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An Analytical Solution for the SSFP Signal in MRI
Wolfgang Hänicke1* and Horst U. Vogel2
Among previous analyses of the steady-state free-precession
(SSFP) signal in rapid MRI, one treatment resulted in equations
that require the evaluation of infinite binomial series. Here, an
analytical solution is derived by a transformation into the power
series expansion of the derivative of the inverse sine function,
which is essentially a root. The treatment is extended to include
higher-order signals. The results demonstrate the identity of the
vastly different equations for the SSFP signals reported so far.
Applications consist of the derivation of closed expressions for
the signal in echo-shifted MRI and a corresponding analysis of
TrueFISP sequences. Magn Reson Med 49:771–775, 2003.
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The steady-state free-precession (SSFP) signal (1) was
among the first NMR signals exploited for MRI in the form
of the sensitive point method (2). Current MRI sequences
based on the SSFP signal extract the free-induction decay
(FID) part immediately following the excitation pulse
(SSFP-FID), the echo part preceding the next excitation
pulse (SSFP-echo), specific higher-order contributions
from the signal, or use the coherent sum of all signals.
A comprehensive analysis of the SSFP signal under
steady-state conditions has been given for high-resolution
NMR spectroscopy (3). In the context of MRI, signal and
contrast were specified for pertinent SSFP sequences (4 –
8). Although based on the integration of the same expression for the steady-state transverse magnetization immediately after an RF pulse (3,9,10), the use of different methods of calculation resulted in vastly different expressions,
the identity of which is not readily apparent. The results
from Gyngell (6) require the evaluation of infinite (though
converging) summations. Therefore, certain applications
using this approach for the analysis of pathologic contrast
in interventional MRI (11), signal strength in echo-shifted
sequences (12), and T 2 imaging with low specific absorption rate at high fields (13), as well as the extension to
higher-order echoes (14), remain somewhat unsatisfactory.
Here, we solve these infinite sums and derive closed
expressions for the different components of the SSFP signal. It is shown that for basic SSFP signals, the theories
from Gyngell (6) and Zur et al. (7,8) lead to identical
results. Moreover, for higher-order SSFP signals the ex-

pressions derived from reference 6 in Refs. 14 and 15 are
identical to those given in Ref. 8. In addition, all expressions can be reduced to those specified by Kaiser et al. (3).
The analytical solution for the signal of the echo-shifted
MRI sequence from (12) is presented, and, as another example, the TrueFISP (FIESTA, balanced FFE) sequence is
analyzed using the developed framework.

THEORETICAL CONSIDERATIONS
In general, an SSFP signal is generated by a train of RF
pulses with 1) a constant flip angle ␣ ⫽ 0°, ⫾180° (or
integer multiples thereof), 2) a constant repetition time
TR ⬎ 0, and 3) a certain degree of phase coherence or
phase cycling. In the context of MRI, further requirements
on the spin dephasing state apply because of the use of
gradients. For a review, see e.g., Ref. 15.
Basic SSFP-Signals
Summarizing the results of the analysis from Gyngell (6),
the modulus of the steady-state signal amplitudes for the
SSFP-FID at the beginning of the repetition interval, i.e.,
immediately after the RF excitation pulse, and for the
SSFP-echo at the end of the repetition interval, i.e., immediately before the next RF excitation pulse, under conditions when higher-order signals can be neglected, are
given by:

S共SSFP-FID兲 ⫽ M0 sin ␣

S共SSFP-echo兲 ⫽ M0 sin ␣
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with equilibrium magnetization M 0 , relaxation times T 1
and T 2 , E 1 ⫽ exp(⫺TR/T 1 ), and E 2 ⫽ exp(⫺TR/T 2 ). The
terms u0 and u1 are given by:
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p ⫽ 1 ⫺ E1 cos ␣ ⫺ E22 共E1 ⫺ cos ␣兲

[5]

q ⫽ E2 共1 ⫺ E1 兲共1 ⫹ cos ␣兲.

[6]
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(kn) are binomial coefficients. It has been stated that 兩p兩 ⬎ 兩q兩
for T 1 ⬎ T 2 (6). More generally, and using only the SSFP
conditions from above, it can be shown that p ⬎ q ⬎ 0.
With the expansion of the binomial coefficients to real
numbers a:
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which is the power series expansion of the derivative of
d共arcsin q/p兲
the inverse sine function, (e.g., see Ref. 16),
d共q/p兲
⫽ 1/ 冑共1 ⫺ q2 /p2 兲. Accordingly, Eqs. [3] and [4] can be
written as:

u0 ⫽

冑p

p

2

Considering higher-order SSFP signals, the infinite summations in Eqs. [3] and [4] have to be generalized as follows (14,15):

冦

⬁

m⫽兩n兩

p ⫺ p2 ⫺ q2
q
u1
u0

冊

兩n兩

䡠 u0

[14]

兩n兩

䡠 u0 .

[15]

2m ⫹ n
m

The consequences of the analytical solution for specific
MRI sequences will be discussed below. At this stage, the
effects of practical problems such as chemical shift differences, inhomogeneous slice profiles, spatial inhomogeneities, susceptibility differences, flow, motion, and diffusion are neglected.
MRI Using Basic SSFP Signals
For the basic SSFP signals, we obtain the following expressions after substituting Eqs. [10] and [11] into Eqs. [1] and
[2], and using tan(␣/2) ⫽ sin ␣/(1 ⫹ cos ␣):

S共SSFP-FID兲 ⫽ M0 tan

␣
共1 ⫺ 共E1 ⫺ cos ␣兲 䡠 r兲
2

[16]

S共SSFP-echo兲 ⫽ M0 tan

␣
共1 ⫺ 共1 ⫺ E1 cos ␣兲 䡠 r兲
2

[17]
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Higher-Order SSFP Signals
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It can be shown that u0 ⬎ u1 ⬎ 0.
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Thus, Eq. [3] becomes:

u0 ⫽

for n ⱖ 2

Complete induction yields un ⫽ u⫺n for all n. Using this
symmetry and solving the recursion for n ⱖ 2 (see Appendix) reveals:

for integers k ⬎ 0 and (0a) ⫽ 1 (e.g., see Ref. 16), it can be
shown that:
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[12]
for n ⬍ 0.

For n ⫽ 0, Eqs. [3] and [12] are obviously equivalent. With
the addition theorem for the binomial coefficients and
1
their symmetry property, we obtain the identity 2 (2m
m) ⫽
2m⫺1
2m⫺1
( m⫺1 ) ⫽ ( m ) showing the equivalence of Eqs. [4] and
[12] for n ⫽ 1, and u1 ⫽ u⫺1. Thus, the solutions from
Eqs. [10] and [11] are valid for these cases. Moreover, with
2m⫹n⫹1
(2m⫹n
) ⫺ (2m⫹n
m⫺1 ) ⫽ (
m
m ) we get the recursion:

r⫽
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冑
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.
共1 ⫺ E1 cos ␣兲2 ⫺ E22 共E1 ⫺ cos ␣兲2

[18]

Equations [16]–[18] complete Gyngell’s analysis (6) by
specifying closed expressions. Equation [16] is identical to
Eq. [13a] in Ref. 7 except for a factor describing the decay
of the FID, and to Eq. [14] in Ref. 8. The expression
⫺S(SSFP-echo)/E 2 from Eq. [17] is identical to Eq. [13b]
given in Ref. 7 except for a factor describing the increase of
the echo, and to Eq. [15] given in Ref. 8. The sign is not
important for conventional magnitude images and the factor 1/E 2 is due to the fact that the signal amplitude is
evaluated at the start of the repetition interval by Zur and
at its end by Gyngell. So far, the equivalence between the
two theories has only been observed in numerical comparisons (15). The present solution provides the missing analytical link. Moreover, the specified equations are identical to d 0 and d ⫺1 in Eq. [A4] given by Kaiser et al. (3).
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MRI Using Higher-Order SSFP Signals
Higher-order SSFP signals have been isolated using a
stopped-pulse experiment in high-resolution spectroscopy
(3) and using gradients and/or phase cycling (8,14) in MRI.
In Refs. 14 and 15, the signal amplitude was specified:
S n ⫽ M0 sin ␣

1 ⫺ E1
共un ⫺ E2 䡠 un⫹1 兲
p

[19]

using the notation from Eq. [12]. Substituting the solution
from Eq. [15] yields:
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FIG. 1. Echo-shifted MRI signal as a function of flip angle ␣ for
TR/TE ⫽ 20 ms/10 ms and T1/T2 ⫽ 840 ms/400 ms (below) and
1200 ms/960 ms (above). Solid lines represent the analytical solution given in Eq. [23], diamonds (below) and triangles (above) are
calculated values using the infinite sums from Eq. [22]; asterisks
(interpolated by the chain-dashed line) and crosses (interpolated by
the dashed line) are corresponding measured values taken from (12)
and normalized for the chosen conditions.

n
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兩n兩⫺1
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[21]

S(SSFP-FID) from Eq. [16] is identical to S0, and ⫺S(SSFPecho)/E 2 from Eq. [17] is identical to S⫺1. For all negative
n, Sn ⬍ 0. Equation [21] is identical to Eqs. [16] and [16⬘]
in Ref. 8, proving the equivalence of the theories for higherorder signals. Moreover, all expressions are identical to d p
and d ⫺p⫺1 in Eq. [A4] in Ref. 3.
The optional use of the different formulations for the
SSFP signal amplitudes defined either by Eq. [19] using
the infinite series from Eq. [12] or by the analytical solution from Eq. [21], which is identical to that in Refs. 3 and
8, provides a mechanism to switch between the different
theories.

Figure 1 shows the signal for different T 1 /T 2 ratios and
corresponding values from phantom experiments measured in Ref. 12. Small variations between the values computed from Eqs. [22] and [23] for flip angles ␣ ⬍ 5° are
explained by the slow convergence of the sum from Eq.
[12] under these conditions and numerical problems in
computing the binomial coefficients for corresponding
high values of m. The remaining difference between the
theoretical and measured values is explicable by the influence of slice profile deformations. Finally, it should be
noted that for the Ernst angle condition, i.e., E 1 ⫽ cos ␣,
the signal becomes:

S共ES兲 ⫽ M0

冑

1 ⫺ E1 E2 共TE兲
共1 ⫺ 冑1 ⫺ E22 兲.
1 ⫹ E1 E2

[24]

Echo-Shifted MRI Sequences
Echo-shifted (ES) MRI sequences (17) with an echo time
TE ⬎ TR are used for functional MRI and for MR thermometry. According to (12), first-order SSFP signals are exploited in a certain class of ES-MRI sequences (“TR-periodic GRE”) and the signal S(ES) can be written:
S共ES兲 ⫽ M0 sin ␣

1 ⫺ E1
E2 共TE兲共u1 ⫺ E2 䡠 u2 兲
p

E2 共TE兲
共1 ⫺ E1 cos ␣ ⫹ 共1 ⫺ 2E22 兲
q

⫻ 共E1 ⫺ cos ␣兲 ⫺ r 䡠 共共1 ⫺ E1 cos ␣兲2 ⫺ 2E22 共E1 ⫺ cos ␣兲2
⫹ 共1 ⫺ E1 cos ␣兲 䡠 共E1 ⫺ cos ␣兲兲兲.

TrueFISP MRI sequences (18) with extremely short repetition times find increasing applications in cardiovascular
MRI (19,20). According to Ref. 15 and using Sn from Eq.
[19], the signal can be expressed by:

[22]

using the notation from Eq. [12], and E 2 (TE) ⫽ exp(⫺TE/
T 2 ). Substituting un from Eq. [15] and using r from Eq. [18]
results in:
S共ES兲 ⫽ M0 sin ␣

TrueFISP MRI Sequences

[23]

冘
⬁

S共TF兲 ⫽

Sn 䡠 Fn.

[25]

n⫽⫺⬁

Fn represents the phase directly after the RF pulse. The use
of Eq. [21] results in:
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For the 180° phase alternation scheme for RF excitation
commonly used for TrueFISP, Fn ⫽ (⫺1)n applies and the
use of Eqs. [10], [11], and [16]–[19] yields:
S共TFalt兲 ⫽

u0
␣ 共1 ⫹ E2 兲q
䡠 共S0 ⫺ S⫺1 兲 ⫽ M0 tan
u0 ⫹ u1
2 E2 共p ⫹ q兲

1 ⫺ E1
.
⫽ M 0sin ␣
1 ⫺ 共E1 ⫺ E2 兲cos ␣ ⫺ E1 E2

[27]
un ⫽ A 䡠

⫽ M 0sin ␣

1 ⫺ E1
.
1 ⫺ 共E1 ⫹ E2 兲cos ␣ ⫹ E1 E2

[29]
u1 ⫽
[30]

CONCLUSION
In conclusion, analytical solutions are given for the infinite series in Eqs. [3], [4], and [12] allowing the solution of
pertinent equations that use these series for the characterization of the different components of the SSFP signal. The
resulting expressions demonstrate the identity of the different equations for SSFP signals in MRI obtained by Gyngell (6) and Zur et al. (8) and provide a mechanism to
switch between their theories. Moreover, the equations
from both analyses are equivalent to those obtained for
high-resolution spectroscopy by Kaiser et al. (3). Closed
expressions are specified for the previously published signal (12) of MRI sequences exploiting first-order SSFP signals presently used for functional MRI or MR thermometry. The signal in TrueFISP sequences as derived in closed
form from the infinite series approach is shown to be
identical to that obtained by Zur et al. (7).
APPENDIX
For solving the homogeneous linear recursion from Eq.
[13] we consider its characteristic (or auxiliary) equation
P( x) (e.g., see Refs. 22 and 23):
2 n⫺1
⫹ xn⫺2
x
s

冉

⫽ x n⫺2 x2 ⫺

冊

2
x⫹1
s

[A3]

The constants A and B are determined by utilizing the
starting conditions from Eqs. [10] and [11] for n ⫽ 0 and
n ⫽ 1, resulting in the system of linear equations:
u0 ⫽ A ⫹ B

Equation [30] is identical to Eq. [14a] in Ref. 7.
For the purpose of cardiovascular MRI, the TrueFISP
sequence variant with RF phase alternation was used with
TR ⫽ 3 ms and ␣ ⫽ 60° (20). Assuming a T 1 of 1 s (at 1.5 T)
and a T 2 of 60 ms for heart muscle (e.g., see Ref. 21), the
difference between the theoretical TrueFISP signal from
Eq. [28] and the coherent sum of the SSFP-FID and SSFPecho, i.e., S0 ⫺ S⫺1 from Eq. [19], is less than 5%. Under
these conditions higher-order signals can be neglected.

P共x兲 ⫽ xn ⫺

1
1
共1 ⫺ 冑1 ⫺ s2 兲n ⫹ B 䡠 n 共1 ⫹ 冑1 ⫺ s2 兲n.
sn
s

[28]

Equation [28] is identical to Eq. [15a] in Ref. 7. For the case
of RF excitation without phase cycling, i.e., Fn ⬅ 1, we
obtain:
u0
␣ 共1 ⫺ E2 兲q
S共TFno alt兲 ⫽
䡠 共S0 ⫹ S⫺1 兲 ⫽ M0 tan
u0 ⫺ u1
2 E2 共p ⫺ q兲

with s ⫽ q/p. The roots of this polynomial are given by
r 1/ 2 ⫽ (1/s)(1 ⫾ 公1 ⫺ s 2 ) with multiplicity 1 and r 3 ⫽ 0
with multiplicity n ⫺ 2. Therefore, the general solution for
un is specified by (e.g., see Refs. 22 and 23):

[A1]

[A2]

[A4]

1
共u ⫺ 1兲
s 0

⫽A䡠

1
1
共1 ⫺ 冑1 ⫺ s2 兲 ⫹ B 䡠 共1 ⫹ 冑1 ⫺ s2 兲
s
s

[A5]

which is solved by A ⫽ u0 and B ⫽ 0.
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