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We propose a protocol for coherently transferring non-Gaussian quantum states from an optical field to
a mechanical oscillator. We demonstrate its experimental feasibility in future gravitational-wave detectors
and tabletop optomechanical devices. This work not only outlines a feasible way to investigate nonclassicality in macroscopic optomechanical systems, but also presents a new and elegant approach for
solving non-Markovian open quantum dynamics in general linear systems.
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Introduction.—Recently, the attention of broad scientific
communities has been drawn to the investigation of the
quantum behavior of macroscopic mechanical oscillators
in optomechanical devices [1]. These activities are motivated by (i) the necessity to achieve and go beyond the
Standard Quantum Limit for high-precision measurements
with mechanical probes [2], (ii) the test and interpretation
of quantum theory with macroscopic degrees of freedom
[3], and (iii) quantum information processing with optomechanical devices [1]. Non-Gaussian quantum states,
such as Fock states, lie at the heart of all these endeavors
[4,5]. A 6 GHz micromechanical oscillator has been lately
prepared in a single-quantum state, by coupling it to a
superconducting qubit [6]. This significant achievement
is attributable to the intrinsic nonlinearity in the
oscillator-qubit system [7,8]. For optomechanical systems
to achieve nonlinearity in the quantum regime, the zero@
point displacement xq ¼ ð2m!
Þ1=2 of the oscillator needs
m
to be comparable to the cavity linear dynamical range—the
ratio of the optical wavelength  to the cavity finesse F —
and this condition reads [9–12]
=ðF xq Þ & 1:

(1)

Since, in typical experiments,  ¼ 106 m and F  106 ,
this requires xq  1012 m, which is rather challenging to
achieve. For large-scale optomechanical devices, e.g., an
interferometric gravitational-wave detector with m ¼
40 kg and !m =2 ¼ 1 Hz [13], xq  1018 m; on the
small scale, e.g., the one reported in Ref. [10], m ¼
10 ng and !m =2 ¼ 105 Hz, which gives xq  1015 m.
Both are far away from the nonlinear regime.
In this Letter, we propose a protocol for preparations of
non-Gaussian states with optomechanical devices, which
does not require optomechanical nonlinearity. The idea is
to inject non-Gaussian optical states, e.g., a single-photon
pulse created by a cavity QED process [14–16], into the
dark port of interferometric optomechanical devices
(cf. Fig. 1). The radiation-pressure force of the single0031-9007=10=105(7)=070403(4)

photon pulse on the oscillator is coherently amplified by
the classical pumping in the bright port, and the nonGaussian states can be efficiently transferred from the
optical field to the oscillator. The qualitative condition
for such a state transfer, as will be shown, is
qﬃﬃﬃﬃﬃﬃﬃ
=ðF xq Þ & N :
(2)
Here, N ¼ I0 =ð@!0 Þ, with I0 the laser power into the
bright port and !0 the frequency, is the number of pumping
photons entering the bright port, within the single-photon
pﬃﬃﬃﬃﬃﬃﬃ
pulse duration . We gain a significant factor of N which
makes this protocol experimentally feasible.
Transferring quantum states from an optical field to a
mechanical oscillator with other protocols has been discussed by many pioneering works [17–20]. To motivate
experiments with this protocol, it is crucial to understand
(i) the dynamics: how the mechanical oscillator interacts
with the photon pulse, and (ii) the conditional process: how
the continuous measurement affects the final quantum state
of the oscillator. For the dynamics, we will study the full
quantum dynamics without using either the rotating-wave
approximation [17,18], or the three-mode approach
[19,20], because the interaction can be shorter than one

FIG. 1 (color online). Possible experimental schemes: (i) an
interferometric gravitational-wave detector with kg-scale test
masses (left) [13], and (ii) a tabletop coupled cavity scheme
with a ng-scale membrane (right) [10].
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mechanical oscillation period to minimize the thermal
decoherence effect—a strong optomechanical coupling.
For the conditional process, nontrivial quantum correlations at different times in the photon pulse make the open
quantum dynamics highly non-Markovian, which does not
allow a transparent study with the standard Stochastic
Master Equation (SME) approach [21–25]. We develop a
path-integral approach. It solves the non-Markovian dynamics elegantly, and gives an explicit expression for the
final state of the mechanical oscillator, which is valid for
general linear dynamics.
Order-of-magnitude estimate.—The model of interferometric optomechanical devices is shown schematically in
Fig. 2. The oscillator position x^ is coupled to a thermal bath
and also the cavity mode a^ (mediated by radiation pressure), which in turn interacts with the ingoing a^ in and
outgoing a^ out optical fields. To gain a qualitative picture,
we first make an order-of-magnitude estimate by considering a simple case in which the cavity bandwidth is large,
with a^ adiabatically eliminated, and the oscillator is a free
mass (frequency !m  0), with the thermal force ignored.
The Heisenberg equations of motion read
^_
^_ ¼ pðtÞ=m;
^
pðtÞ
¼ a^ 1 ðtÞ;
xðtÞ
(3)
b^ 1 ðtÞ ¼ a^ 1 ðtÞ;

^
b^2 ðtÞ ¼ a^ 2 ðtÞ þ ð=@ÞxðtÞ:
(4)
pﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Here, the coupling constant   8 2ðF =Þ @I0 =!0 ; a^ 1;2
(b^1;2 ) are the amplitude and phase quadratures of the ingoingpﬃﬃﬃfield a^ in (outgoing fieldpﬃﬃﬃa^ out ) with a^ 1  ða^ in þ
a^ yin Þ= 2 and a^ 2  ða^ in  a^ yin Þ=ði 2Þ (and the same for the
relation between b^1;2 and a^ out ).
Suppose, at t ¼ , the oscillator
is prepared in some
R
initial quantum state j c m i ¼ 1
1 c m ðxÞjxidx, and is interacting with a single photon up to t ¼ 0. With a short
photon pulse, i.e., a short interaction duration, the oscillator position almost does not change, and we obtain
^
^
Xð0Þ
¼ XðÞ;
B^ 1 ¼ A^ 1 ;
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^
^
Pð0Þ
¼ PðÞ
þ A^ 1 ;
^
B^ 2 ¼ A^ 2 þ Xð0Þ:

(5)
(6)

The oscillator position and momentum
qﬃﬃ R are normalized:
^
^
^
^ q and P  p=p
^ q ; Aj  2 0 dta^ j ðtÞðj ¼ 1; 2Þ
X  x=x

FIG. 2 (color online). A model of the optomechanical devices
in Fig. 1 (upper left), its spacetime diagram (right), and the
couplings (lower left). Ingoing and outgoing rays (tilted lines)
are placed on the opposite sides of the oscillator world line
(vertical) for clarity. The ingoing field contains a photon pulse,
while the outgoing field—containing the information of the
oscillator motion—is measured continuously.

with uncertainty A^ j ¼ h c jðA^ j  A j Þ2 j c i1=2 ¼ 1; B^ j 
qﬃﬃ R
pﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃ
2 0
^
  dtbj ðtÞ;    2xq =@ ¼ 16 N F xq =. These
two equations correspond to an evolution operator: U^ ¼
^ in the Schrödinger picture. The quantum state
exp½iA^ 1 X
^ c o ij c m i, where
of the system at t ¼ 0 is simply j c i ¼ Uj
j c o i is the initial optical state. Given a measurement of B^ 2
with a precise result y, the oscillator is projected into a
^ c o ij c m i, which,
conditional quantum state: j c cm i ¼ hyjUj
c
in the coordinate representation c m ðXÞ  hXj c cm i, reads

c cm ðXÞ ¼ c o ðy  XÞ c m ðXÞ:

(7)

The optical state is mapped onto the mechanical oscillator.
A significant mapping requires that c o ðy  XÞ dominate
over c m ðXÞ in determining the profile of c cm ðXÞ, or equivalently, the momentum uncertainty induced by the optomechanical interaction be larger than that from the initial
^
state c m ðXÞ, i.e., A^ 1 > PðÞ.
Suppose the oscillator
^
is initially in its ground state; we have PðÞ
¼ 1. Since
^
A1 ¼ 1, this condition reads  > 1, i.e., =ðF xq Þ <
pﬃﬃﬃﬃﬃﬃﬃ
16 N , which justifies Eq. (2).
In the above considerations, we have ignored the important thermal decoherence effect. In a real experiment,
it is essential that the momentum fluctuations due to the
thermal force within the interaction duration  —
1=2
P^ th ¼ ðSth
=pq —should be small compared with
FF Þ
that from the optomechanical interaction, namely, P^ th <
. In the high temperature limit, the force spectrum Sth
FF of
the thermal force is 2m!m kB T=Qm , with T the environmental temperature and Qm the mechanical quality factor.
More explicitly, such a requirement is
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃpﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
qﬃﬃﬃﬃﬃﬃﬃ
=ðF xq Þ nth =Qm !m  < 8 N ;
(8)
with nth  kB T=ð@!m Þ the thermal occupation number.
These two conditions [cf. Eqs. (2) and (8)] set the benchmarks for a successful non-Gaussian state-preparation experiment. They can be satisfied with experimentally
feasible specifications shown in Table I. The first row is
close to that of a gravitational-wave detector, and the
second row is close to that of a tabletop device in
Ref. [10], with  ¼ 1 m and F  104 for both cases.
General formalism.—Now, we start a quantitative study
of the open quantum dynamics by first dividing the entire
process from t ¼  to t ¼ 0 into N segments, and later
taking the continuous limit. The n-th segment consists of:
(i) a free evolution, described by an evolution operator:
^ n  exp½iH^ n =ðN@Þ with H^ n the system Hamiltonian
U
at t ¼ ðn  NÞ=N, and (ii) a measurement of the outgoing
TABLE I. Possible experimental specifications.
parameters
large scale
small scale
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m
40 kg
10 ng

!m
2

1 Hz
105 Hz

Qm
8

10
107

T

I0



300 K
4K

200 W
0:2 W

1 ms
0.02 ms
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field at a certain quadrature y^ ¼ b^1 cos þ b^2 sin, described by a projection operator: P^ n ¼ ðy^  yn Þ with yn
^ After the entire process and
the measurement result of y.
conditioning on the measurement results y ¼ ðy1 ;    ; yN Þ,
the system is projected into a conditional quantum state,
^ c ðyÞ ¼ P^ y ^ i P^ yy =wðyÞ;

(9)

^ N    P^ 1 U
^ 1 and w½y  Tr½P^ y ^ P^ yy 
with P^ y  P^ N U
i
the probability for obtaining measurement results y. The
initial density matrix ^ i of the system is ^ th ðÞ
^ o ðÞ ^ m ðÞ, with ^ th , ^ o , and ^ m for the thermal
bath, optical field, and mechanical oscillator, respectively.
The conditional quantum state of the mechanical oscillator ^ cm is obtained by tracing out the degrees of freedom
of both the thermal heat bath and the optical field, i.e.,
^ cm ðyÞ ¼ Trth;o ½ ^ c ðyÞ ¼ Trth;o ½P^ y ^ i P^ yy =wðyÞ:

(10)

In the standard SME approach, such a trace operation is
made right after each segment, which requires these degrees of freedom at different segments to be uncorrelated.
However, this is not satisfied here due to quantum correlations among different segments (non-Markovian) arising
from the nontrivial initial optical state. We apply a different
approach based upon path integral. By using the facts that
^
^H
^
^H
^
^H
P^ y ¼ UðÞ
P^ H
N P N1    P 1  UðÞP y , where UðÞ 
QN ^
H
^
^ n  yn Þ with y^ n 
n¼1 Un (time-ordered) and P n  ðy
y
n
n
^ Þ, and the optical quadrature at different
^ ð Þy^ Uð
U
N
N
times commute: ½y^ n ; y^ n0  ¼ 0, we obtain P^ H
y ¼
R dN 
QN
PN
^ n  yn Þ ¼ ð2ÞN exp½i n¼1 n ðy^ n  yn Þ.
In
n¼1 ðy
the continuous limit N ! 1, the total projection operator
can be rewritten as a path integral,
Z
Z0
^
^  yðtÞg; (11)
D½ expfi
dt ðtÞ½yðtÞ
P^ y ¼ UðÞ


which allows us to take the entire measurement history and
to trace out the optical field in a single step, instead of
sequentially as in the SME approach.
To obtain an explicit expression for the conditional
quantum state of the mechanical oscillator, i.e., its
Wigner function, we evaluate the generating function,
^
^ c
pp
J ½x ; p ; y ¼ Trm ½eix xþi
^ m ðyÞ;

(12)

which is related to the Wigner function by W½x; p; y ¼
R d2  ið xþ pÞ
x
p
e
J ½x ; p ; y. From the facts that
ð2Þ2
y
^
^
^
^
^
and ½xð0Þ;
yðtÞ
¼ 0 ðt < 0Þ (also
UðÞ x^ UðÞ ¼ xð0Þ
y ^
^
^ and the property P y P y ¼ P^ y , we obtain
true for p),
0
J ½; y ¼ Tr½eix0 P^ H
y ^ i =wðyÞ;

(13)

^
^
where vectors   ðx ; p Þ, x^ 0  ðxð0Þ;
pð0ÞÞ,
and the
0
superscript denotes the transpose. To proceed, we need
to specify the initial density matrix ^ i of the system. For
the thermal bath in thermal equilibrium at temperature T,
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^ th ðÞ ¼ eH^ th =kB T =Tr½eH^ th =kB T . For the optical field,
we consider an arbitrary spatial profile fðx=cÞ for the
photon pulse of which the creation operator is ^ y 
R0
^ yin ðtÞ. In the P-presentation, a general initial
 dtf ðtÞa
state of such a mode can be written as ^ o ðÞ ¼
R
d2  Pð Þj ih j, with the vector   ð<½ ; =½ Þ and
^
j i  exp½ ^ y  j0i.
Since the photon profile fðtÞ
will automatically set the interaction duration, we can
extend  to 1, which is equivalent to adiabatically
turning on the optomechanical interaction. Correspondingly, the initial-state information of the oscillator
decays away before the optomechanical interaction starts,
and thus does not influence ^ cm .
Substituting in the initial state and Baker-CampbellHausdorff formula, the generating function becomes
1 Z 2
^
^y ^
^
d  D½ ei½   ;B h0jeiB j0iPð Þ; (14)
wðyÞ
R
^  yðtÞ. Further evaluwhere B^  x^ 00 þ 01 dt ðtÞ½yðtÞ
ation of J requires us to manipulate the statistics of the
^ and the oscillator motion
measured optical quadrature yðtÞ
x^ 0 . We apply the tools introduced in Ref. [26] (i) to sim^
plify the statistics of yðtÞ,
while maintaining its full information by causally whitening it into zðtÞ
^
such that
hzðtÞ
^ zðt
^ 0 Þi ¼ ðt  t0 Þ, and (ii) to separate x^ 0 into a quantum part R^ and a classical part which can be inferred from z^
by using the optimal Wiener filter K —x^ 0  R^ þ
R
0 dtKðtÞzðtÞ—such
^
that R^ is not correlated with
1
^
zðtÞ,
^
namely h0jR zðtÞj0i
^
¼ 0. With these tools, the path
integral can be completed, and it gives
J ¼

J ¼

1 Z 2 ½Vc 0 þkz2 L0 k2 =2þix0
d e
Pð Þ: (15)
wðyÞ

^
with R^ ¼ ðR^ x ; R^ p Þ; the function
Here, Vc  h0jR^R0 Rj0i
norm: k g k2  R 01 gðtÞg ðtÞdt; x  xc þ  þ  ;
xc  ðxc ; pc Þ ¼ 01 dtKðtÞzðtÞ with zðtÞ the measured
^ R
^ and L 
results of zðtÞ,
^
and K ¼ ðKx ; Kp Þ;   ½;
^ zðtÞ.
ð<½L; =½LÞ with LðtÞ  ½;
^
These two parameters
 and L characterize the contribution of the photon ^ to
both the oscillator motion R^ and the output field z,
^ and they
determine the efficiency of the state transfer.
Finally, the Wigner function for the quantum state of the
oscillator reads (the normalization factor is ignored)
W¼

Z

d2  e½ðxx

0
0 2
ÞV1
c ðxx Þ þkz2L k =2

Pð Þ:

(16)

This formula directly relates the optical state to the resulting state of the mechanical oscillator. Since only linearity,
instead of specific Hamiltonian, is assumed in deriving this
formula, it is valid for general linear quantum dynamics.
For optomechanical systems, , Vc , K, and L can be
obtained from the standard input-output relations in
Refs. [27–29] by using the formalism in Ref. [26]. The
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FIG. 3 (color online). Distributions of measurement results
(left panels) and the corresponding Wigner function of the
oscillator, given the most probable measurement result (middle
panels), and less probable result but with a significant nonGaussianity (right panels).

state transfer efficiency can be measured quantitatively by
the fidelity defined as F  Tr½ ^ cm ^ o  [30,31].
Single-photon case.—As an example, we consider the
simplest case where the optical field is in a single-photon
2
state with ^ o ¼ j1ih1j, and Pð Þ ¼ ej j @2 ð2Þ ð Þ=@ @ .
From Eq. (16), the normalized Wigner function reads
y
2
1
1  V1
x0 þ Zj2 
c   k L k þjVc
W¼
e
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2 detVc ð1 k L k2 þjZj2 Þ

R0

xV1
x0 =2
c

;

(17)

where x  x  xc , and Z  1 dtzðtÞLðtÞ. Since the
measurement results zðtÞ only appear in the above
Wigner function in terms of an integral, i.e., Z, the conditional process is easy to study. The random vector Z ¼
ð<½Z; =½ZÞ follows a two-dimensional distribution,
w½Z ¼

1 k L k2 þZZ0 ZV1 Z0 =2
L
;
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ e
2 detVL

(18)

R
with VL  01 dtL0 L.
With Eq. (17), we can justify the previous order-ofmagnitude estimate by using the specifications in Table I.
As an example, we assume a photon profile of fðtÞ ¼
pﬃﬃﬃﬃﬃﬃﬃﬃ ð þi! Þt
2f e f f . The resulting Wigner functions of the mechanical oscillator are shown in Fig. 3: the upper panels
show the case of an advanced gravitational-wave detector
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
with !f =2 ¼ f =2 ¼ 70 Hz, q  2 =@m, and the
state transfer fidelity F ¼ 0:58 (Z ¼ 0:3–0:5i) and F ¼
0:95 (Z ¼ 0); the lower panels show the case of a smallscale device, with !f =!m ¼ 0:1, f =!m ¼ 0:3, and the
corresponding F ¼ 0:34 (Z ¼ 0:5–0:5i) and F ¼ 0:56
(Z ¼ 0). In both cases, the Wigner functions have negative
regions—a unique quantum feature. The prepared nonGaussian states can be probed with the quantum tomography protocol proposed in Ref. [32], which allows us to
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reconstruct the quantum state with sub-Heisenberg accuracy, and to reveal these nonclassical negative regions. We
can, therefore, prepare and probe non-Gaussian states of
the mechanical oscillator.
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