strings (as it acts only on a single qubit), for
each element of the sum in Eq. (A28). Intermittent Cliffords, on the other hand, preserve the number of elements
r. Therefore, after τ(U) T−gates the number of terms in the sum Eq. (A28) is at most r = 2τM

(0)
(O), recalling that

2M
(0)
(O) is the initial rank of Pauli superposition. The highest-entropy value of the coefficients {∣ai∣2} is the uniform

distribution, ∣ai∣ = 1/
√
r for each 1 ≤ i ≤ r, which results in the bound

M
(α)
(OU) ≤ τ(U) +M

(0)
(O). (A29)

Here, in contrast to the result as written in the Main Text (Eq. (5) therein), we have an additive contribution for
when the initial operator is not Pauli, which is equal to the logarithm of the rank of its Pauli decomposition.
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5. Relation between Average SRE, OSE, and Unitary Stabilizer Nullity

Using a result for the explicit expression for the 2−linear nonstabilizing power E∣ψ⟩∈Stab (M
(2)
lin (U ∣ψ⟩)) from Ref. [19]

(see Eq. (S.43) therein), we can substitute in the average linear OSE over initial Pauli operators, EO∈PN
(M

(2)
lin (OU)),

to arrive at Eq. (6) from the Main Text

E∣ψ⟩∈Stab (M
(2)
lin (U ∣ψ⟩)) ≤

D + 3

4(D + 4)
EO∈PN

(M
(2)
lin (OU)) −

15

D + 4
(A30)

≈
1

4
EO∈PN

(M
(2)
lin (OU)) +O(

1

D
). (A31)

Now we consider the unitary stabilizer nullity ν(U), as introduced in Ref. [17]. This is equal to the state stabilizer
nullity of the Choi state of U ,

ν(U) ∶= ν((U ⊗ 1) ∣ϕ+⟩) = 2N − log2(s(U)). (A32)

Here, s(U) is defined as the cardinality of the stabilizer group St(U) of the unitary Pauli function, tr[P1U
†P2U]/D

(the number of terms where this is equal to ±1). Now, notice that (following a proof in Ref. [19])

s(U) = ∑
Pa,Pb∈St(U)

∣ tr[P1U
†P2U]/D∣ (A33)

= ∑
Pa,Pb∈St(U)

(tr[P1U
†P2U]/D)

2α (A34)

≤ ∑
Pa,Pb∈P

(tr[P1U
†P2U]/D)

2α. (A35)

Then from the definition of unitary nullity,

ν(U) ∶= − log2(
1

D2
s(U)) ≥ − log2(

1

D2 ∑
Pa,Pb∈P

(tr[P1U
†P2U]/D)

2α
), (A36)

and so from the definition of the linear OSE M(α)
lin (OU) = 1 − P

α(OU),

EO∈PN
(M

(α)
lin (OU)) ≤ 1 − 2

−ν . (A37)

B. Haar random evolution

This section details the proofs for closed form expression of the operator stabilizer entropy for an initial Pauli
string evolving under a deep Haar random circuit. We then discuss the concentration of measure properties and
self-averaging results for this setup.

1. Average operator stabilizer entropy

We first describe how to find the exact expressions for the Haar averaged Pauli purities (given for α = 2 in Eq. (13)
and for α ≤ 5 in Eq. (B4)), and also the resultant OSE.

From Eq. (12), for any integer β the key calculation that of the moments,

EH[tr(OUP )
β
] = ∑

π,σ

Wgπ,σtr(O
⊗βTπ)tr(P

⊗βTσ) , (B1)

where Wgπ,σ are the Weingarten symbols and π,σ ∈ Sβ are permutations of β elements, and Tπ are the representation
of the permutation operators in the space of β-replicas [56, 94, 95]. Performing the double sum in Eq. (B1) over the
permutations is unfeasible beyond α = 3, due to the highly complex O([(2α)!]2) computational costs. However, since
P⊗β is invariant under permutations, their expectation with Tσ is fixed solely by the cycle structure of the permutation
σ, denoted λσ. Recalling that λσ ⊢ β is an integer partition of β, and so we have tr(P⊗βTσ) = ∏c∈λσ

tr(P c).
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Additionally, since P 2 = 1, we have that tr(P c) = δP,1D if c is odd and tr(P c) = D if c is even. This implies that
tr(P⊗βTσ) = D

ℓ(λσ)δλσ(P ), where ℓ(λ) is the length of the integer partition and δλσ(P ) = δP,1 if any c ∈ λσ is odd
and δλσ(P ) = 1 otherwise.

Let us divide the permutation group in a part that contains only cycles with even length S+2α, and permutations
that contains at least one odd length cycle S−2α. For instance (12)(34) ∈ S+4 , while (123) ∈ S−4 . Then, denoting the
number of cycles as #(σ), we have

P (α) = ∑
π∈S+

∑
σ∈S+

(D#(π)+#(σ)+1−2αWgπ,σ)

+ ∑
π∈S+

∑
σ∈S−

(D#(π)+#(σ)−1−2αWgπ,σ).
(B2)

Since O is a non-trivial Pauli string, the sum over π has also been restricted to only even length cycles. This expression
is further simplified by the fact that these sums depend only on the cycle structure. In particular

P (α) = ∑
π∈S+

∑
λ⊢2α

D#(π)+#(σ(λ))−2αaλWgπ,σ(λ), with

Wgπ,σ(λ) = {
D for λ ∋ λi = 2k ,
1
D

otherwise ,
(B3)

and λ ⊢ 2α the integer partitions of 2α, σ(λ) the permutation fixed by the standard Young tableau of λ, aλ the
number of permutations with cycle structure fixed by λ, and ℓ(λ) the length of the integer partition. This expression
is exponentially more efficient, and computable with O((2α)!p(2α)) resources, with p(n) ∼ exp(π

√
2n/3) the Euler

partition function, allowing us to explore up to α ≤ 5 exactly (cf. Eq. (13)),

P (2) =
3 (D2 − 8)

D2 (D2 − 9)

P (3) =
15 (D6 − 33D4 + 216D2 − 256)

D4 (D6 − 35D4 + 259D2 − 225)

P (4) =
105 (D8 − 81D6 + 1776D4 − 10432D2 + 15360)

D6 (D8 − 84D6 + 1974D4 − 12916D2 + 11025)

P (5) =
945 (D12 − 170D10 + 9657D8 − 224080D6 + 2199488D4 − 8985600D2 + 12386304)

D8 (D2 − 9)
2
(D8 − 156D6 + 7374D4 − 106444D2 + 99225)

(B4)

We note that, in the scaling limit, the general form is

P (α) =
(2α − 1)!!

D2(α−1)

R(D)

Q(D)
, (B5)

with the algebraic function R(D)/Q(D) being the ratio of two polynomials in D such that, for N ≫ 1, R(D)/Q(D) =
1 +O(1/D). Thus, we recover the expression for the Weingarten asymptotics which we will now discuss.

We will now detail the proof of the asymptotic scaling as N ≫ 1, Eq. (14). Together with the cycle dependence of
tr(P⊗βTσ), this limit permits us to exchange the sum over permutations with a sum over integer partitions

P (α) ≃ ∑
P

∑
λ⊢2α

d2λ
D2ℓ(λ)

D4α
δλ−1(O)δλ(P ) (B6)

where we used that λσ = λσ−1 for any permutation σ. Here, dλ is the Specht module of λ, and d2λ is the number of
permutations with cycle structure λ. Again since O ∈ PN /{1}, the sum is restricted to integer partitions λ containing
only even numbers, for which δλ(P ) = δλ−1(O) = 1, and the integer partition can be written as λ = 2λ̃ for some
λ̃ ⊢ α, meaning that λ ∋ λi = 2λ̃i ∈ λ̃. For these λ, the sum over P ∈ PN is trivial and leads to D2. Collecting these
considerations we have

P (α) ≃ ∑

λ=2λ̃∣λ̃⊢α

d2λ
D2ℓ(λ̃)+2

D4α−2
. (B7)
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The leading order of this expression is fixed by the maximal value of ℓ(λ̃) = α which occurs when all λ̃i = 1. Then
d2λ = (2α − 1)!!, where !! denotes double factorial, and the final result is

P (α) ≃
(2α − 1)!!

D2α−2
. (B8)

From the moment expression Eq. (B8), we find that the scaling limit of the OSE is

M(α) ≃ 2N +
log[(2α − 1)!!]

1 − α
+O (

1

D
) . (B9)

We are able to go from the moments Eq. (B8) to the average OSE M(α) due to the suppression of deviations from
the average as N ≫ 1. We prove below that these fluctuations are exponentially suppressed due to concentration of
measure.

2. Typicality of the Average Case

It is important to ask: What can we learn from P (α) about the average-case OSE, Mα? In this section, we first
present a simple heuristic argument describing the self-averaging of these quantities in the scaling limit. Afterward,
we present a rigorous proof using a concentration of measured arguments.

Let us compute the relative fluctuations for P (2), namely

F(P (2)) =

¿
Á
Á
ÁÀ
(P (2))2 − P (2)

2

P (2)
2

. (B10)

We need to evaluate

(P (2))2 = E
⎡
⎢
⎢
⎢
⎢
⎣

∑
P1,P2

tr(OUP1)
4tr(OUP2)

4

D8

⎤
⎥
⎥
⎥
⎥
⎦

. (B11)

Consider first the case P1 = P2. This is equivalent to computing P (4) ≃ 945/D6. However, this term is subleading

compared to P (2)
2
≃ 9/D4. Let us now focus on P1 ≠ P2. Following the same steps as for the scaling limit detailed in

Appendix A of the Main Text, we have

(P (2))2 ≃ ∑
P1≠P2

∑
σ∈S8

D2#(σ)

D16
δσ−1(O)δσ(P1, P2) +O(1/D

6
) . (B12)

The maximal term occurs when λ couple pairs, and has length 4. However, since tr(P1P2) = 0, the only non-trivial
contributions come from σ ∈ S4 × S4. In the scaling limit, this leads to

(P (2))2 ≃
9

D4
+O(1/D6

). (B13)

This contribution cancels out, and one is left with F ≃ 1/D, meaning the relative fluctuation are exponentially
suppressed in system size.

We now prove that the average case is typical, through a standard application of Levy’s Lemma via concentration
of measure. We first formulate the informal statement as a precise mathematical theorem.

Theorem. For any ϵ > 0 and for a randomly sampled U according to the (global) Haar measure U ∼ H,

PrU∼H {∣P
(α)
(U†OU) − ⟨P (α)(U†OU)⟩H ∣ ≥ ϵ} ≤ exp(−

Dϵ2

64(α + 1)2
) . (B14)

Proof. We apply Levy’s Lemma, which states that for U sampled according to the Haar measure H, f ∶ Ud → R a
Lipschitz continuous function with Lipschitz constant K, and ϵ > 0 then

PrU∼H {∣f(U) − ⟨f(U)⟩H ∣ ≥ ϵ} ≤ exp(−
Dϵ2

4K2
) (B15)
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where K is defined such that for all U,V ∈ UD

∣f(U) − f(V )∣ ≤K∥U − V ∥2. (B16)

The task is to determine a Lipschitz constant K for the function f(U) = ∑P ∈P(
1
D
tr[OUP ])

2α.
We will first take α ≥ 2 to be an even integer, and then use the result to also provide a Lipschitz constant for odd

α. We have that

∣f(U) − f(V )∣ = ∣ ∑
P ∈P

(
1

D
tr[U †OUP ])2α − ∑

P ∈P

(
1

D
tr[V †OV P ])2α∣ (B17)

=
1

D2α−2
∣ tr[(U †OU)⊗2α(Λ(α))⊗n − (V †OV )⊗2α(Λ(α))⊗n]∣ (B18)

≤
1

D2α−2
∥(Λ(α))⊗n∥1∥(U

†OU)⊗2α − (V †OV )⊗2α∥∞ (B19)

where we have applied the relation, ∣ tr[AB]∣ ≤ ∥A∥1∥B∥∞. Recall the definition Eq. (8) from the Main Text, up to
reshuffling of indices equal to (Λ(α))⊗n = (1/D2)(∑P ∈P1

(P ⊗ P ∗)α)⊗n. Using this, we can directly evaluate the first
norm in the expression Eq. (B19) for even α,

∥(Λ(α))⊗n∥1 = tr[
√

Λ(α))⊗n] = tr[(Λ(α))⊗n] (B20)

=
1

D2
tr[( ∑

P ∈P1

(P ⊗ P ∗)α)⊗n] =
1

D2
tr[1⊗2αn] =D2α−2, (B21)

where we have used that for even α, (Λ(α))⊗n is a normalized projector and so
√
(Λ(α))⊗n =

√
((Λ(α))⊗n)2 = (Λ(α))⊗n.

We note that for odd α, we cannot make the same argument as (Λ(α))⊗n is not a projector (and is instead unitary
Hermitian) [40, 96]. In that case, one finds instead that ∥(Λ(α))⊗n∥1 = D2α−1, which is not small enough to find
a Lipschitz constant that sees concentration of measure using the present method. We will instead handle odd α
separately at the end. We have also used that all Pauli strings are traceless, except for the identity.

Continuing for even integer α, for the second norm in Eq. (B19) we apply the triangle inequality,

∣f(U) − f(V )∣ ≤
D2α−2

D2α−2
∥(U †

)
⊗2αO⊗2α(U⊗2α − V ⊗2α) − ((V †

)
⊗2α
− (U †

)
⊗2α
)O⊗2αV ⊗2α∥∞ (B22)

≤ ∥(U †
)
⊗2αO⊗2α(U⊗2α − V ⊗2α)∥∞ + ∥((V

†
)
⊗2α
− (U †

)
⊗2α
)O⊗2αV ⊗2α∥∞ (B23)

= 2∥U⊗2α − V ⊗2α∥∞. (B24)

We have used that Schatten p−norms are unitarily invariant and that ∥A∥ = ∥A†∥. Now we will use the following
identity,

∥U⊗2α − V ⊗2α∥∞ ≤ 2α∥U − V ∥∞. (B25)

This relation can be derived by iteratively applying the following,

∥A⊗A∗ −B ⊗B∗∥ = ∥(A⊗A∗ −A⊗B∗) − (B ⊗B∗ −A⊗B∗)∥ (B26)
≤ ∥(A⊗A∗ −A⊗B∗)∥ + ∥(B ⊗B∗ −A⊗B∗)∥ (B27)
= ∥A∥∥A∗ −B∗∥ + ∥B −A∥∥B∗∥ (B28)
= ∥A −B∥(∥A∥ + ∥B∥). (B29)

where we have again utilized the triangle inequality, that ∥X ⊗ Y ∥ = ∥X∥∥Y ∥. An equivalent relation applies when
replacing A∗ (B∗) with A (B). Applying that unitaries have unit operator norm, ∥U∥∞ = 1, we arrive at Eq. (B25).

Now we simply use that ∥A∥∞ ≤ ∥A∥2 and Eq. (B25), such that from Eq. (B24) we have

∣f(U) − f(V )∣ ≤ 4α∥U − V ∥2. (B30)

We can therefore bound the Lipschitz constant as K ≤ 4α. For odd α, we will now use the above derived upper bounds
for the even α − 1 and α + 1. In particular, for a given sampling of U and V , then

∆f(α) ∶= ∣f(U) − f(V )∣ = ∣∑pαi −∑ qαj ∣, (B31)
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Figure 3. A summary of graphical rewrite rules in ZX calculus. These are: (f)usion of spiders, the (c)opy rule, (π)-commutation,
(id)entity, (b)ialbegra rule, and the (H)opf rule. The Hopf rule can be derived from the others, but turns out to be particularly
useful.

where pi = (1/D tr[U †OUP ])2 is a probability distribution. Now, depending on the properties of the distributions
{pi} and {qi}, either ∆f(α − 1) ≤ ∆f(α) ≤ ∆f(α + 1), or ∆f(α − 1) ≥ ∆f(α) ≥ ∆f(α + 1). We can rest assured that
one of these cases is true, given the monotonic property of any single element pαi with α. Therefore, we have in all
cases that ∆f(α) is bounded by the largest upper bound out of ∆f(α − 1) and ∆f(α + 1), so from Eq. (B30),

∆f(α) ≤max{4(α − 1),4(α + 1)}∥U − V ∥2 ≤ 4(α + 1)∥U − V ∥2. (B32)

Therefore, for any α, we can choose a Lipschitz constant as K = 4(α + 1). According to Levy’s Lemma, the operator
stabilizer purities exhibits strong typicality.

C. Computation of the OSE for XXZ Dual Unitary Circuits

1. ZX Caclulus

We will leverage the tools of ZX calculus. In this formalism, one can in-principle perform any quantum mechanics
calculations entirely graphically. It is algebraically complete, and in practice it is particularly useful to work in this
representation when an expression predominantly contains Cliffords, and a small number of non-Cliffords. We will
provide a short summary of the tools we require, following closely Refs. [38, 39].

The basic object in ZX calculus are Z and X spiders, defined respectively as

θ ......m n ∶= ∣0⟩
⊗m
⟨0∣
⊗n
+ eiθ ∣1⟩

⊗m
⟨1∣
⊗n
, θ ...... θm n ∶= ∣+⟩

⊗m
⟨+∣
⊗n
+ eiθ ∣−⟩

⊗m
⟨−∣
⊗n
. (C1)

If θ = 0, we omit it in the diagram. Remarkably, one can rewrite any quantum circuit in terms of these fundamental
units. Then, it is possible to prove a number of rewrite rules, as detailed in Fig. 3. ZX can be seen as an extension to
regular tensor network expressions, where we include Pauli commutation relations in the form of the additional rules
of Fig. 3. As such, the directionality of the interior wires does not matter, and if there are no open wires, then the
diagram corresponds to a constant. We also point out that the Pauli matrices graphically are

σx = π , σz = π , σy = −i ( π π ) . (C2)

2. Dual Unitary XXZ Model

Layers of the dual unitary XXZ circuit involve 2−body gates which in alternating layers act on even
(. . . , (0,1), (2,3), . . . ) and odd (. . . , (1,2), (3,4), . . . ) labelled sites respectively,

Ue/o = (SWAP ⋅ exp(−iJσz ⊗ σz))
⊗N/2, (C3)

where we can take the number of sites N →∞. Applying a layer of this evolution to a local operator O = σ(j)x (a single
site σx operator on the jth site, with implicit identities elsewhere), each two-body ZZ gate which has overlapping
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support with σx anti-commutes with this gate, and all other gates commute (due to independent support). Then the
SWAP part just translates the operator σx to a different site (assume j is even WLOG):

SWAP⊗N/2 exp(−i ∑
i even

Jσ(i)z ⊗ σ
(i+1)
z ))σ(j)x = σ(j+1)x exp(−iJ ∑

i even
(−1)δjiσ(i)z ⊗ σ

(i+1)
z )). (C4)

The equivalent occurs for the odd layers. Then after (t/2)−steps with Floquet evolution operator Ut = (UoUe)t/2,
commuting σ(j)x through Ut flips the sign of the ZZ gate, and otherwise the gate cancels due to U vs U †

OU = U
†
t σ
(j)
x Ut = σ

(j+t)
x exp(−i2J

t−1

∑
i=0

σ(t+j)z ⊗ σ(j+i)z ). (C5)

Here, notice that OU now has support on t qubits; c.f. the full lightcone of 2t sites. This is because the other ZZ
terms commute with each other after implementing the SWAPs.

3. Proof for Local Pauli Observables

Now, recall the tensor network expression for the OSE (Fig. 2 and Eq. (8) from the Main Text) and that from the
local-operator light-cone, nontrivial support after t steps is on only 2t sites,

1

22Nα
tr[(OU ⊗O

∗
U)
⊗α
(Λ(α))⊗n] =

1

22tα
tr[(OU ⊗O

∗
U)
⊗α
(Λ(α))⊗t]. (C6)

Following a similar argument to [39], we decompose

Λ(α) = ∑
P ∈P1

(P ⊗ P ∗)⊗α = 4Λ(α)x Λ(α)z , (C7)

with

Λ(α)x =
1

2
(σ⊗2α0 + σ⊗2αx ), and (C8)

Λ(α)z =
1

2
(σ⊗2α0 + σ⊗2αz ). (C9)

We can rewrite these simply using the ZX calculus notation,

Λ(α)z = ... , Λ(α)x = ... , (C10)

where there are 2α horizontal wires (Λ(α) acts on 2α replica spaces of a single qubit). In the above, and for the rest
of the proof, we ignore any normalizations. Then, given the final expression will be valid for any α ≥ 1 and for any
parameter J , we can find the correct normalization at the end given that {Πi} is a probability distribution,

1

22t
tr[(OU ⊗O

∗
U)(Λ

(1)
)
⊗t
]

!
= 1, (C11)

and that the magic is zero for J = 0, as this corresponds to a circuit of SWAPs (which is clearly Clifford). Further,
the two-site ZZ rotation gate in Eq. (C5) also admits a simple expression in the ZX representation [39],

exp(−i2Jσ(a)z ⊗ σ(b)z ) = 4J . (C12)

Using this, the ZX diagram for Eq. (C5) is

OU =

θ θ

...

θ...
π

, (C13)
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where the horizontal wires are the Hilbert spaces of qubits t, t− 1, . . . ,0 from top to bottom, and for brevity we write
θ ∶= 4J , and θ̄ ∶= −4J . O∗U has the same diagram, but one replaces the angle θ with its negative, θ. Substituting these
expressions (C10)-(C13) into Eq. (C6), we have the full ZX diagram for the OSE

tr[(OU ⊗O
∗
U)
⊗α
(Λ(α))⊗t] = tr

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

θ θ

...

θ...
π

θ θ

...

θ...
π

... (2α copies)

......

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (C14)

We apply tools of ZX calculus to significantly simplify this expression.

First we consider a single qubit replica space 0 ≤ i < t (other than site where σx acts), as well as its connecting
spiders Λ

(α)

x/z
,

...

...

2α

2αθ θ̄ θ̄θ

(f)
=

...

...

2α

2α

θ
θ̄ θ̄θ

(H)
=

...

...

2α

2α

θ
θ̄ θ̄θ

(c),(f)
=

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

...(2α − 1)

2α

θ

θ̄

θ̄

θ

...

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

(id),(f)
= 2α

θ

θ̄

θ̄

θ

...

(C15)

Here we have used dashed (red) wires to indicate that this is a component of a larger diagram.
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Similarly, for the single qubit replica space of site i = t (the site where σx acts),

...

...

2α

2α

π π ππ
(f)
=

...

...

2α

2α

π π ππ

(H),(f)
=

...

...

π π π π
2α

2α

(f),(c)
=

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

...π π π
(2α − 1)

2α...

πππ
⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

= 2α... .

(C16)

The dashed (red) line here indicates the rest of the diagram of Eq. (C14); i.e. t copies of Eq. (C15). Substituting the
simplifications (C15) (t − 1 copies on the left) and (C16) (right) into Eq. (C14),

tr[(OU ⊗O
∗
U)
⊗α
(Λ(α))⊗t] = 2α...

t...

θθ̄
θ

θ̄

θ
θ̄
θ
θ̄

θ
θ̄
θ
θ̄

θ

θ̄
θ θ̄

2α

2α

2α

2α

(b)
= 2α...t...

θθ̄
θ

θ̄

θ
θ̄
θ
θ̄

θ
θ̄
θ
θ̄

θ

θ̄
θ θ̄

2α

2α

2α

2α

(f),(c)
=

⎛
⎜
⎜
⎜
⎝

θ

θ
θ

θ

2α

⎞
⎟
⎟
⎟
⎠

t

=

⎛
⎜
⎜
⎝

θ θ

θ θ

α ... ...

⎞
⎟
⎟
⎠

t

= ((⟨0∣ + eiθ ⟨1∣)
⊗α
(∣−⟩ ⟨−∣

⊗α
+ ∣+⟩ ⟨+∣

⊗α
) (∣0⟩ + e−iθ ∣1⟩)

⊗α
)
t

. (C17)

We can clearly simplify this final expression if we define the state ∣ψθ⟩ ∶= ∣0⟩ + e−iθ ∣1⟩,

1

22tα
tr[(OU ⊗O

∗
U)
⊗α
(Λ(α))⊗t] = ∣ ⟨ψθ ∣−⟩ ∣

2α
+ ∣ ⟨ψθ ∣+⟩ ∣

2α, (C18)

where we remind the reader that we are still ignoring normalizations for now. Then,

∣ ⟨ψθ ∣±⟩ ∣
2
∝ 1 ±

1

2
(eiθ + e−iθ) = 1 ± cos(θ), (C19)

and so

∣ ⟨ψθ ∣−⟩ ∣
2α
+ ∣ ⟨ψθ ∣+⟩ ∣

2α
= (1 + cos(θ))α + (1 − cos(θ))α (C20)

=
α

∑
k=0

(
α

k
) cosk(θ) + (−1)k cosk(θ) = 2

⌊α/2⌋

∑
k=0

(
α

2k
) cosk(θ) (C21)

=

⌊α/2⌋

∑
k=0

(
α

2k
) cos2k(4J) = cos2α(2J) + sin2α(2J), (C22)
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where we have subbed back in the definition of θ = 4J . To determine the multiplicative normalization N , we know
that for α = 1 and for any t

1

N
(cos2(2J) + sin2(2J))t

!
= 1. (C23)

This means that N = af(α) with f(1) = 0. We also know that magic is zero for a SWAP circuit (J = 0) for any α ≥ 2
and t,

1

af(α)
((cos2α(0) + sin2α(0)))t

!
= 1, (C24)

which means that af(α) = 1. This infinite set of conditions can only be satisfied for f(α) = 0. We have also verified
numerically that the normalization is correct for small Rényi index α and depth t. So finally, the OSE for this model
is

M
(α)
(U †

t σ
(j)
x Ut) =

t

1 − α
log (cos2α(2J) + sin2α(2J)) , (C25)

For α = 2, this is particularly simple:

M
(2)
(U †

t σ
(j)
x Ut) = t log(

4

3 + cos(4J)
). (C26)

This has a maximal value for J = π/4, resulting inM(2)(U †
t σ
(j)
x Ut) = t.

4. Generalization to arbitrary initial (local) operator

Now consider an arbitrary initial (traceless) local unitary operator on site j

Oj = axσx + ayσy + azσz (C27)

where from unitarity, a2x + a
2
y + a

2
z = 1. Subbing this into the Pauli purity, we have that (recalling that n = 2t from the

light-cone)

P (α)(U †
tOjUt) = ∑

P ∈PN

(
1

D
tr[U †

(axσx + ayσy + azσz)UP ])
2α

=
1

24αt
∑

P ∈PN

(tr[U †axσxUP ] + tr[U
†ayσyUP ] + tr[U

†azσzUP ])
2α

=
1

24αt
∑

k1+k2+k3=2α

∑
P ∈PN

(2α)!

k1!k2!k3!
(ax ⟨σx⟩P )

k1(ay ⟨σy⟩P )
k2(az ⟨σz⟩P )

k3 .

(C28)

For shorthand, we have defined (ignoring phases and normalization)

⟨σa⟩P ∶= tr[U
†
t σaUP ]. (C29)

Now, we have an expression for ∑P ⟨σx⟩
2α
P from Eq. (C25). In addition, we can compute ⟨σz⟩P = tr[σzP ] =

δ
P,σ

(j+t)
z

tr[1], such that ∑P ⟨σz⟩P f(P ) = f(σ
(j+t)
z ) (up to normalization for each). Finally, as σy = iσxσz, then

∑P ⟨σy⟩
2α
P = ∑P ⟨σx⟩

2α
P (as the σz gate commutes with Ut up to a SWAP, and then just permutes the Pauli string P

in the full sum). The remaining task is one of combinatorics.
Consider the cases:

(i) k3 ≠ 0, k2 ≠ 0, k1 ≠ 0: these terms have at least one factor of ⟨σz⟩P , which is zero unless P = σ(j+t)z (identity
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everywhere except σz at site j + t). The ZX diagram for ⟨σx⟩P=σ(j+t)z
in this case is

⟨σx⟩P=σ(j+t)z
= tr[U †

t σ
(j)
x Uσ(j+t)z ]

(C13)
= θ θ θ...

ππ

(c),(f)
=

⎛
⎜
⎜
⎜
⎜
⎝

θ θ θ...

ππ ⎞
⎟
⎟
⎟
⎟
⎠

(id)
=

⎛
⎜
⎜
⎜
⎝

θ θ...
ππ ⎞

⎟
⎟
⎟
⎠

∝ tr[σxσz] = 0.

(C30)

Therefore all terms with k3 ≠ 0 and k1 ≠ 0 are zero.

(ii) k3 ≠ 0, k2 ≠ 0, k1 = 0: using that σy = iσxσz, and that σz commutes with the ZZ gate, we can applying the same
steps as Eq. (C30) to arrive at

⟨σy⟩P=σ(j+t)z
= tr[U †

t σ
(j)
y Uσ(j+t)z ] ∝ ππ π = tr[σx] = 0. (C31)

From this we therefore know that the only non-zero term in the sum (C28) involving ⟨σz⟩P is when k3 = 2α, which is
equal to a2αz (irrespective of t). Eq. (C28) then reduces to

P (α)(U†tOjUt) = a
2α
z +

1

24αt

2α

∑
k=0

∑
P ∈PN

(
2α

k
)(ax ⟨σx⟩P )

k
(ay ⟨σy⟩P )

2α−k. (C32)

As argued below Eq. (C28), we can directly evaluate the elements of this sum when k = 2α and when k = 0, which are
equal to the final value of the previous section,

P (α)(U †
tOjUt)

(C25)
= a2αz +(a

2α
x +a

2α
y ) (cos

2α
(2J) + sin2α(2J))

t
+

1

24αt

2α−1

∑
k=1

∑
P ∈PN

(
2α

k
)(ax ⟨σx⟩P )

k
(ay ⟨σy⟩P )

2α−k. (C33)

To handle these final terms, we consider their ZX diagram,

1

24αt
∑

P ∈PN

(⟨σx⟩P )
k
(⟨σy⟩P )

2α−k
=

θ θ

...

θ...
π

θ θ

...

θ...
π

...

k

......

θ θ

...

θ...
π

2α − k

π

. (C34)

This is identical to Eq. (C14) except we have an extra σz gate (π−rotation Z−spider) on the top wire of the final
2α − k copies in replica space. We can apply identical techniques to the previous section, except that the top wire of
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each replica space has the diagram (c.f. Eq. (C16)):

...

...

π π ππ

π π

k 2α − k

(f),(H),(c)
= ...

π

π

k

2α − k

. (C35)

Subbing this expression and Eq. (C15) into Eq. (C34)

1

24αt
∑

P ∈PN

(⟨σx⟩P )
k
(⟨σy⟩P )

2α−k
= ...

t...

θθ̄
θ

θ̄

θ
θ̄
θ
θ̄

θ
θ̄
θ
θ̄

θ

θ̄
θ θ̄

2α

2α

2α

2α

π
π

k

2α − k

(b)
=

...

t...

θθ̄
θ

θ̄

θ
θ̄
θ
θ̄

θ
θ̄
θ
θ̄

θ

θ̄
θ θ̄

2α

2α

2α

2α

π

π

2α − k

...

k

(f),(π)
= t...

θθ̄
θ

θ̄

θ
θ̄
θ
θ̄

θ
θ̄
θ
θ̄

θ

θ̄
θ θ̄

2α

2α

2α

2α

π
(id),(f)
= t...

θθ̄
θ

θ̄

θ
θ̄
θ
θ̄

θ
θ̄
θ
θ̄

θ

θ̄
θ θ̄

2α

2α

2α

2α

π

(H)
= t...

θθ̄
θ

θ̄

θ
θ̄
θ
θ̄

θ
θ̄
θ
θ̄

θ

θ̄
θ θ̄

2α

2α

2α

2α

π = 0.

(C36)

Here we have followed a similar method to Eq. (C17), and in the end used that

π = (⟨0∣ + ⟨1∣)(∣0⟩ − ∣1⟩) = 0. (C37)
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-Log[(0.31 + 0.5^t)/(0.31 + 1)]
-Log[(0.31 + 0.5^t)/(0.31 + 1)]

Figure 4. Plot of the growth ofM(2)(U†
t OjUt) in the dual unitary XXZ model for (ax, ay, az) = (

√
0.5,
√
0.2,
√
0.3) and J = π/8.

The plot asymptotes to the value given in Eq. (C42), limt→∞M(2)(U†
t OjUt) ≈ 1.44 for these parameters.

Notice that the proof of Eq. (C36) did not depend on the value of k ≠ 0,2α. Therefore we arrive at the final expression
of

P (α)(U †
tOjUt) = a

2α
z + (a

2α
x + a

2α
y ) (cos

2α
(2J) + sin2α(2J))

t
. (C38)

Given that the initial operator is not a Pauli, for the OSE to be a good magic monotone we need to offset it by the
magic of the initial operator, and compute ∆M. Therefore, the final OSE is equal to

M
(α)
(U †

tOjUt) =
1

1 − α
(log (a2αz + (a

2α
x + a

2α
y ) (cos

2α
(2J) + sin2α(2J))

t
) − log (a2αx + a

2α
y + a

2α
z )) . (C39)

To simplify this expression, we define the constant

Aα ∶=
a2αz

a2αx + a
2α
y

=
(1 − a2x − a

2
y)
α

a2αx + a
2α
y

> 0, (C40)

where we have also used the normalization of the initial coefficients from unitarity, as described below Eq. (C27).
Then,

M
(α)
(U †

tOjUt) =
1

1 − α
log
⎛

⎝

Aα + (cos
2α(2J) + sin2α(2J))

t

Aα + 1

⎞

⎠
. (C41)

For Aα ≠ 0, this is an approximately linearly growing function of t, before saturating to the constant,

lim
t→∞
M
(α)
(U †

tOjUt) =
1

1 − α
log [

(1 − a2x − a
2
y)
α

a2αx + a
2α
y + (1 − a

2
x − a

2
y)
α
] (C42)

See Fig. 4 for a plot of Eq. (C41) for example parameters..
We can also take the replica limit of Eq. (C41), to find the limit as α → 1 ofM(α),

lim
α→1
M
(α)
(OU) = −t(a

2
x + a

2
y) ((1 + cos(4J)) log[cos(2J)] + 2 sin(2J)

2 log[sin(2J)]) (C43)

= t(a2x + a
2
y) (1 + cos(4J) log[tan(2J)] − log[sin(4J)]) . (C44)

This is a well-defined linearly increasing function for J < π/4,

lim
α→1
M
(α)
(OU) = c(J)(a

2
x + a

2
y)t, (C45)

with coefficient 0 < c(J) ≤ 1, such that c = 1 for J = π/8.
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