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ABSTRACT

We construct a family of chiral anomaly-free supergravity theories in D = 6 starting from

D = 7 supergravity with a gauged noncompact R-symmetry, employing a Hotrava-Witten
bulk-plus-boundary construction. The gauged noncompact R-symmetry yields a positive (de
Sitter sign) D = 6 scalar field potential. Classical anomaly inflow which is needed to cancel
boundary-field loop anomalies requires careful consideration of the gravitational, gauge, mixed
and local supersymmetry anomalies. Coupling of boundary hypermultiplets requires care
with the Sp(1) gauge connection required to obtain quaternionic Kéhler target manifolds in
D = 6. This class of gauged R-symmetry models may be of use as starting points for further
compactifications to D = 4 that take advantage of the positive scalar potential, such as those
proposed in the scenario of supersymmetry in large extra dimensions.
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1 Introduction

Anomaly-free chiral N = (1,0) gauged supergravities in D = 6 [1] have intriguing possible
phenomenological applications, in particular for scenarios involving supersymmetry in large
extra dimensions [2, 3]. A key challenge with such supergravity models has been to embed
them in string or M-theory while also ensuring the absence of quantum gravitational or gauge
anomalies. One way to generate anomaly-free chiral models is the Horava-Witten mechanism
[4, 5], which involves compactification on a line interval while at the same time supposing
that matter fields appear on the end-walls of the interval in such a combination as to cancel
the quantum anomalies. The basic Hofava-Witten scenario involves a stage of Kaluza-Klein
reduction on S'/Zy followed by a search for anomaly-cancelling matter combinations with
which to populate the bounding walls. In order to obtain an N = (1,0), D = 6 theory with
gauged U(1) R-symmetry in this way, one would need to begin this stage of reduction with
an appropriate D = 7 theory. For this purpose, we shall use the construction of Ref. [6]
which achieved D = 6 R-symmetry starting from N = 1, D = 10 supergravity and reducing
on the noncompact space H(2,2), which is endowed with a Euclidean signature metric of
cohomogeneity one. This produces a theory containing minimal D = 7 supergravity coupled
to Super Yang-Mills with an SO(2,2) noncompact gauge group. The noncompact nature of
this D = 7 gauge group is essential for allowing subsequent truncation to a chiral D = 6
theory that retains an R-symmetry gauging of the sort found in Ref. [1].

Reduction on a noncompact space obviously raises a number of important issues which
would need to be addressed before such a construction could be considered physically rea-
sonable. We will comment on this problem, but this issue will not be our main focus here.
Rather, we will focus on another major problem arising with chiral D = 6 gauged supergravity
models: ensuring the absence of mixed gravitational, supersymmetry and gauge anomalies.
The anomaly analysis of Ref. [4, 5] for the reduction of D = 11 M-theory on S/
ztwo yielded Eg Super-Yang-Mills matter multiplets on each of the two D = 10 bounding
walls. A similar analysis involving the reduction of the D = 7 theory obtained in [6] on S*/Zs
down to D = 6 will be our main focus in the present paper. SU(2) gauged half-maximal
D = 7 supergravity, and its coupling to vector multiplets have been studied on a manifold
with boundaries in Refs [7, 8]. There are important differences in the models considered in
these papers and the ones we study in this paper, the most important one being that, unlike in
[7, 8], we here maintain R-symmetry gauging on the boundary. As mentioned above, starting
from a noncompact gauge theory in D = 7 is essential for this to work. Furthermore, we will
study the couplings of the scalar fields surviving the Z, projection on the boundary, and will
determine the complete set of boundary conditions needed for closure under supersymmetry.

In Section 2 we will review the N = 1, D = 7 gauged supergravity which will describe
our bulk theory [9]. This can be obtained starting from N = 1, D = 10 supergravity reduced
on H(2,2) as in [6]. Then, in Section 3 we will go on to consider this theory on an S'/Zy
orbifold and we will demonstrate the necessity of appropriate Gibbons-Hawking-York terms.
After this, we will continue on in Section 4 to consider a dimensional reduction of the D =7
bulk theory to D = 6 by taking a limit of vanishing orbifold width. This will be necessary to
prepare the appropriate variables for subsequent bulk-boundary coupling.



The coupling of D = 6 supersymmetric boundary-localised matter to the D = 7 bulk
theory involves some delicate steps. In Sections 5 and 6, we will concentrate on the coupling
of boundary D = 6 vector multiplets to the D = 7 bulk fields. This involves, firstly, a careful
consideration of how the boundary conditions for the bulk fields need to be modified in the
presence of the boundary fields, as discussed in Section 5.

Since the raison d’étre of the boundary fields is to provoke a “classical” anomalous gauge
variation which can be used to compensate for quantum anomalies occurring via quantum
loops on the D = 6 boundaries, one expects the bulk-plus-boundary field construction to
produce a non-vanishing variation under gauge symmetries. However, since the closure of the
supersymmetry algebra generates gauge transformations, one finds that the classical gauge
anomalies are accompanied by classical supersymmetry anomalies as well. Accordingly, one
cannot carry out the construction of the bulk-plus-boundary system while requiring exact
supersymmetry invariance. Instead, one must be guided by the necessity of ensuring that
the total variation of the bulk-plus-boundary system satisfies the Wess-Zumino consistency
conditions, in order to have the structure necessary to cancel anomalies that will arise from
boundary-field quantum loops. This is discussed in Section 6.

In Section 7, we will consider the coupling of boundary-localised hypermultiplets. This
proceeds in a similar way to the coupling of the boundary vector multiplets. However, as
there is no bosonic anomaly associated to the hypermultiplets, there will be no corresponding
supersymmetry anomaly. The coupling of hypermultiplets is complicated by the fact that
the scalars of the bulk and boundary sectors are required to combine to form a quaternionic
Kéhler manifold (QKM). We will demonstrate that this imposes a constraint on the Sp(1)
connection of the boundary sector which sets it equal to the Sp(1) connection of the bulk.

The models we construct in Sections 5 and 6 will be Wess-Zumino consistent, but will
not yet provide the full set of classical anomalies that are needed to cancel all the quantum
anomalies. In Section 8, we will consider extensions of the present model that can give rise
to the remaining cancellations. We will consider the supersymmetric extension of the the
bulk model Chern-Simons terms, focusing particularly on a topological mass term. As well as
examining alternative boundary conditions, we finally will look at the coupling of boundary-
localised tensor multiplets.

In Section 9, we will consider an explicit example of an anomaly-cancelling system. To
do this, we will calculate the anomaly polynomial produced by one-loop quantum effects. We
will then show how the Wess-Zumino consistent classical anomalies constructed so far can be
arranged so as to cancel these quantum anomalies.

In Appendix A, we examine the limit of coincident boundaries when the boundaries are
populated with vector multiplets and will show the emergence of gauged supergravity in D =
6. In Appendix B, we will provide the bulk-plus-boundary construction with a supersymmetric
set of boundary conditions in an equivalent formulation in which the bulk 3-form potential is
dualised to a 2-form potential.



2 D =7 3-Form Supergravity

Seven dimensional N = 1 supergravity in the absence of boundaries has been well studied,
and the action of the supergravity multiplet coupled to n vector multiplets is known [9]. The
fields in this action form a reducible multiplet with field content,
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where M = 0,...,5,7 is the world index, which is raised and lowered with the metric gy
and N =0,...,5,7 is the tangent-space lorentz index, which is raised and lowered with the

The scalars ¢, with @ = 1,2, ..., 3n parametrise a coset,

SO(n,3)
SO(n) x SO(3) ’

(2.2)

for which we can form the representative elements L% and L7, where I= 1,...,n+ 3 is
an SO(n,3) index, which is raised and lowered with the SO(]n,3) invariant metric n;; =
diag(— — —+...+). i =1,...,3 is an SO(3) index and 7 = 1,...,n is an SO(n) index;
these are raised and lowered with the Kronecker deltas d;; and 075 respectively. The coset
representatives satisfy the relations

—L3LYG + LEL = g5, (2.3)

Lirh=-¢, Lirl=6, LiLl=0. (2.4)

The spinors are symplectic Majorana and carry an Sp(1) doublet index A = 1,2 which is
raised and lowered with the metric e4p!. The Sp(1) indices will often be suppressed, as in
)Zaie = )ZAUiABeB.

The action for these fields, up to terms quadratic in fermions, is given by
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where Fynrs = 48[MANRS} is the field strength, invariant under tensor gauge transforma-
tions 6 Ay g = 30 MAN R € EUBBT _ 1. Furthermore,
Fin = 23[M/1fv1 + i AV AN
Fin = FynLi,  Fiy = FinLh (2.7)
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and R is the curvature defined with respect to the torsion-free Levi-Civita connection. The
vectors Aj/[ gauge a group K C SO(n,3) with n + 3 generators. Possible gauge groups are
discussed in [10]. Of special interest are certain non-compact gauge groups which allow an
R-Symmetry gauging upon dimensional reduction to D = 6 followed by chiral truncation. We
shall make restrictions to such gaugings in Section 3, but for now we will leave the construction
general.



The action is invariant under the following local supersymmetry transformations,
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3 The Model on an S'/Z, Orbifold

The action has a Zy parity symmetry under which 7 — —z7, and the following fields have
even parity: '

(éuza é7za A/M/77 6-7 A{L ) Ala ¢TZ7 wg-ﬁ-? 1/}'1—7 )2—7 )‘7;7 )‘:—) ) (31)
whilst the odd-parity fields are
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where the scalars (¢"%, ¢"'") parametrize the coset (2.2). The supersymmetry transformation
rules are consistent with these parity assignments provided that e, has even parity and e_
has odd parity. In the definitions (3.1) and (3.2), we have split up the index M into the 7
direction and the directions normal to it, which are labelled by p = 0,...,5. We have also
defined a chiral projection operator Py = % (1 + ’yz), which projects onto chiral spinors in the

standard way, ¢.e. Y+ = P+x. The 7 and I indices have also been split as
A:{I,I’}, I=1,...,p+3 I'=p+4,.,n+3

={r,r'}, r=1,..,p r=p+1,..n (3.3)



where 0 < p < n. Next, we observe that the requirement that the Yang-Mills field strength
(2.7) have a definite parity imposes the conditions

f1% = fro®=0. (3.4)
The possible groups K which posses this property and which reduce to give a gauged super-
gravity in 6 dimensions are SO(3,1), SO(2,1) and SO(2,2) [10]. Since the action is invariant
under a Zo symmetry, we can formulate the action integral on a manifold M x I, where M is
an arbitrary D = 6 spacetime and I = S;/Zs is an interval with boundaries (OM) at 7 = 0
and 7 = L. This will result in multiplication of the action by a factor of 2 since the interval
I is half the size of the circle S; . Assuming that all fields are continuous and smooth, the
parity assignments then imply the following boundary conditions:
(éuz7 ér”, AWWA;IUAI 0" i=¢ﬁ—’w1+’>z+7)‘cr’)‘r—)|8M =0, (3.5)
67(éuz, é?Z, 121;1,1/77 5-7 AL” A%v ¢M7 &H—H @Z—) >A<—7 XC? Xi) ‘aM =0 )
The boundary conditions on ¢—scalars imply that the even-parity coset representatives (L%, Ly)
parametrize the coset SO(p,3)/SO(p) x SO(3), and L}, = &%, whilst the odd-parity coset
representatives (L%, L%, L?) vanish on the boundaries.

The fields whose d7 derivatives vanish at the boundaries are the parity even ones. In a
diagonalised basis which will be spelled out in the next section (see eqn. (4.6)), they arrange
themselves into D = 6 supergravity plus a single tensor multiplet, (n — p) vector multiplets
and (p + 1) hypermultiplets.

We also note that our parity assignments differ from those used in [7, 8] in two respects.
Firstly, while the coupling constant g is declared to be parity odd in [7, 8], we take it here
to be parity even. Secondly, while all the vector fields are taken to be parity odd in [7, 8],
here we split them into two sets, and we assign even parity to one of these sets. Both of
these differences crucially depend on our working with a noncompact gauged supergravity in
D=T.

In order that the Euler-Lagrange variational principle be consistent with these boundary
conditions, the action has to be supplemented by suitable additional terms defined on the
boundary, known as Gibbons-Hawking-York terms. Then the total action takes the form

S:/ d7$£sg—|—/ d6:EEGHy. (3.6)
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In the rest of this section, we will determine Lggy. We will consider explicitly the boundary
at 27 = 0. The boundary located at 27 = L can be treated similarly.

To begin with, let us consider a general variation of the Einstein-Hilbert term. It contains
a normal derivative of the metric variation, which must be avoided in order that the boundary
conditions implied by the variational principle are not over constrained. To achieve this, as
is well known, one adds an extrinsic curvature term so that the total action becomes 2

1 - 1 [~ A

2We could alternatively have defined R with respect to the spin connection which would then contain fermi



where K is the extrinsic curvature, which is defined as follows. Let n denote the unit vector
normal to the boundary pointing out of M. We construct the induced metric hysn as

JMN = ]AlMN + AN ; ﬁMﬁMN =0. (3.8)

Consequently, contraction with haun projects onto components of vectors in directions tangent
to the boundary. The extrinsic curvature is defined as

K=0M"NKyy, Kynx=h5h%Veig . (3.9)

Then the general variations of (3.7) yields, modulo the Einstein field equation,
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This vanishes, however, upon imposing the boundary conditions (3.5), which in particular
imply

Kulon = 0. (3.11)
Turning to the general variation of the fermionic kinetic terms, they all involve fermion vari-
ations of both chiralities. In order that the boundary conditions implied by the variational
principle are not over constrained, we add suitable Gibbons-Hawking terms such that

AN ~ A
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As a result, we obtain the total variation, modulo the fermion equations of motion,
1 /- e .
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oM (3.13)
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g g
which is set to zero when the parity-odd fields vanish on the boundary.
One can check that there is no need for any further Gibbons-Hawking terms, and we con-

clude that the total action with a well-defined variational principle yielding the bulk equations
of motion and the boundary conditions (3.5) is given by Ssa + S&yy + S&my -

4 Dimensional Reduction and the Diagonalised Basis for Fields

In describing the coupling of matter fields to supergravity on the boundary, which we shall do
in the next section, it is convenient to express the parity-even bulk fields in a diagonal basis

squared terms. However that definition contributes a total derivative which is subsequently eliminated by
adding appropriate Gibbons-Hawking-York terms, with no further effect in the bulk plus boundary theory that
we will construct [11].



upon restriction to the boundary. In particular, the gravitino and dilaton field equations will
be put into a canonical form in this basis. To achieve this, we shall consider the dimensional
reduction of Sgg on a circle and then will chirally truncate the theory such that we retain
only the even-parity fields. This amounts to taking a limit in which the boundaries are empty
and coincident, which results in a D = 6, N = (1,0) supergravity.

We begin by making a Kaluza-Klein ansatz for the the metric,

20 2B¢ __p2B¢
R e +eP?A,A e“P? A
gun = ( I e g >

Cerog, 2289 (4.1)

We chose values for a and 3 so as to obtain the standard Einstein-Hilbert gravitational action
in D=6,

. B=—4 (42)

a=——, = 4« . .
24/10

We will chose our notation such that hatted fields have their indices raised and lowered with
gm N, while unhatted fields have their indices raised and lowered with g,,,. We work with the
corresponding vielbein basis,

&y = e“%ey € = e_ad’ez ,

éf=—eA, , &l = e A,

=0, =0,

é% =eP? é% = P? (4.3)

We note here that in order for the gauge choice (4.3) to be invariant under the supersymmetry
transformations (2.9), we must make a compensating Lorentz transformation with parameter
A7 = —1€4Y,Yr4. As the veilbein is the only boson that transforms under Lorentz symmetry,
the effect of this additional transformation on all other fields can be ignored, since it is higher
order in fermions.

Working in a frame in which ny, = (0,0,0,0,0,0, —1) implies that ny = —é%/[. Substi-
tuting this into (3.8) we see that,

~ ]tl‘uy + ezﬁ(bA“Ay ]};yj - €2B¢A“ )
= : - . 4.4
IMN < hlﬁ — 625(1).14” h7r + e2P¢ ( )

Comparing (4.1) and (4.4), we can read off the components of h as
EW = ezo“bgw,, itw = ﬁ77 =0; (4.5)

this will be useful when determining the surface variations later on.

10



We can now diagonalise all kinetic terms by making the following redefinitions [10]
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With these definitions, the D = 6 supergravity action becomes

2L 1 1 / 1 1
Ssa(6) = /deE{ZR— —eUF/:VFW’" — ﬁe ZUGWPGWP _ Z@“O@ua

8g?
1 1 1 1 . .
— J0up0p — L P P — _prpiT — _pipe

1 !
_ 8 2 e ? <CW CW + 25” SW ) 5MVPUATG,U«VPW2>\T(AT )

2442
i- i i - i
— 5" Dty = SXV DX — W/\T VY DuAr = G Dutp — S Dy’
1 . . 1- . -
= SV B = Yo Y Py — ST P
i i- i _
- 5X’Y“7unaua - §¢7ufyuwuau§0 - ﬂe JG/M/p <1/1[)\’Y)\’YMVP’YT1/JT] (47)
— 2PV PN — XX A Py + TPy — Q%Y,WWP AT’)
1 . _ . . 1 -, . , . _ .
- 17’; (w[pa“v”’y“’fwﬂ + xo'yx + ?A" o' AT — oyt — www)
— P — —e SFy, (wpv“"w“’ +xww’>
N 62 CZT’T’ )\7” O,zwr + Z‘C%STTJS\T/T/JT _ e%Sir’j\r’O_iw

- %6_%”'0%“% (¢~ vas™) + %e—% Vi (C - vas®) } |

where efPIAT — 2poNT - and we have used the following definitions:
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the elements of the Maurer-Cartan forms are defined as

P = L7 (60— frr Ay ) L

Qi = Ll (5?6“ _ f,,,IKAL') L,

Qr o= I (5}( 8, — quKAL') L (4.9)
the axion field strengths are defined as
P = ¢ (0,0 + flpsan @) 15
Pro= (auqﬂ n fIT/JA;lq)J> Ly, (4.10)
gauge functions are defined as
, 1 . - ., -
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and the covariant derivative is defined as
De=1[0 1 % 1 Qz i Qz _ i iijjk (4 12)
L€ = “+Zw“£7_+ﬁ w0 | €, “—ﬁe u o .

Truncating the supersymmetry transformations (2.9) and writing the result in terms of the
redefined fields gives the transformations under which the action (4.7) is invariant:
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The fields appearing here can be written in terms of N = (1,0) multiplets in D = 6. These
consist of the supergravity multiplet (e%, Yy, B;’V), a single tensor multiplet (B, x, o), vector
multiplets (AL/,)\T/) and hypermultiplets (L7, 3,@1 ,,1,1¢"). By making suitable redefini-
tions, it is possible to demonstrate that the scalars of the hypermultiplets form the enlarged
coset

SO(p+ 1,4)
SO(p+ 1) x SO(4)

which is a quaternionic K&hler manifold [12]. However we will not make these redefinitions
here.

(4.14)

These redefined fields and transformations represent the induced supergravity which is
present on the boundary and it is to this supergravity that we will couple boundary-localised
matter in the following sections. When the boundaries are populated by this localised mat-
ter, the transformations (4.13) will be modified corresponding to non-zero odd x odd terms
appearing in the variation of these even-parity fields. However these transformations will be
of higher order in the boundary couplings and so will be ignored in this paper.

5 Introduction of Boundary Yang-Mills Fields and the Modi-
fied Boundary Conditions

We will now consider turning on a boundary action describing vector multiplets

(X, (5.1)

where 7 is an Sp(1) pseudo-Majorana spinor with a doublet index A as before and X labels

the adjoint representation of some gauge group K’. The supersymmetry transformations of
these boundary fields must be given by their known flat-space forms modified by appropriate
bulk dressings. We therefore make the ansatz,

X _ - X
0C,, =ie” 2 eyum

X 1 a0 (5.2)

ont = —ZeT ’“’Hifje ,

where H/ﬁ = 8MC,3( — 8,,C,i( + nyZC'ZCVZ and a is a constant which is to be determined.
From our analysis in Section 4, we recognise that the scalar ¢ forms part of the D = 6
quaternionic Kéahler coset, and as such it is does not arise in the above transformation rules.

An immediate consequence of having introduced a boundary action is the modification of
the boundary condition (3.11) such that K, — g,, K will now be proportional to the stress
tensor of the boundary action. This condition is known as the Israel junction condition [13].
On the other hand, since the supersymmetry transformation of the odd-parity gravitino v,
contains the extrinsic curvature K, it follows that we must modify its boundary condition
too. Supersymmetry will then require that we modify other boundary conditions as well.
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To determine these modifications, we begin by recording the supersymmetry transformation
rules of the parity-odd fields®
1 1 —0o TAT TAT
571)#— = _§KHV/7V€ - @6 Fpa)\'r(’y,u’yp A + 5,7p A 7#)6

1 —0c

; 1 (5.3)
oxy = —Ze °‘¢87&e - me wpa Y P

where we have used the bulk supersymmetry transformations (2.9) and have made the follow-
ing redefinitions

K,uu = 64Q¢Kuu > K = K;w.gwj ’
1 9ae » 1 11ae
Yu— = Ee 2 Py, X+ = ﬁe 2 X+ (5.4)
1 .
Fupe = —=F

\/5 nrpo -
We have also used the identity
9a ¢

. ) 1
P (D e) — D, (P)e=———K e €. 5.5
I ,u( ) 2\/5 uvY ( )

Examining these transformations, it follows that we need also to specify the modified boundary
conditions for F),, s, 076 and x4 in a manner consistent with (5.3). Carrying out this process
yields the modified boundary conditions

T/JM—‘@M - —2—70be(c+%)"Hif/yVnX + 4_3()be(c+%)UHpUX'Yupa77X + (fermi)”
X""BM = %be(ﬁ%)"Hlﬁy“”nX + (fermi)?® |
" 06, = —1—10be<c+a>Uij,H;” + (fermi)? | (5.6)
FWM‘E)M = gbe(Hﬁ'“)"HﬁyHm]X 4 (fermi)? ,
Kﬂ”‘aM = %be(CJra)UHi{pHupX _ %be(ch“)UngHf{gW + (fermi)? |

where b and ¢ are further constants, which will be determined in the next section by considering

the cancellation of certain terms in the supersymmetry variation. Furthermore, the bulk
Bianchi identity ), F), ;-1 = 0 implies that 1 + a + ¢ = 0. The boundary conditions on all
other parity-odd bulk fields vanish at lowest order in fermions.

We can rephrase the boundary condition on F),, ., in terms of a condition on A,,,. How-
ever, in order to do this we must first modify the bulk supersymmetry transformation of
ApmNR to

~ 32 F2A n . 62n ~ r
dAMNR = EGUE’Y[MM/JR] — V2" AMNRR + O f g - (5.7)

3For clarity, these have been truncated to include only parity-odd fields that receive nontrivial boundary
conditions in the following analysis.
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Here, f N is an arbitrary function, linear in €. This does not effect the bulk supersymmetry
as A MNR always appears through F MNRs or multiplies a total derivative in (2.6). Making an
ansatz for the boundary condition on A, and then enforcing that its variations under (5.2)
and (5.7) match, we find that

1 .
AWP|6M = %ANVP‘E)M

3

b a0 -
_bwuup(c) + gbe 77X’7,u1/p77X s (58)

and
1

1 - Al

MV|6M = ﬁf/w‘a
Consistency with the boundary Yang-Mills gauge transformations then requires that we im-
pose the following boundary condition on the tensor gauge transformation parameter

1 .
>‘w|aM = ﬁ)‘l‘”‘aM

3
ar = 5b0C Cux - (5.9)

b8[ CXAx . (5.10)

As we shall see later, the boundary conditions (5.9) and (5.10) will play a crucial role in
the identifications of the supersymmetry and gauge anomalies, respectively. Note also that
in determining (5.9), we needed to include the term bilinear in fermions. While we did not
need to specify the bilinear fermion terms in (5.6) to the order to which we are working in
determining the boundary action, there is a need to do so in the case of A{L in studying the
coincident-boundary limit of the bulk-plus-boundary system, as we shall see in Appendix A.
In that case, the appropriate boundary condition can be seen to be

;2

Alll‘(’)M = _4—/\2€_§077X0i7“77XL“ + (fermi)? . (5.11)

Next, we shall construct the boundary Yang-Mills action, and we shall see that certain can-
cellations between the boundary action and the surface terms will fix the coefficients a, b, c,
which are already subject to the condition a + ¢+ 1 = 0, as we have seen above.

6 Construction of the Boundary Yang-Mills Action
The general variation of the bulk action supplemented by the Gibbons-Hawking-York terms
defined in (3.7) and (3.12) is given by

(5SSG + 6SGHY + 5SGHY = / éd7x5£(7) (61)

+— &z \/7{ (KMN KRMY) 6

oM
2 . . 5 1 o nr o oa
— z'q,z)“_wéww — 5ix40X— + 1816—56— — ?e"éA/ﬂL}F“Z’

1 N ~
. 66—20F,uup1514w/p . é‘uypo)\TAquFT)\(sATw} 7

1
6v/2g2
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where all parity-odd fields other than those occurring in the modified boundary conditions
(5.6) have been set to zero. It is important to note that we have performed an integration by
parts in such a way that 07y contains no derivatives of the variations. However, in considering
the variation of the bulk action under supersymmetry, which we shall do next, there will be
extra surface terms due to the fact that further integrations by parts will be needed in order to
leave the supersymmetry parameter undifferentiated. These are due to derivatives of € present

in the variation of the gravitino and the 3-from. Collecting the resulting surface terms, we
find

1D 4
/ d" 6, L7 = /aM dbzy/— nM{ — %AMNED g — —XW Nedyo

i —&
+m FRSTU <46’Y[ rstrA DN + 88RsTr Y X)
1 6 2pc:/ ~ n L
+ gt (4604 453 by — 4é0' s %) (6.2)
1 o209 fl PMNRS _ L RSTUVWM ;1 ' ! }
70 — ¢ Fr Y .
+5¢ " Onfrs NG frsEFruFyvw

Substituting this into (6.1) and imposing the boundary conditions gives, after some algebra,

deSsa + 0eSany = i - d%eb{ Elge_(1+%)0€’7p0'7u0i77XHpoXPi (6.3)
+ %e_(” 2)7 ey 7Ty N Hypy x G porr — g—%e‘(2+%)°€7AVPUTV“V’YAnX HyuuxGror
+ % T T H X Hopo x + %e TP N H S H o x
_ 8;2 E“”po)‘ngl,p(C) T SeAry + 1619 gHVPOAT 5 CXCI/X F)’:;} '

Next we construct the boundary action such that, together with the bulk action and subject
to the modified boundary conditions (5.6), the total action is invariant under supersymmetry
except for the last two terms in (6.3), which will be interpreted as supersymmetry anomalies
and will be discussed in more detail below.

After some algebra we find that the boundary action is given by

1 1 —0 v Z‘,
Sp = —/E)Md(jxe{ -3¢ H/‘ing( — — A" Dynx

A2 2
. Z. (64
- Ze =2 Hoo ix vy — 1€ T2 H x " x}
where we have determined that ¢ = —1 and
2
K

which are required in order to ensure certain cancellations between the variation of the bound-
ary action and the surface term. For convenience, now that these parameters have been
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determined, we give the completely determined boundary conditions:

7/4:2 _g X v 3/4:2 _ o po‘X 3
/l/}u_ ‘8M == 20)\26 2 H},LV’Y 77X + 40)\26 2 H ’YMPU,UX + (ferml)
2
K® _o ]
X+‘8M = 5on2¢ ° Hji’YWT]X + (fermi)?
2
. K _ )
€6a¢510\aM = “Tonz¢ UH/‘fVHf;(” + (fermi)? .
3k? ik . :
AWP‘@M - Ww?wp(c) + We 77X’Y,wp7]X + (ferm1)4
2
A/ﬂaM = _4—/\26_%7)(027“77)([/” + (fermi)?
K2 —ogX g P 3k —o 7 X 17po 2
Ky |ops = oz HipH ) — 02 ¢ H o HY g + (fermi)® .

The boundary conditions on all other parity-odd fields in (3.2)are set to zero at lowest order
in fermions. The vanishing boundary conditions on Lé,, L%, and L’}/ imply that the parity-odd
C-functions C', C*, €S and C's" are also set to zero on the boundary. We also note that in
Ref. [7], only the boundary condition on A,,, was considered, while our boundary conditions
correspond to the completion of this to a full orbit.

At this point, it is important to check that these boundary conditions are also consistent
with the variational principle following from the bulk + boundary action Ssg + Samy + SB.
For example, the variation of the gravitino gives the boundary contribution

2i - i o
_ 6 e pe v =g X=X v.po
0S8 = 8Md :Ee{ Kzi/)u_y et 2H " "y }(W,, , (6.7)
which is set to zero by imposing the boundary condition on v,_ given above. Similarly, we
have checked that the surface terms that arise in the variations of all the other fields cancel
upon use of the stated boundary conditions and boundary field equations.

Next, we turn to the nonvanishing last two terms in (6.3), which we now identify as
the residual supersymmetry anomaly. We note that there is also an anomaly in the bound-
ary Yang-Mills transformation, and, together with the supersymmetry anomalies, they must
together satisfy the Wess-Zumino consistency conditions. To see this in more detail, it is
convenient to add the local counterterm

1 6 A0 0
Sy = e /é)Md wee" P T w , (C)wgy (A) - (6.8)
This also produces a gauge anomaly in the bulk Yang-Mills gauge transformations and puts
the total gauge anomaly into a symmetric form known as the consistent anomaly [14]. Then

the total variation of the completed action under the Yang-Mills gauge transformations is
given by

1

NS =305 g2

/ d%e{sﬂVWTHﬁHWXaAA:’AT’ +e“””"ATF;LF;;8,\C’§AX} . (6.9)
oM
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and the last two terms in (6.3) together with the supersymmetry variation of (6.8) yield the
corresponding supersymmetry anomaly

1

T g

/‘fm%wmﬁﬁﬁmﬂﬁﬁﬂdwmhﬁﬂwﬂwﬁf
oM (6.10)

+ e”"p(’)‘TF/:,/,F;(;cSEC’fC’TX — QEMVPU)‘TWSVP(A)H(}X)\&ECT)(} ;
Finally, one may verify that these two anomalies indeed do satisfy the complete set of Wess-
Zumino consistency conditions

0,602 — Ga,60, S = bia, Ag)S (6.11)
5.60S — 6A0cS = 0 (6.12)
0e0eyS = 80y0e, S = 635 (6.13)

where A is the gauge transformation produced by the commutator of two supersymmetry
transformations in the standard way.

7 Coupling Boundary Localised Hypermultiplets

Next, let us consider the coupling of boundary-localised hypermultiplets. We will carry out
this coupling assuming no boundary-localised vector multiplets are present. These could be
reintroduced later in order to gauge the hypermultiplet symmetries. The calculation will be
similar to that carried out for vector multiplets in the previous sections. First we will find a
supersymmetric set of boundary conditions, then we will construct the surface term produced
upon varying the bulk action, and finally we will construct a boundary-localised action which
varies to cancel this surface term.

We begin by considering m hypermultiplets consisting of 4m real scalar fields ¢® and
symplectic Majorana-Weyl spinors (* (a = 1,...,2m). By global supersymmetry, it is known
that the scalars must parametrize a hyperkahler manifold M, which is characterised by having
a holonomy group H contained in Sp(m). The scalar target manifold M may or may not have
isometries. This will not play a role in our construction below. Let us denote the vielbeins
on M by VO?A. By supersymmetry, they must be covariantly constant

aaVBaA - FlBVyaA + WaabVBbA =+ WaABVBaB =0, (71)

where FZB is the Levi-Civita connection, w? is an H C Sp(m) valued connection and w4?

is an Sp(1)g valued connection on M. These connections can be expressed in terms of the
vielbein as usual. The holonomy condition means that the Sp(1)r curvature associated with
the connection w,4p vanishes. The vielbeins must furthermore obey the relations [15]

Jas GOAVE)BB = €4b€EAB , Va(JAVBaB +aef= gaﬁéf , (7.2)
where €, and e4p are Sp(n) and Sp(1)g invariant tensors. We use the conventions

Cleap =Gy PG =0¢", e =02 (7.3)
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for raising and lowering indices with €,; and similar conventions for esp. It is useful to define
Pt = 0,0V (7.4)

We can write the globally supersymmetric boundary action for the hyperscalars as
A i
=% /dﬁ [ —Py P, — 5(“7”)#@ ) (7.5)

where D,,(* = V. “—i—(‘)u(zﬁawgbgb,Nwith V. containing the Lorentz spin connection, and we have
introduced a coupling constant A. This action is invariant under the global supersymmetry
transformations

- /5-A
a:Z\/iE Ca a%y

1 aA
teabit (7.6)

We now consider the coupling of this boundary hypermultiplet action to our D = 7 bulk
supergravity system. We begin the construction by modifying the field transformations as

5(" =

5o = V2
1
50 = —e®Pyte PIA 7.7
¢ ¢ el (7.7)
As before, we consider the boundary conditions that can be imposed on bulk fields such that

these conditions form an orbit under supersymmetry. The bulk fermions on which we will at-
tempt to impose non-zero boundary conditions transform under the projected supersymmetry

as?
1
51/};1_ - _ - MV,YVEA o _easz zAB(g,Yu,chr o 5’Yp0’Yu)€B 7
% 40 | (7.8)
5xi = —1660‘(758566‘4 — %e‘pF;’wJ’ABW’WeB .

This means that the following set of boundary conditions form an orbit under supersymmetry:

9

V- lons = Wbe“‘”%ﬁﬁf“ n fbe“ D Ga P (fermi)?
Xt|ons = 10\/—56(6 D oyH (o PiA + (fermi)?

6 96 e pa - 7.9
" 056 |0, = Ebe ‘pPMAP;‘A + (fermi)? | (7.9)
Bl = R i

1
Ky |gns = S0P A Pyan — beC“DP“AP G + (fermi)? |

4As in (5.3), we have simplified the discussion by including only parity-odd fields which receive non-zero
boundary conditions in these transformations.
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where a , b and ¢ are constants to be determined, and, as before, all other parity-odd fields
in (3.2) are set to zero at lowest order in fermions. Calculating the surface term produced
upon variation of the bulk action under (2.9) and then imposing these boundary conditions,
we find the total non-invariance of the bulk supergravity action:

b i — —0 — oT
5Ssa + 65¢my + 685Gy = 2 /aM d%e{me(c @) ytyP Yl PraaG por
— %ec‘pEA’prwaPWAPﬁB _ %ec‘pEA’y‘“’wBPua 4PoB (7.10)

1 . .
_ ﬁe(c—aypng.lABgaPLP:B} )

Then, by the Noether procedure, we find the following boundary action

1
it
i

V2

Here we have set ¢ = 2a which is required for invariance. With this condition, the action
varies to give

1 i -
Sp / d%e{ — Ze2a%0PgAPgA — 5¢*7" Dyt
oM (7.11)

e (UMY Y Pyaa + i\/iaew(_“v“wAPmA} :

1 1
0Sp = ~—/ d6xe{—ea¢e‘4 Y~HM(D,, — D aPVa
5=% /. NG V'V (Dp = Dp) (¢ Praa)
_ eacp—JEA,yu,ypUT,yu,y CaPuaAG o
242 ' ’ (7.12)

i _ .
+ 562a@€A7uypwaPuaAP5B + Zae2mp6AfyijBPuaAP5B

1 ) )
+ ——e¥eq 0B (2aniyY + 4V AH) C“PLP,,@B} )

2V2

The D,(¢P) term, with D,, defined in (4.12) and (4.9), arises from the variation of the (v, P
term. Furthermore, the D, (¢P) term, with the covariant derivative defined with respect to
the pull-backed connection 0,,¢“wqap, comes from the variation of the P? term in (7.11). The
PG, PP and PP terms cancel the bulk surface term (7.10), as long as b = ;—z and a = %, while
the term proportional to (D, — D, )(¢P) vanishes as long as the boundary Sp(1)g connection
is set equal that for the bulk at the boundary location, i.e.’

@’ |ops = Ouw? (7.13)
where QﬁB = %eiijfﬁa{‘B and Q,jf is defined in (4.9).

Owing to the order in fermions to which we have been working, this equation is valid only to
purely bosonic order. We also note that the coupling of these boundary hypermultiplets does
not produce any classical non-invariances such as those which arose for the vector multiplets.

® An analogous condition has been found in [7] with all the bulk scalars set to zero.
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Substituting (7.13) into the field strength for Qﬁ‘B and then using the boundary conditions
Clom = C|gn = 0, we find

PaAPB

;. . . 1 . ’ ’
ApS, = _%Ezyk <2P[Z7‘P]T’ + ﬁemlclr F;,,) O_kAB‘aM ) (7.14)

2

This implies that the Sp(1)g curvature of the boundary hypermultiplets is identified with the
Sp(1)g curvature of the bulk scalars. The fact that this is nonzero is consistent with the fact
that the full manifold parametrised by the 4p 4 4 scalars from the bulk and the 4m scalars
from the boundary hypermultiplets parametrise a QKM in the limit of coincident boundaries.

One might have expected a term of the form (%y** PCaGuvp to appear in the boundary
action, as such a term is present in the D = 6 action and is claimed to be present in Ref.
[7]. However the Noether procedure does not require such a term and thus it is absent in
the boundary action that we have derived. One can see that this term will emerge in the
coincident-boundaries limit by considering the boundary condition on A4,,,. At the purely
bosonic order, as required for the coupling process considered in this section, the boundary
condition simply sets A,,,, to zero on the boundary. However, at higher order in fermions the
boundary condition will be of the form A,,,,[an ~ ¢ YuvpGa- When the coincident-boundaries
limit is taken, the 4-form kinetic term Fy;npsFMNES will then give rise to the required
Caryhv PCaGuvp term. This process is analogous to the discussion for the GWpﬁX Y¥Pyx term,
which is not present either in the boundary action (6.4), but which is present in the action
after the coincident-boundaries limit (A.8) is taken. A similar process is also described in
[11].

The scalar kinetic term in the boundary action (7.11) is multiplied by an unusual factor
e?, which also results in the unusual Noether coupling term e%@’y“l/}APWA. This can be
understood by bearing in mind that the hyperscalar ¢ as well as the newly-coupled boundary
scalars must together form a QKM in the limit of coincident boundaries.

Note that the gauged U(1)g lies in the SO(n,3) isometry group of the bulk sigma model.
Furthermore, the boundary hyperkahler manifold M does not necessarily have any isometries.
Consequently, the gauge field AL/ does not arise in the definition of the covariant derivative
given in (7.4). However, the local U(1)r symmetry is nonetheless realised as a result of the
the boundary condition (7.13). This condition is crucial for the quaternionic Kahler structure
on the overall scalar manifold, A/, which arises under local supersymmetry, as expected.
The manifold N is a single irreducible QKM of dimension 4m + 4p + 4, with coordinates
(¢, ¢, !, ©), whose holonomy group is contained in Sp(m +p+1) x Sp(1). In the absence
of the m boundary hypermultiplets, and in the coincident boundaries limit, it is known that
N can be described as the quaternionic Kahler coset SO(p + 1,4)/SO(p + 1) x SO(4) [12].
In the presence of m boundary hypermultiplets, however, the structure of the overall scalar
manifold A arising in the coincident boundaries limit depends on the specific properties of
M. It would be interesting to determine, for example, the conditions on M under which N
becomes a symmetric or homogeneous QKM.
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8 Extensions of the Model

In order to cancel the complete set of anomalies, it is necessary to consider various modifica-
tions to the model described so far. One such modification is the addition of a bulk topological
mass term for the 3-form potential [16, 10]. Another is the inclusion of further bulk Chern-
Simons terms together with further modifications to the boundary conditions, while a third
is the coupling of boundary-localised tensor multiplets. We will consider all three of these
extensions in the following section.

8.1 The Topological Mass Term

A topological mass term can be added to the bulk action described in Section 2, thereby
arriving at a one-parameter extension. However, a mass term of the form hA3 A F; with a
constant mass parameter h violates the Zo symmetry of the boundary. In order to respect
this Zo symmetry, we need to allow the mass parameter h to undergo a jump at the boundary
location when viewed from an upstairs perspective. To accomplish this, we dualise h to a
6-form potential Ag such that the field equation for h, now treated as a scalar field, equates h
to the dual of the Ag field strength, while the field equation for Ag implies that h is at least
piecewise constant. In this formulation, we can now assign odd parity to h so as to render
the term hAs A Fy parity-even. The resulting new terms in the bulk action are

1 ; R
Sy = ?/ d7a:é{ —ih%e + héMNRSTUVGMNRSTUV} (8.1)
M
where

~ A A ~ 4\/5 “ Ep
GunNrsTuv = 1O AngsTov) + %F MNRSATUV) — 13 CMNRSTUV €2 C

'i Pl N ~ 82 S R R

— §€2Jw[M/7NRSTU7;Z)V} + §€2JTJZ)[M’7NRSTUV]X (82)
27Z G 2 A N Z 6_AA N ~

+ 762 XYMNRSTUVX — 562 N AMNRSTUV A

and the new terms in the supersymmetry transformation rules are

R 4 ..
Shar = —=he* e,

)
16 5,
Sv = ——h 26 »
X=7pne o (8.3)
~ ~ ~ 24Z I n 16Z S ~
SAMNRSTU = —@5A[MNRASTU} + 762 EYMNRsTYU] — 762 EYMNRSTUX
oh=0.

The 6-form potential AWM)\T is parity even and fl,wpam is parity odd. The action is now
invariant under a modified tensor gauge transformation under which Ag must transform as
1

SAvNRsTU = _ﬁA[MNRaSj‘TU} ' (8.4)
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In the presence of the boundaries, the supersymmetry of the bulk-plus-boundary action
is unaffected by this construction and the variational principle remains consistent, provided
that we impose the boundary condition

=0,  Auytlo, =0. (8.5)

h‘@M oM

However, we may also consider the boundary value of h to be a constant

o = ho - (8.6)

This will lead to the introduction of a new boundary term and modified boundary conditions
that will produce further classical anomalies in the boundary Yang-Mills gauge symmetry.

We now seek an orbit of boundary conditions which contains (8.6). As we are interested
in the effects of the topological mass term on classical anomalies, we consider boundary
conditions involving boundary vector multiplets as well as the constant hg. However, because
the hypermultiplets do not effect the classical non-invariances, we will not further consider
their simultaneous coupling here. Carrying out this process, we find an orbit of boundary
conditions given by (6.6) with the following modifications (up to quartic fermion terms):

/€2

06|, = — e e TH HY —2(4 4 7)e” *#hg
K, _ e tuXN g - 3 oy X e 72,
/W‘é)M - We wptty X T 40)\2 X Guv + € 09uv »
30 (4 ho  sioe
C‘aM = 2 (g +7> rl e, (8.7)

where v is a parameter shortly to be determined. To find the total supersymmetric action up
to a supersymmetry anomaly, we need to give the total boundary action

1 v
Siot- = /8M d%e{ — We_”HX HY — Wﬁ ’Y”D;WX

THX oo 1XYW — et HY XY x

B 4)\2 4)\2

1 VPO AT
+ 32/\29 etr g Bup(c)w?rA-r(A) (8.8)

4hg Tho
+ — ea+2<p + — EMVPU)\TAquJ)\T
ih()/i2

TN e”ww,ptrﬁy“”pn} .

Requiring supersymmetry up to a Wess-Zumino consistent anomaly determines the value of

v:
4

1=-%. (8.9)

It is interesting that this implies the boundary condition C" oy = U- One can further check
that the above boundary conditions are consistent with the variational principle. The variation
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of the action (8.8) under tensor gauge transformations subject to the boundary conditions
(6.6) gives the additional gauge anomaly contribution

h(] I{2

tot __
PEE = g

/a e PP T Hol H oo x O6CY Ay (8.10)
M

Correspondingly, there is an additional contribution to the supersymmetry anomaly given
by

h 2
555 = 0%t / eEMVpU)\T{Hﬁ,HpUX(sEC}\/CTY - 2wuupH§)\560¢X} . (8’11)

Y
As before, one may check that the inclusion of these anomalies continues to give a Wess-
Zumino consistent system.

8.2 Additional Bulk Chern-Simons Terms and Boundary Conditions

Before evaluating the gauge/Lorentz anomalies that result from the variation of the bulk plus
boundary action subject to the chosen boundary conditions, we need to discuss possible addi-
tional extensions of the bulk model. Terms of types that may produce anomalous variations
are of the forms Az Atr R A R, wrr, w7(A), ws(A) Atr RA R where wyy, and wy(A) are the
Lorentz and Yang-Mills Chern-Simons forms, respectively.® The w77, and Agytr NRAR
terms are known to arise in the K3 compactification of D = 11 supergravity supplemented
with the Duff-Minasian term A3y tr RA RA RA R. These have been used in a Horava-Witten
formulation of ungauged pure D = 7 supergravity [7]. However, in the non-compact D = 7
model we are considering here, derivation from higher dimensions involves a noncompact in-
ternal space of infinite volume. Indeed, as we saw in the Introduction, a 3-manifold of this
kind, known as H(2,2), is involved in the reduction from N = 1, D = 10 supergravity to
the SO(2,2) gauged supergravity in D = 7 [6], yielding a consistent Kaluza-Klein truncation.
The same model can also be obtained from D = 11 supergravity by reducing on H(2,2) x Si,
again yielding a consistent Kaluza-Klein truncation. However, in the presence of the term
D =11 Agytr RARA RA R and even in the presence of the Yang-Mills sector in D = 10,
a consistent Kaluza-Klein ansatz is not at present known. A preliminary investigation of
the infinite volume problem’ suggests that the appropriate Weyl rescaling of fields needed to
obtain finite kinetic terms in D = 7 leads to vanishing coefficients in front of the w7(A) term
and we expect this to be the case for the ws(A)tr R A R term as well. With this in mind,
we shall not consider further the inclusion of higher-derivative terms in the bulk Lagrangian
as given in Section 2, but supplemented by the topological mass term added in Section 8.1.
However, we shall consider modifications of the boundary condition on Az occasioned by the
inclusion of Chern-Simons terms for the bulk gauge fields and Lorentz connection such that

AG™ g = caws(A) + cpwar + (fermi)” (8.12)

SWhile a term of the type wr(A) does arise in the SO(5) gauged maximal D = 7 supergravity, it does
not appear in any gauged half-maximal D = 7 supergravity. The half-maximal truncation of the maximal
theory studied in [6] might seem to indicate the presence of w7(A) but, in fact, such a term is not allowed by
supersymmetry in this system.

"We would like to acknowledge detailed discussions with Chris Pope on this point.
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where cq and ¢y, are arbitrary constant coefficients. Extending the full set of supersymmet-
ric boundary conditions (6.6) to incorporate this modification will, in particular, alter the
boundary condition on the extrinsic curvature K, which will now must include terms taking
the form

KH”‘@M ~ e_UFHpT FI/Tp + e_oRupﬂRupﬂ 4. (8.13)

Since K, picks up contributions for the boundary stress tensor, it follows that modifications
proportional to this, in turn, imply that the full boundary action must contain terms given
by

Sext / dG:Ee{e_JF;;FMW/ + E_JR;W ;LVRHV& + ... } . (8.14)
oM _

An R? term of this type has been encountered in the Hofava-Witten formulation of D = 11
supergravity compactified on S'/Zy [17]. We note that the dilaton factors in (8.14) are
equivalent to the dilaton factor multiplying the kinetic term in (6.4). In standard D = 6
calculations, higher-derivative invariants with either e” or e~ factors multiplying the R? term
are possible [18, 19]. Supersymmetrizing the e variant would imply the presence of a term of
the form By A Ro A Rs, whilst supersymmetrizing the e~ variant implies that the 3-form field
strength appearing in the action is Chern-Simons modified such that Gg = dBs 4+ w3r,. Since
the boundary condition (8.12) implies that the field strength becomes Chern-Simons modified
in the coincident boundaries limit (see Appendix A) we deduce that the necessary factor here
must be e~? multiplying the R? term present in this boundary action. A similar argument
also applies to vector couplings, which is consistent with the fact that Noether coupling forced
us to determine the coefficient a = —1 in Section 6.

To summarise, the total action we have constructed so far is the sum of (2.6), (8.1), (8.8)
and (8.14). In this action, the following terms contribute to the bosonic anomaly:

A"z A ANETAET 47! dSzho A 8.15
2\[%2 / TA3) ¢ Phod) (8.15)

Using the modified boundary conditions (8.12), the variations of these terms give the new
total bosonic anomaly

2ho [ ,2ca 1 1 2c K2 Wl
/W{ K2 (( 3 892h0)w2(‘4)+ R e (C))A

2ca 1 K2
— - trFEAF —R/\R ——trHy A H 8.16
<( 3 857 ) r + + 22 riio 2) ( )

ot
32/4,2 4h0

3(A) AtrF A F}

If we consider the gauge group for the boundary vector multiplets K’ to be the tensor product
of simple groups G ® ... ® Gy, we can define the 4-forms G%, where a = 0,...,n4 + 1, as

G'=ttFAF, G'=tuRAR, G*=uHMAHY, . Grott =uH" AHM. (8.17)

Then the anomaly (8.16) is related by the decent equations® &ug = %dw% and dw% = %Gﬁ, to

¥Note that we are using the Chern-Simons 3-form normalisation given in Equation (2.7), as in Reference
[10], for both gauge and Lorentz symmetries. This gives rise to the factors of % in the descent relations.
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the anomaly polynomial,

ng+1 12

(5caG° + = cLGl—irZ trG“} (8.18)

Qs = 8h0[

1 1 1 netl 2
[(56 8h09>G0+ thrG1+Z e tG]

8.3 Boundary Tensor Multiplets

The classical non-invariance produced so far obeys the Wess-Zumino consistency conditions
and produces terms of the correct forms to cancel the quantum anomalies. However the
classical anomaly produced is still not sufficiently general to completely cancel the anomalies
produced by quantum effects and so to yield an overall invariant system. We therefore consider
a further extension of the model by adding nT boundary-localised tensor multiplets to the
action. These multiplets have the form (B¥ s Az ), where z = 2,... ,ny + 1.

Tensor multiplets of this form are known to exist in rigid D = 6 supersymmetry and
accordingly a coupling process similar to that shown in Sections 5 and 6 will be possible.
However this process is complicated by the fact that the 3-form field strength H5 = dBj is
required, by closure of the supersymmetry algebra, to be self-dual: Hs = xH3. This has the
consequence that the naive kinetic term that one would write for Bj vanishes. This problem
may be addressed by use of a non-manifestly Lorentz invariant action [20], or by reformulating
the problem at the equation-of-motion level. We shall not attempt here a full analysis of these
couplings. Although a full coupling would be necessary for detailed analysis of the classical
supersymmetry anomalies, it is not necessary for analysis of the purely bosonic anomalies.
This is due to the fact that bosonic anomaly contributions arising from boundary tensors can
only be generated by the variation of one type of term in the boundary action. This crucial
anomaly-generating term type is analogous to the bulk Chern-Simons term Q%Ag AN FS N FY,
and is of the same form as the standard anomaly counterterm that is seen in purely D = 6
theories [14]. In our boundary action, it appears as

/ VBIAGE (8.19)
oM

where vy is a numerical coupling matrix analogous to the g% which appears in the bulk action.
This is related to the coupling matrix v that appears in [21]. If B” is required to transform
under the bosonic symmetries of the theory according to

§B" = vws (8.20)

then the variation of (8.19) will produce a non-invariance of the form

/ VP W G (8.21)
oM —
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Adding this to the classical anomaly generated so far, we can write the total anomaly as

0Sior = / fuévl;‘lmng/\ Gb—, (8.22)
oM
where the index x has been extended to a new index I = 0,...,np + 1 and the vector vé is
defined as
UO . U,O <2CA\/ —2h0 _ 1 QCL\/—Q}‘L() H\/—Qho Ry —2h0 >
e e 3K 4g2+/—2hq’ 3k 7 2(A2)2 7T 2(Amethy2)
vl—v,1—<;00 0) vk =0f, vla =" for I =2 ny+1
a — Y%a — 4[{92 —2]10’ y Uy ) a — Yar = — Ya > L =4...,0T )
(8.23)
niy = diag(—,+,...,+) and we have assumed hy < 0 which makes the components of these

vectors real. This represents the full classical anomaly which will be cancelled against the
quantum anomalies to be described in the next section.

9 Anomaly Analysis

We shall now construct an example of an anomaly-free model in the D = 7/D = 6 Hofava-
Witten setting that we have been constructing in this paper. As we wish to end up with
an R-symmetry gauged model, we need to start with a matter-coupled noncompact gauged
D = 7 theory. The possible non-compact gauge groups and the surviving even-parity bulk
fields have been listed in [10]. Here, we shall consider the SO(2,1) gauged D = 7 model
which consists of minimal supergravity coupled to one vector multiplet. The bulk scalars
parametrize the coset SO(1,3)/SO(3) and the SO(1,2) subgroup of SO(1,3) is gauged. The
structure constants are given by [10]

ffjf{ = €ijk » 1=1,2,4, (91)

where €5, are the SO(1,2) structure constants. In (3.3), we now have p = 0,n = 1, and the
resulting even-parity fields form the multiplets

(€ tursB) . (Blox—.0),  (W_,0,®1),  (ALN), (9.2)

with supersymmetry transformations as given in (4.13). The vector field Aﬁ gauges the R-
symmetry group U(1)r. We have denoted the D = 6 chiralities of the fermions explicitly
for convenience, and we have split the 2-form potential into parts that have self-dual and
anti-self-dual field strengths.

9.1 Quantum Anomalies

The chiral fermions (¢4, x—, A%, 1_) give rise to gravitational, U(1) g and mixed gravitational-
U(1) g anomalies on the boundaries. The anomalies are encoded in an 8-form polynomial made
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up of the Riemann and Yang-Mills curvature forms, via the descent equations. The standard
anomaly formulae give

_ D 19, 2 1 4 5x43 2\2
Qus) = 24F1 %Fl trR* + 5760 [245 tr R (tr R7)*| ,
I L IC R 145 (11 R2)?
Qx-) = 51 Fy %6 trR E760 [tr R + 1 (trR%)%|
Q) = N NI Py Y (trR?)?
+ 24 1 967! 5760 4 ’
Q) = L tr R +§ (trR?)?
- 5760 4 ’
1
ABu+) = a5 [—28 tr R 410 (tr R*)?] . (9.3)

The total anomaly coming from the bulk fields on each boundary is half of the total bulk
anomaly. Thus on a given boundary we have

5 19 1 55

bulk 4 2 2 4 212
Qgﬁav/U(l)Rle = 4_8F1 - @Fl trR* + 5760 [122 tr R* — 5 (tr R*)“| . (9.4)
Next, we need to compute the quantum anomalies that result from the introduction of ny
gauge, ny hyper and np tensor multiplets on a given boundary. It is useful first to compute
the total gravitational anomaly. Summing up the bulk contributions given in (9.4) and those
of the boundary multiplets, the total gravitational anomaly on dM; is given by

QU lonn = s | (v — nr — 2907 + 122)tx R
+3(ny — ng + Tng — 22) (tr R2)2] . (9.5)
The tr R? term must necessarily vanish for anomaly freedom. As we have assumed that
there is no bulk Lorentz Chern-Simons term, the vanishing of the tr R* anomaly imposes the

constraint ?
ng —ny + 29 = 122 . (9.6)

Using this condition in (9.5), and including the contributions to the U(1)z and mixed gravitational-
U(1)r anomalies (i.e. the Fit and F2tr R? terms in (9.4), together with similar contributions

9In the standard N = 1, D = 6 anomaly cancellation, the equivalent relation is given by nyg — ny +29nr =
273. The difference here is due to two factors. Firstly, our nr counts the number of boundary-localised tensor
multiplets whilst the nr in the standard equation counts the total number of tensor multiplets. As one tensor
multiplet comes from the reduction of the bulk supergravity multiplet, our nr differs from the standard setup
by 1. Secondly, the quantum anomaly in our case is split across two boundaries and so differs from the standard
result by a factor of 2. Therefore in our case we have a different gravitational-anomaly cancellation condition
from the standard condition: ng — nyv + 29nr = (273 — 29)/2 = 122.
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from all the boundary matter multiplets that have been introduced), we find
O vwglonn = ms(nr —4)(tr R?)? + 45 [2(nv — ny) + 5] F}
+155 [2(ny — ny) — 19] Fitr R? . (9.7)

At this point, we need to specify ny, ng and np such that the condition (9.6) is satisfied,
where the boundary Yang-Mills gauge group has total dimension ny, and such that the ng
hyperfermions form a set of representations of this group. A complete analysis of all the
possibilities is beyond the scope of the present paper. Instead, we shall give one example
to illustrate how anomaly freedom can be achieved in the bulk-plus-boundary system that
we have constructed. We shall take the gauge group on a given boundary to be Fg x Er
so that ny = 78 + 133. Furthermore, we shall introduce two tensor multiplets, and five
hypermultiplets in fundamental representations of Fg and five fundamental representations of
FE7. Thus, all in all, we have

nr = 2 5
ny = T78+133,
ng = 5x(27,1)+5 x (1,56) . (9.8)

Using this data, and expressing all traces in the fundamental representations employing the
group theoretic relations

TrH = 4trH , TrHj = 1(trH)?, trH§= L(trHE)?,

(9.9)
TrH? =3trH? , TrH7 = J(trH2)?, trHf = L(trH3)?,
we find that the total one-loop anomaly polynomial is encoded by
1 2 141 133
tot. 2 4 2, P2
Ql—loop = _6_4 (trR ) +EF1 +HF1JDI'R
F2 H2 3 H2 1 2 H2 H2
+ 1 tr 6 -+ Ztr 7 — %tI‘R (tI‘ 6 -+ 2tr 7)
1
== [2(wHE)" — (0 HD)"] (9.10)

9.2 Anomaly Cancellation

Now consider the cancellation of the quantum and classical anomaly polynomials.We begin
by making the following redefinitions

1 1

- 1 1 - 1 1
1_ 1 2 _ 2 -2
AT= A <—h0/€2> A=A (—hm@) g—g( h()/i)

1 1
_ —ho\ 2 _ —ho\2
CA = CA </€—20> C1, = CjJ, </{—20> s (912)
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where all the new parameters are dimensionless. This allows us to rewrite the anomaly
polynomial as

1 1 1 1
Qcas = —8|(zc GO+_~ G1+ = G2+ = G3> A
l <3CA TS AT I

1 0 ~ 1 1 2 1 3
<<3CA+8 2>G cLG +4(:\1)2G +4(:\2)2G

+020,2 G2 A GE+ vy P GE A G (9.13)

In order for the system to be anomaly free, (9.13) must cancel the quantum anomaly polyno-
mial
133

64
1 e 3
550" (G7 +267)

141
16

+G° <G2 - §G3> —

(@)~ (@) + 2

Q—OO
1=loop 64

1
— [2(G*H)? - (G*)?] . 9.14
e (G - (G (914
This requirement places 10 constraints on the 21 parameters in (9.13) which leaves an 11
dimensional space of solutions. In order to demonstrate that a solution exists in which all

parameters are real, we give an example solution'”

&a = 0.0000 g =0.1443 ¢r, =0.0000  A!=3.4641 A% = 4.0000
v = 0.0000, v? = —3.6424 3 =14106  v3 = —1.0000
v = 0.0000 02 =—0.0074 v =0.0000 v =—0.0037
v =—1.0000 v =-0.2303 3 =0.0000  v3=0.0000
v = 8.8125 v = 0.0490 vy =0.0000 v = 0.0000 . (9.15)

This demonstrates that anomaly-free bulk-plus-boundary models can indeed be constructed
as we have described.

10 Conclusions

We may view the construction in this paper as a worked example of an anomaly-free model
with gauged R-symmetry and a positive cosmological potential. A variety of approaches has
been followed in the search for realistic reductions of string/M-theory to candidate effective
D = 4 theories. The standard compactifications and brane constructions limit to effective
supergravity theories which populate only a sub-class of the available models that one might
want to explore, however. In particular, the class of non-compact gaugings of supergravity has

OFinding solutions to a large number of simultaneous equations such as these is greatly simplified by finding
the Groebner basis for the equations. This is most easily done using the program Singular or the Mathematica
package STRINGVACUA.
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been rather under-exploited to date. Such models depart from models with compact gauged
R-symmetries, such as the original D = 4 gauged N = 8 supergravity [22]. The discovery
of models with gauged R-symmetries then led on to searches for models with gauged non-
compact symmetry groups [23, 24]. These were in turn obtained by reduction from higher
dimensions on non-compact manifolds [25].

The physical interest of models with non-compact gaugings is illustrated by cosmological
approaches such as the SLED program of supersymmetry in large extra dimensions [3], which
takes as a starting-point example the D = 6 Salam-Sezgin model [1]. But non-compact
gaugings have not yet figured prominently in the search for realistic string or M-theory particle
physics vacua. One reason for this has been the lack of a perceived link to the “ur-theories”
in D =10 and D = 11. A path towards such links has now been opened up, however, by the
reduction in Ref. [6], involving precisely the sort of non-compact manifold reduction envisaged
in [25]. So, it seems that a relevant chapter in the encyclopedia of string/M-theory reductions
has only just been opened.

In the present paper, we have focused primarily on a process for generating a chiral,
anomaly-free model starting from a gauged R-symmetry In order to provide a richer and
more fully worked-out scheme for D = 6 models such as those needed for the SLED pro-
gram, we began with a gauged R-symmetry model in D = 7. To generate a chiral theory
in D = 6, we used a Horava-Witten construction based on a slice of D = 7 bulk spacetime
bounded by two D = 6 spaces which can then be populated with D = 6 supermatter as
needed to construct an anomaly-free model. Hotfava-Witten type constructions, generalis-
ing the original D = 11/D = 10 construction of the heterotic string from M-theory [4, 5],
can also be seen as domain-wall brane-solution constructions such as the D = 5/D = 4
“heterotic M-theory” construction [26, 27]. These naturally produce chiral theories in the
lower even dimension. But this then raises the issue of potential quantum anomalies in the
reduced theory. The mechanism of anomaly cancellation involves anomaly inflow from the
bulk higher-dimensional space together with a careful choice of “matter” fields to populate
the boundary brane spaces. In the D = 11/D = 10 construction, this uniquely yields the
original Eg gauge multiplet on each bounding brane [4, 5, 11, 28, 17]. As one goes down
in dimensionality, the anomaly-cancellation requirements become less stringent, so that in a
direct D = 5/D = 4 analysis [29], the only anomalies requiring cancellation are gauge and
mixed gravitational-gauge anomalies, with a wide resulting set of anomaly-free constructions.
The present D = 7/D = 6 construction presents an intermediate scenario, with a detailed
set of cancellation requirements as presented in Section 9. These do not uniquely specify the
boundary gauge groups and fields, but they do impose a stringent set of anomaly-cancellation
conditions on them. In the present paper, we have not attempted a comprehensive study of
the solutions to these conditions, but it may be hoped that such a study might reveal classes
of phenomenologically interesting scenarios.

The main challenges to be met in carrying out the D = 7/D = 6 construction revolved
around the details of coupling 8-supercharge boundary matter to the 16-supercharge bulk
theory. One needs to take care to provide necessary Gibbons-Hawking-York terms so as
to ensure consistency between the bulk-plus-boundary variational equations and the chosen
boundary conditions for the bulk fields. The halving of the supersymmetry at a boundary is a
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natural consequence of any Hofava-Witten type orbifold construction. But one needs to take
great care here in handling the supersymmetric couplings, since in the absence of a fully off-
shell formalism, the classical boundary non-gauge-invariances of the bulk theory, as needed for
anomaly inflow, engender also supersymmetry anomalies. Thus, the best one can arrange for in
the bulk-plus-boundary coupling is agreement with the Wess-Zumino consistency conditions,
as discussed in Section 6. Reduction of the D = 7/D = 6 construction to purely D = 6 by
taking a coincident boundary limit, as explained in Appendix A, confirms the correctness of
this construction by yielding precisely the D = 6 Wess-Zumino consistent system found in
Ref. [14].

Another challenge in the present construction is the coupling of boundary hypermultiplets.
These are in general necessary in order to arrange for gravitational anomaly cancellation,
but they do not affect the classical gauge or supersymmetry anomalies. However, the bulk-
plus-boundary couplings in this sector lead to novel problems. Eight-supercharge (N = 2,
D =4or N =1, D = 6 supersymmetry) hypermultiplets coupled to supergravity require
an overall quaternionic Ké&hler target-space manifold [15]. Indeed, the bulk D = 7 theory
dimensionally reduced to D = 6 and truncated to N = 1, D = 6 local supersymmetry
generates precisely this kind of scalar target-space manifold [10]. However, when one includes
additional hypermultiplets on the D = 6 boundaries of the Hofava-Witten construction, one
runs into the problem that one cannot simply add quaternionic Kahler manifolds to produce
an overall quaternionic Kéhler manifold. The resolution of this problem led to the connection
condition (7.13).

A number of aspects of the constructions discussed in this paper call for further devel-
opment. A fuller treatment of the hypermultiplet couplings will be given in a separate pub-
lication, and a full analysis of the solutions to the anomaly-cancellation conditions is called
for. Another open question deals with a very special class of remarkably anomaly-free D = 6
theories with gauged U(1)r symmetries. These are:

o the E7 x Eg x U(1)g invariant model in which the hyperfermions are in the (912,1,1)
representation of the gauge group [30],

e the E7 x Gy x U(1) g invariant model with hyperfermions in the (56, 14, 1) representation
of the gauge group [31], and

e the F; x Sp(9) x U(1)g invariant model with hyperfermions in the (52,18, 1) represen-
tation of the gauge group [32].

We have determined that the construction of this paper cannot yield any of these models in a
coincident brane limit. Thus, finding the higher-dimensional origins of these theories, if any,
remains an outstanding open problem.

More generally, the role of noncompact gaugings and their higher-dimensional origins
through reduction on noncompact spaces needs further consideration. Noncompact reductions
may, as in the H(2,2) reduction considered in [6], yield classically consistent Kaluza-Klein
reductions. But at the quantum level, this classical Kaluza-Klein consistency is surely broken.
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Moreover, noncompact reductions from higher-dimensional theories would be expected to lead
to a continuous Laplace eigenvalue spectrum without a mass gap between the retained lower-
dimensional and the truncated higher Kaluza-Klein states. One can imagine a number of
possible responses to this situation. One would be to consider a compactification of the
reduction space, perhaps by dividing by discrete symmetries, but also likely at the cost of
introducing supersymmetry breaking at some new scale in the problem. Another might be
to look for discrete Laplace eigenfunctions in the midst of a continuous-eigenvalue spectrum.
Such situations are not unusual in other contexts, such as condensed matter physics. It
remains to be seen whether they have a relevance in the context of noncompact gauged R-
symmetries.
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Appendices

A The Coincident Boundary Limit

We now consider taking the coincident boundaries limit when the boundaries are populated
with vector multiplets as described in Section 6. This gives a six-dimensional gauged super-
gravity theory similar to that described in [12].

The orbit of boundary conditions in this D = 7 system involves both Neumann and
Dirichlet types, which have different effects on the reduced system. Let us first consider the
Neumann boundary conditions with the example of the form field A,,,. This is subject to
two boundary conditions: one on the 27 = 0 boundary and the other on the 2" = L boundary
(where L is the interval length ). We can follow the work of [11, 33, 34] and use the fact that,
in the limit of small interval length, it is sufficient to approximate the value of A,,, in the
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bulk by a linear interpolation between the two boundary conditions:

x?
1- 2 )+ A,
x7:0< L> Hrp

We consider the simplified case in which the boundary at 27 = 0 is populated by vector
multiplets in the way we have described and the boundary at 27 = L is empty. This means
that the bulk field A,,, becomes

7
. (A.1)

Awp = Aup L
z7=L

3K% iK? |y X z’
A:U'VP = (4—/\2ww,p(0) + WE n ’yw,pn 1-— f . (A2)
This causes the six-dimensional 3-form field strength to become Chern-Simons modified:

Fuyp7 = 38[#‘4'/0}7 — 87121qu

31 11 _ (A.3)
=2 (38[MBVP} - gﬁwgup(C’) +ig anwupnx> ;
g g
where we have defined ¢’ 2 = 2{;—5‘2 in order to match the conventional result. If we now redefine
G wp as the appropriately normalised bosonic part in the above equation i.e.
3 0
Guvp = 30, By, + F""ulm(c) d (A.4)

then we find that G, is invariant under the Yang-Mills gauge symmetry since B,,, develops
a gauge transformation due to the boundary condition (5.10):

1
SABu, = —FamcijX . (A.5)

On the other hand, the field 6 receives a Dirichlet boundary condition. In the small interval
limit, we can again interpolate between its two boundary values such that

33‘7
1-2) 106
m7:0< L) !

If we integrate this equation and impose the requirement that the average value of & is the
same as in the empty boundaries case, then we obtain

(z? . L X ()% L\ 4 2
- = ) 2o+ 20, A.
m7:0< 57~ % t3 + 076 L e 5] Teotze (A7)

7

. (A.6)

070 = 070
7 7 I

6 =—0:6

Performing similar steps for all fields that receive non-trivial boundary conditions and then
incorporating these into the D = 7 bulk action together with the Gibbons-Hawking-York
terms and the boundary action, and ignoring any higher-order terms in % or L, we obtain
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the D = 6 action
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Carrying out the reduction of the supersymmetry transformations and averaging over x7 gives
56% =&y,
1 _ .
othy = Dye+ 21€ G ooy Y€ — 577/30’6 ,
1

1 _
ox = —57“8“0’6 —13° TGy Pe

1

oo (A 1
0B, = —ie?&ythy) + 3¢ ENwX + F(SEC[);C,,}X ,
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1
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Under these supersymmetry transformations, the action varies into the supersymmetry anomaly

2L

08 = ————
32k2¢2¢"*

/ d%e{ewpmﬂlﬁﬂggagA;’A:’ — 26PN (C)FoyO AL
oM (A.10)

+ PN 5. OX OF — 26PN (A)H S 6.CF } :

which is Wess-Zumino consistent with its gauge variation,
2L 1
32k2 gzg’ 2
We note that the action and variations obtained here are consistent with the general matter
coupled D = 6 supergravity described in [14] for the case of a single tensor multiplet.

0AS =

o pv+ po

/ d%e{stWHjngf ONAT AT ghvPorT T 8AO;XAX} . (A1)
oM

We note also that that if one were to consider the boundary matter coupling starting
from the boundary condition A,,,, ~ caw,.,(A) as described in Section 8.2, then the reduced
action would appear to contain kinetic terms of the form

1 / /
S~ /d6xe <—?eg — cAe_U> Bl FT (A.12)

which is known to exhibit interesting phase transition behaviour [35, 36]. The dilaton depen-
dence arises from supersymmetry considerations as described in Section 6.
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B D =7 2-Form Supergravity

We now consider the equivalgnt construction for the theory in which the 3-form AM ~NR has
been dualised into a 2-form Bj;y. This has the D = 7 bulk action

1 7 1 40 11 i M N L 5 M N7 1 26 A AMNR
SSG :—/d xe{zR(F)— ZQ—CO’FMNF b @60 ]7\“4NF " Ee JGMNRG

N o' A AN PR

+ e’ Gunr <¢[L7 AMNRAT o + dpp AMVRRL G — 33AMNRg e /\T’ MNRX’)

7
24v/2

1 & 4, = ; 1 2. . A~
+g5¢ Flaw <wmw AMNGT Gy — 26005V GEK + X0 5 MY 9—2ATUWMNA">

7 & Aa 2 NAL A MN 1 6 a2 A MAF A iia
—@62 VN < Ly A 234 )\T>+ﬁe ZCW<1/JMO'Z’Y )\T—QXO'Z)\T>

2V & 2 ~ S . 1QAAA 1 6 aniBa aa
- Z—ge‘w(meNwN + 2 AN X+ 3XK — NN ) + %6_207"8’)\’"0’)\’"}
(B.1)

where
(B.2)

N N 3 . -
GunNR =30 ByR) — NoT: wmnNR(A)

and all other definitions remain the same as before. This action has no Chern-Simons term,
so we might expect no anomaly to occur. However, as we now see, this is not the case.
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The action is invariant under the following local supersymmetry transformations:

AM_ 2 M n
déy; = tey=—Ynr ,

) - 1
Sthyr = 2Dpré — ¥ Crsr (AT + 5385T4,,) ¢
v 60v2 (s 7 )
L S i 2 &
- ;TgﬂF hso! (397" — 59 q0r) € — %ge eV
1 - Z & A 1 \/§ 5
5A :__AMV ~r §FZ ZAJ\l]\/'A G ~MNR~ V2 ECA
X 5 VMmoe 106 MNO Y 15\/56 MNRY € 306 ¢,

~ . —6 (24 n EN ~ Iy N
O0BynN = iv2e (E’Y[Ml/JN] + 6’}’MNX> - ﬁ;A{M5AN}j )

64y = —get (o' dar + Ennk) LI +ie” 2\ LT,

56 = —2iéx
. | P
6L = ~éo'N'LE
g
¢ ls i5pr
6Lf —= —€0 )\ Lf s
g
N 1 &~ ) & .
5AT:—§eEFX/1N?y Ne igyM Piote %96—50"02@7

as well as having a Zo symmetry which acts as before but now with Buv ass1gned even parity
and B;ﬁ odd parity. The action possesses a gauge symmetry under which By transforms as

SABun = ?8[MA5V}Af . (B.3)

Once again, we begin our construction on a manifold with boundary by adding Gibbons-
Hawking-York terms

Scry = /E)M dbxy\/ - { 312 A ah, — %X)Z} . (B.4)

Redefining exactly as before but now with B, = %BW, Gt = %Gwﬂ gives the D = 6
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supergravity transformations [10]
56% = ievty, |
1 o aT Ui i
o, = Dye — 21¢ G o7 Y€ — §'PZO'ZE ,

1 1
ox = —§fyﬂvuae — —=e7 Gy Pe

12
- 1 1
OB, =ie Vuty + E’YWX g2 A[MéAV]T/ ,
do = —iéy ,
(5A;l = z'e_%éfyu)\rl ,

’ 1 o ’ (3
SN = — ST e L
46 Y 77 2\/5

oY = =y ('PZUi — Z'Vugo) €

Fe3 (Czr \@Sir') ol . (B.5)

2
r i ir 4 - DT
51 :57“ (Plo' +iP})e
op = i€y ,

SL} = ey L} |
SLY = ey LY |
60! = —Lle=%eop — il e Pey’

where now G, = 30|, B,, — %wg,,p(A) and By, transforms as
1 ,r/ ,r/
ABu = 9—28[MAV}A . (B.6)

Again, we can construct a consistent set of boundary conditions and in this we case find,!

TR _eox b x, 3K

Vu- = “a0n2¢ 2 Hy ' + 2002 € %HPUXWW??X + (fermi)® |
(2
X = 55z¢ 2 HuwA"n + (fermi)®
2
0976 = — 13A2e‘“Hg§HP"X + (fermi)? | (B.7)
2
G = ;gTe_zoﬁwpoMHpoxH’\TX + (fermi)? ,
K2 e 0 X X 3H2 —o 7 X o X N2
K'U’V = 2)\2 H H g 40)\26 HpUHp 9uv + (ferml) .

Then, upon substituting this into the surface terms, obtained as before, a great deal of
cancellation occurs and we are left with

1 1 o o .
0¢Ss5G + 0eScHY = ¥ /aM dﬁxe{ -3¢ zeyP ’yuUZUXng'PZ} . (B.8)

HHere we have, as in the previous case, set all the free parameters that can occur equal to values that will
be required by the variational principle, anticipating the final constructed boundary action.
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Finally, including a boundary action'?

1 1 '
S = V/ dﬁx{ — ge_C’HﬁfjH“”X — %ﬁX’y“DMnX
oM
i ey i o s i )
= € T Ty — e H " x — e Gt 4P (B.10)
1

1
TANT X 17X TANT
B EEHW) BHVHpoH)\T + 32—926“11[) wBup(C)wg)\T(A)} )

gives the classical supersymmetry anomaly

1

"= g

/8 y d%e{e“”fmTHﬁngaeAg AL — 26PN (C)Fry 6 AL

(B.11)

TAT / ! X X TAT X X
+ HPINTET FT 503 CF = 2eMPN W0 (A)H N 0.C;F } ,

whilst the classical gauge anomaly is

1

onS = T 3202g2

/a y dﬁxe{gwpmﬂgfyﬂgg@Ag’N’ + PN T 95 CF AX} . (B.12)

Once again these are Wess-Zumino consistent.

It is interesting to note that these classical anomalies exist, in spite of the fact that
there is no Chern-Simons term to provide anomaly inflow, because the inherited supergravity
transformation rules have forced a Green-Schwarz type of anomaly production upon us. This
is very different mechanism from the 3-form case considered in Section 6, but gives rise to
anomalies of exactly the same form.

2The bulk contribution (B.8) can also be produced by adding a term of the form

S = % /@M dee{ﬁxy“ainXP;} (B.9)

to the boundary action and multiplying the R.H.S. of (B.7) by a corresponding factor. However, if this were
done, the action and boundary conditions would then no longer be consistent with the variational principle.
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