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2

We report on ab initio study of electron-phonon 共e-ph兲 and electron-electron 共e-e兲 interactions in bulk Be.
The calculations show that the e-ph coupling parameter  varies from 0.01 to 1.02 as a function of electron
energy and momentum,  = 0.21 at the Fermi level as averaged over momenta. The e-ph contribution ⌫e-ph to
the electrons and holes lifetime broadening also manifests clear dependence on the momentum and energy of
an electron state. We demonstrate that the e-ph coupling matrix elements strongly affect the Eliashberg function especially for low phonon frequencies. By using the Debye model relation between ⌫e-ph and  the
characteristic Debye frequency D is obtained in good agreement with the experimental one. The e-e contribution to the lifetime broadening is evaluated from the imaginary part of the electron self-energy computed
within a GW approximation.
DOI: 10.1103/PhysRevB.71.174302

PACS number共s兲: 71.45.Gm, 79.20.Uv, 71.15.Mb, 71.15.Dx

I. INTRODUCTION

Electron-phonon 共e-ph兲 interaction is important for the
description of many phenomena in condensed matter physics. In particular, it is a cornerstone of conventional superconductivity and plays a key role in the description of electrical and thermal resistivity, renormalization of electron
bands close to the Fermi level 共EF兲, structural phase transitions and charge density waves.1 It also contributes to the
final lifetimes of excited electrons and holes,2,3 being especially important for energies close to EF. The strength of the
e-ph interaction is described by an e-ph coupling parameter
, which depends on both the electron 共hole兲 energy ⑀k and
momentum k. In the past,  was mostly obtained from tunneling or specific heat measurements1 at EF. Recently photoemission spectroscopy 共PES兲 was successfully applied to
deduce  from the temperature dependence of the measured
hole linewidth in surface states on metal surfaces.4–12 In
some PES experiments  was obtained from the measured
slope of the real part of the self-energy at EF.13,14 Later PES
was also used to measure  for quantum well states in adlayers on metal substrates.15–20 Despite its unprecedented accuracy of measuring  for surface and quantum well states
PES is not well suited to measure true hole lifetimes for bulk
materials because of the known final states effect.21 In principle, the energy resolved  for bulk states can be obtained
from photoemission measurements of quantum well states
for very thick adlayer films. However, it can be done only for
a symmetry direction in the bulk Brillouin zone which is
perpendicular to the adfilm.
In this situation valuable information on e-ph interactions
can be obtained from theoretical calculations, especially
from ab initio computations, since such calculations can be
done for any wave vector in the Brillouin zone. The electronphonon interaction is fully described by the Eliashberg spec1098-0121/2005/71共17兲/174302共9兲/$23.00

tral function ␣2F共w兲 and its first reciprocal moment .22,23
The evaluation of these basic quantities requires the knowledge of the electron energy spectrum, the complete phonon
spectrum and the changes in the effective crystal potential
upon lattice vibrations.
In this work we calculate the Eliashberg function ␣2F共w兲,
the e-ph coupling parameter , and the phonon induced contribution to the excited electron and hole inverse lifetimes −1
for bulk Be. This metal has been chosen for two reasons.
First, bulk Be electron bands show very anisotropic behavior
that can seriously affect e-ph interactions as well as quasiparticle lifetimes.24 Second, electronic properties of bulk Be
are very distinct from those in Be surfaces. For instance, the
electron density of states 共DOS兲 in bulk Be has a very deep
minimum at EF making this material nearly semiconducting
共see Ref. 25 and Fig. 1 below兲 while in the Be共0001兲 and
Be共101̄0兲 surfaces the DOS at EF was found to be larger by
a factor of 4–5 that makes these surfaces two-dimensional
free-electron-like metals.26–28 The distinct character of the
electronic structure can result in different e-ph interactions in
the bulk and in the surfaces. Indeed, recent photoemission
measurements of  gave  = 0.7 for the ¯⌫ surface state on
Be共0001兲 共Ref. 14兲 at EF and  = 0.66 for the Ā surface state
on Be共101̄0兲 共Refs. 9 and 11兲 that are significantly larger
than the theoretical  = 0.24 evaluated long ago at EF for bulk
Be 共Ref. 1兲 共we are not aware of any measurement of  in
bulk Be兲. Recent ab initio calculation29 of Be共0001兲 also
gave a large  value confirming stronger e-ph interaction in
surfaces. Despite a wealth of data on e-ph interactions in Be
surfaces for bulk Be there are only estimates of  at EF based
on semiempirical relations to the superconducting transition
temperature Tc 共 = 0.24± 0.01兲 共Refs. 1, 30, and 31兲 and
pseudopotential calculations 共 = 0.26兲.32
Here we present the ab initio calculation results in detail
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FIG. 1. LDA energy bands along the symmetry directions and density of electron states 共right
panel兲 for hcp Be.

−1
for ␣2F共w兲, , and e-ph
= ⌫e-ph resolved in energy and momentum. We show that  varies from 0.01 at the ⌫+1 state to
1.02 at the unoccupied H1 state, i.e., the maximum  value is
larger than the minimum one by two orders of magnitude.
The phonon induced contribution to −1 also experiences noticeable variations from a few meV to nearly one hundred
meV. Strong impact of electron-phonon coupling matrix elements on ␣2F共w兲 is found. In particular, the matrix elements
completely suppress low-frequency peaks of the phonon density of states. To complete the study of electron and hole
decay mechanisms we also present here the calculation re−1
= ⌫e-e.
sults for an electron-electron 共e-e兲 contribution e-e
The ⌫e-e has been evaluated within a full ab initio method
from the imaginary part of the electron self-energy of the
excited quasiparticles using the so-called GW approximation
of many-body theory.33 Previously the ⌫e-e in bulk Be has
been computed by using an “energy-shell” approximation for
excited electrons only.24 Here we calculate ⌫e-e from the
imaginary part of the self-energy for both the electron and
hole excitations at the quasiparticle energy. Finally we evaluate the full linewidth ⌫tot = ⌫e-ph + ⌫e-e.
The paper is organized as follows. A short outline of the
calculation methods is given in Sec. II. In Sec. III we present
and discuss in detail the calculation results. Finally the conclusions are drawn in Sec. IV.

respectively, which introduce a temperature dependence of
⌫e-ph, wm is the maximum phonon frequency, and

␣2Fk,i共w兲 =

共2兲
is the Eliashberg spectral function for the particular electron
state ki = 共k , i兲, with k being a wave vector in the Brillouin
zone 共BZ兲 and i a band index. The sum in Eq. 共2兲 is over
final electron states k f and all possible phonon modes  with
momentum q. In Eq. 共2兲 we apply the commonly used quasielastic scattering approximation ␦共⑀k,i − ⑀k,f ± wq,兲 ⬇ ␦共⑀k,i
− ⑀k,f 兲, which allows us to calculate ⌫e-ph with the same
Eliashberg spectral function for both emission and absorption processes. The electron-phonon matrix element
g共ki , k f , q , 兲 reflects the probability of electron scattering
from the initial state ki to the final state k f by the phonon q.
The electron-state-dependent strength of the electronphonon coupling is measured by the dimensionless parameter , defined as the first inverse frequency moment of the
spectral function1
k,i = 2

The phonon-induced linewidth ⌫e-ph共⑀k,i兲 or lifetime
e-ph共⑀k,i兲 of an electron state with initial momentum ki and
energy ⑀k,i can be evaluated from the imaginary part of the
electron-phonon self-energy which is related to the Eliashberg spectral function through the integral over all the scattering events that conserve energy and momentum:
ប/e-ph共⑀k,i兲 = ⌫e-ph共⑀k,i兲 = 2ប Im ⌺0i 共⑀k,i ;T兲
wm

␣2Fk,i共w兲关1 − f共⑀k,i − w兲 + f共⑀k,i + w兲

0

+ 2n共w兲兴dw.

wm

0

A. Lifetime due to electron-phonon scattering

冕

冕

␣2Fk,i共w兲
dw.
w

共3兲

One can average the spectral function ␣2Fk,i共w兲 over the
initial states on the Fermi surface defined by ⑀k,i = EF:

II. THEORY

= 2ប

兺 ␦共w − wq,兲兩g共ki,k f ,q, 兲兩2␦共⑀k,i − ⑀k,f 兲

q,,f

共1兲

Here, f共w兲 and n共w兲 are the Fermi and Bose distributions,

␣2F共w兲 =

1
␦共w − wq,兲 兩g共ki,k f ,q, 兲兩2
N共EF兲 q,
k,i,f

兺

兺

⫻␦共⑀k,i − EF兲␦共⑀k,f − EF兲,

共4兲

where N共EF兲 is the electron density of states per atom and
per spin at the Fermi level EF. In this case we obtain the
spectral function and the corresponding electron-phonon
coupling parameter  as the Fermi surface averaged quantities.
All the self-consistent calculations of phonons and
electron-phonon interaction presented here have been performed using the density-functional perturbation theory34
共DFPT兲 and the PWSCF code.35 We employed a nonlocal
norm-conserving pseudopotential36 to describe the electron-
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ion interaction in Be and a plane-wave basis set to expand
the crystal wave functions. The basis set was restricted by
the kinetic energy cutoff of 22 Ry, which is enough to obtain
the convergence within a few percent for the calculated phonon frequencies. Local density approximation 共LDA兲 is used
for the exchange and correlation energy functional in the
Perdew-Zunger form.37
B. Lifetime due to electron-electron scattering

The calculation of the e-e contribution to the lifetime of
excited electrons or holes from first principles is by now an
established technique.38–42 Therefore only a short summary
of the formalism used is given here. For more details one can
see Ref. 38. The first step is a well-converged solution of the
ground state of the system under consideration utilizing the
Kohn-Sham 共KS兲 equations43 of density-functional theory.
For a crystalline system the KS equations are given by

冉

−

冊

ប2 2
 + veff共r兲 k,i共r兲 = ⑀k,ik,i共r兲,
2m

共5兲

where veff共r兲 is the mean-field potential in which the KS
electrons move. It already contains exchange-correlation interaction 共for instance, at the LDA level兲 which does not
include any dynamical effects in order to describe the lifetime of excited states. These effects are included via a renormalization, which leads to the Dyson equation44,45

冋

册

ប2 2
 + veff共r兲 k,i共r兲 + ប
−
2m

冕

FIG. 2. Calculated phonon dispersion curves along the highsymmetry directions for hcp Be. The filled circles indicate the experimentally measured frequencies 共Ref. 48兲.

All the numbers quoted in this article for the linewidth
due to electron-electron interaction were obtained from a full
solution of Eqs. 共5兲–共8兲. For comparison we also calculate
the ⌫e-e values in some symmetry points of the BZ at the
LDA eigenvalues 共“energy-shell” approximation兲.
III. RESULTS AND DISCUSSION

qp
d3r⬘⌺̃共r,r⬘ ;Ek,i
兲k,i共r⬘兲

qp
= Ek,i
k,i共r兲.

A. Electron-phonon interaction

共6兲

Here ⌺̃ is the electron self-energy corrected by the correlation effects already included in the effective potential of the
KS equations via vxc共r兲. Since the e-ph interaction is treated
separately, ⌺̃ only contains contributions due to the e-e interaction. The state-of-the-art approximation for the selfenergy for weakly correlated electron systems of real materials is the GW approximation,33,45 in which the self-energy
is obtained from the product of the single-electron Green’s
function corresponding to the KS equations 共5兲 and the
screened potential W,
⌺̃共r,r⬘ ;t兲 = iGLDA共r,r⬘ ;t兲W共r,r⬘ ;t+兲 − vxc共r兲␦共r − r⬘兲.
共7兲
W is the pure Coulomb potential v screened by the dielectric
function ⑀, in symbolic notation W = v / ⑀. Once the Dyson
equation is solved, the e-e contribution to the lifetime , or
the linewidth ⌫, respectively, can be obtained—as in the phonon case—from the imaginary part of the electron selfenergy evaluated at the real part of the quasiparticle energy
Eq,i,
qp
qp
qp
ប/e-e共Ek,i
兲 = ⌫e-e共Ek,i
兲 = − 2ប Im ⌺̃i,i共k,Ek,i
兲.

共8兲

Since in the Green’s function formalism the adding or removing of an electron are equivalent procedures, the calculation of the lifetime of excited electrons or holes bears no
difference.

In the linear response calculation of the phonon modes we
used 120 special k points in the irreducible wedge of the
Brillouin zone 共IBZ兲 and the first-order Hermite-Gaussian
smearing technique46 with a smearing width of 0.02 Ry,
leading to energy bands as shown in Fig. 1. The evaluated
phonon spectrum along the symmetry directions of BZ is
shown in Fig. 2. Our results are similar to those obtained in
the earlier DFPT calculation for bulk Be 共Ref. 47兲 and are in
good agreement with the experimental neutron diffraction
data.48 To obtain the spectral functions needed for the calculation of the imaginary part of the self-energy the summation
over the phonon wave vectors q and phonon branches  was
performed by using the linear tetrahedron method49 with
more than 6000 tetrahedra in the IBZ because of rather significant variation of the electron-phonon matrix elements
throughout the BZ. The Dirac delta functions in Eqs. 共2兲 and
共4兲 containing the electron band energies have been approximated by first-order Hermite-Gaussian functions with a
smearing width in the range of 0.01– 0.03 Ry.
In Fig. 3 we show Eliashberg spectral function ␣2F共w兲
averaged over the Fermi surface, which measures the contribution of phonons with energy w to scattering processes at
the Fermi surface. To calculate the double Fermi surface
sums in Eq. 共4兲 properly we used a dense mesh of up to
30 000 k points in the IBZ because of a very small and
complicated Fermi surface in Be. Since the set of wave vectors sampled in the IBZ is very large the results are almost
insensitive to the value of the smearing width. There are no
experimental data for ␣2F共w兲 in Be. This function is determined to a large extent by the phonon density of states F共w兲
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FIG. 3. Phonon density of states F共w兲 共dashed line兲 and
electron-phonon spectral function ␣2F共w兲 averaged over the Fermi
surface 共solid line兲 for Be. The coupling function ␣2 关defined as the
ratio ␣2F共w兲 / F共w兲兴 is shown by dotted line.

共also shown in Fig. 3兲. Nevertheless, in the case of Be the
two curves are rather different in shape, especially in the
lower frequency region. The Eliashberg spectral function is
dominated by two large peaks at high frequencies around
w = 67.4 meV and w = 76 meV. These peaks are mainly determined by the scattering of the two lower and the upper
optical phonons, correspondingly, from the K point region.
The lower-frequency peak in the density of states F共w兲 is
completely suppressed by the electron-phonon matrix elements. The corresponding electron-phonon mass enhancement parameter 共 at EF兲 is found to be small,  = 0.21. This
confirms that for Be the electron-phonon coupling is rather
weak as it was pointed out in the earlier reported theoretical
estimates of  based on semiempirical relations to the critical temperature and pseudopotential calculations 
= 0.24± 0.05.1,30–32
Let us consider now how k-selected electron states couple
to phonons and how this coupling varies with k. In Fig. 4 we
show the Eliashberg spectral functions ␣2Fk,i共w兲 for some
high symmetry points in the IBZ 关Eq. 共2兲兴. The results are
shown for ⌫+3 共solid line兲, ⌫−4 共dashed line兲 electron states
关Fig. 4共a兲兴, and for the second and the third electron states at
H 关Fig. 4共c兲兴 and K 关Fig. 4共d兲兴. At the Fermi level 关Fig. 4共b兲兴
the electron-phonon spectral function is given for ⌺3 共solid
line兲 and ⌺1 共dashed line兲 energy bands in the ⌫M direction
共see Fig. 1兲. As follows from the figure the k,i and ␣2Fk,i共w兲
for ⌫−4 and the corresponding energy band ⌺1 at the Fermi
level do not differ substantially while for ⌫+3 and the corresponding band ⌺3 at EF these quantities increase notably on
moving from ⌫ to the Fermi level. For these electron states
the strong e-ph coupling is observed at high phonon energies
共60– 80 meV兲. In the case of the ⌫+3 and ⌫−4 electron states
the main contribution comes from optical phonons near the L
and H symmetry points as well as from the ⌫K direction. For
the states at the Fermi level only optical modes in the ⌫K
direction and the two upper optical phonons along ⌫M contribute to the scattering processes. However, the electronphonon coupling in these states is rather small compared to
electron states at other symmetry points. At H and K there is
an enhanced spectral weight at lower frequencies around
 = 55 meV, which is completely suppressed for the electron

FIG. 4. The electron-phonon spectral function ␣2Fk,i共w兲 is
shown for some electron states at the ⌫ 共a兲, H 共c兲, K 共d兲 symmetry
points and at the Fermi level 共b兲 in the ⌫M direction.

states in the ⌫M direction. This peak is mainly determined
by the scattering of the two lower optical phonons near the ⌫
point and the two upper optical modes at A. For the unoccupied electron state at H the only contribution comes from the
lower optical mode near the L point. The high-energy peaks
are determined by interactions with optical vibrations mainly
from the region of the H point. Since k,i is defined as the
inverse moment of ␣2Fk,i共w兲 the differences in the Eliashberg spectral function lead to considerable differences in k,i
at these points. While at the ⌫ point  is very small for both
states considered 共⌫+ = 0.04, ⌫− = 0.09兲 and only increases
3
4
slightly for the first electron state on moving to the Fermi
level 共⌺3 = 0.09兲 the electron-phonon coupling at the H and
K symmetry points enhances significantly with H3 = 1.02,
H1 = 0.9, and K1 = 0.47, K2 = 0.44, respectively. Thus the
5
5
value of  depends strongly on the position of the wave
vector.
Using the calculated spectral functions ␣2Fk,i共w兲 we
evaluated the electron-phonon contribution ⌫e-ph to the total
linewidth of electrons 共holes兲 as a function of energy. The
top panel of Fig. 5 gives the energy dependence of the lifetime broadening calculated at T = 0 for ⌺3 and ⌺1 energy
bands in the ⌫M direction. The middle panel of the figure
shows the variation of the electron-phonon coupling parameter  for the same energies measured from the Fermi level.
As follows from the figure, ⌫e-ph varies fast around EF for
electron energies smaller than the maximum phonon frequency and on moving from the ⌫ point to the Fermi level
共negative electron energies for the ⌺3 band and positive energies for the ⌺1 band兲. In the latter case ⌫e-ph first increases
by a factor of 3 for both energy bands 共a兲, 共b兲 and then it
achieves a minimum in the center of the ⌫M direction. Near
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FIG. 5. The T = 0 phonon induced lifetime broadening ⌫e-ph as a
function of the energy for ⌺3 共a兲 and ⌺1 共b兲 energy bands in the ⌫M
direction and the energy dependence of the electron-phonon coupling parameter  共c兲, 共d兲 as well as of the characteristic Debye
frequency D 共e兲, 共f兲 calculated from equation ⌫e-ph = 2បD / 3
for these states.

the Fermi level, at the maximum phonon energy, new
maxima of the ⌫e-ph appear. However, when the energy increases from zero to that at the M symmetry point the different behavior of the phonon-induced lifetime broadening is
observed. As the energy exceeds the maximum phonon energy the ⌫e-ph becomes almost saturated. The electronphonon enhancement parameter k,i that reflects the variation
of ⌫e-ph does not change notably in the latter case and the
values of k,i at the M symmetry point for these states
共 M − = 0.12 and  M − = 0.09兲 are almost equal to those at EF.
2
4
For the ⌺1 energy band above the Fermi level the data also
show an additional k dependence of the electron-phonon
coupling parameter because we have the different values of
k,i on both sides of the energy maximum seen in Fig. 1.
These results confirm that both the ⌫e-ph and the k,i, depend
indeed strongly on the k position and on the energy of a
state.
Studying electron-phonon interaction in thin films of Ag
on Fe共100兲 Paggel et al.20 found that for quantum well states
in Ag  varies from 0.015 to 0.52. They attributed this difference to the symmetry of electron states. The lower value
was obtained for d-quantum well states and the largest one
for sp states. In the case of Be all the states considered are of
the sp symmetry, nevertheless, even the bigger spread of the
 values is obtained for this material.
From the calculated ⌫e-ph and  as functions of energy the
characteristic Debye frequency D is evaluated by using the
relation ⌫e-ph = 2បD / 3 derived within the Debye model
at T = 0 K for electron 共hole兲 energies 兩⑀ − EF兩 ⬎ បD.1,2,50
The energy dependence of D is shown in the bottom panel
of Fig. 5. We do not show D for 兩⑀ − EF兩 ⬍ បD since for
these energies ⌫e-ph shows nonlinear dependence on energy.1
As one can see for both energy bands considered the Debye
frequency depends very slightly on energy. Even for the ⌺1
band at about 1000 meV above EF where the band is very

FIG. 6. The temperature dependence of the phonon induced lifetime broadening for the ⌫+3 , K15, M −4 共solid lines兲 and the ⌫−4 , K25, M −2
共dashed lines兲 electron states.

flat and demonstrates the extraordinary dependence of ⌫e-ph
and  on energy the variation of D does not exceed 10% of
the averaged value. The averaged D 共dashed lines兲 for both
the ⌺3 and ⌺1 bands is equal to 100± 10 meV. This value
agrees fairly well with the experimental D values of
86 meV 共Ref. 51兲 and 124 meV.52 The obtained result demonstrates that despite very serious approximations used, the
Debye model can give a reasonable description of ⌫e-ph for
real bulk metals provided that k,i and D are known from
experiments or from first-principle calculations. This conclusion is also confirmed by numerous measurements of  and
⌫e-ph for surface states on metals4–14 and for quantum well
states in thin films.15–20
We also studied a temperature dependence of the phonon
induced lifetime broadening for the second and the third
electron states at the ⌫, K and M symmetry points as shown
in Fig. 6. At T = 0 we only have phonon emission scattering
processes. For temperatures kBT higher than the maximum
phonon frequency the T dependence of ⌫e-ph becomes linear
with a slope, which is determined by the electron-phonon
coupling parameter . For electron states at the ⌫ and M
points the values of  do not differ notably and the slopes of
the corresponding curves are almost the same while for states
at the K point the slope is steepper reflecting the larger values of k,i.
B. Electron-electron interaction

The results presented here for the electron-electron contribution to the total linewidth are based on calculations performed along the lines of Sec. II B. The Brillouin zone was
sampled with a 16⫻ 16⫻ 12 mesh and the plane-wave cutoff
used was 20 Ry. The internal summations necessary for cal-
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FIG. 7. The linewidth ⌫e-e of holes and excited electrons for Be is given versus the square
of the energy. In the left panel ⌫e-e is shown 共diamonds兲 for states located within 4 eV of EF and
in the right panel ⌫e-e is given for states within
8 eV of EF. The double-dotted-dashed curve is
the result of Eq. 共9兲 for a Wigner-Seitz radius of
rs = 1.87. The solid line is the result of a full jellium GW calculation for the same value of rs.

culating the electron self-energy included 20 bands, meaning
that an energy range of up to 50 eV above the Fermi energy
was covered. Using these parameters the real part of the
quasiparticle energy is converged to within 50 meV.
In the previous paragraph the discussion focused on relatively small excitation energies, where the e-ph contribution
to the lifetime is significant compared to the e-e one. Since
for larger excitation energies the contributions to the linewidth due to electron-electron scattering dominate, both energy ranges are covered in the following discussion. Figure 7
shows the calculated linewidth as diamonds for all electron
states in the energy range of 4 eV around the Fermi energy
共left panel兲 and up to 8 eV in the plot on the right-hand side.
In this figure the data for all electron states which were used
in the calculation of the self-energy are collected. The figure
clearly shows that the linewidth for small excitation energies
cannot be described by a simple law or model as in the case
of the homogeneous electron gas 共HEG, jellium model兲. The
linewidth does increase with increasing distance from the
Fermi energy but the data are not on a straight line but are
scattered over a significant range. The scattering decreases
for energies of more than 6 eV away from the Fermi energy.
The wide range of linewidths for different states of the
same energy is a result of the band structure of Be as shown
in Fig. 1. The band structure reveals bands, which resemble
quite well the parabola of the free electron gas. But Be also
has flat bands, which look similar to the d bands of transition
metals. In addition Be has energy gaps in many directions of
the band structure. This results in a free-electron-like density
of states for the lowest occupied states, but a dip across the
Fermi energy. It is obvious that the linewidth of Be cannot be
described by a HEG model for states in the energy region of
approximately −4 to 4 eV.
It is, however, interesting to explore to which extent the
jellium model gives reliable results for states above and below the just mentioned energy range. The direct way is the
evaluation of Eqs. 共6兲–共8兲 within the jellium model as first
done by Hedin.33 The result of such a calculation for a
Wigner-Seitz radius of rs = 1.87 is given by the solid lines in
Fig. 7. This value corresponds to the electron density n
= 3 / 共4rs3兲 obtained from the lattice constants of real Be. For
higher electron energies this conclusion was confirmed in
Ref. 53.
Despite the fact that the isotropic jellium model is fairly
simple such computations are complex. Therefore very often
an approximation is utilized, in which a low-frequency expansion of the dielectric function ⑀ is made. This leads to a
closed expression for the linewidth of holes and excited electrons within the HEG,54,55

⌫ = ⌫0共E − EF兲2

with

⌫0 =

2
64EF

冑

3ne2
.
m

共9兲

In the literature Eq. 共9兲 is often referred to as Fermi liquid
theory 共FLT兲. The double-dotted-dashed lines in Fig. 7 denote the result of Eq. 共9兲 for rs = 1.87.
The comparison of the two jellium results with the ab
initio data in Fig. 7 confirms that the HEG cannot be used in
order to describe Be within say 4 eV of the Fermi energy. In
this energy range calculations have to be performed, which
take the true band structure of Be into account. On the other
hand the dot-dot-dashed and solid curves agree quite well
with the ab initio data for larger energies. The two jellium
results also illustrate nicely that the so-called FLT can only
be applied to states close to the Fermi energy. For higher
excited electrons the results of Eq. 共9兲 differ quite substantially from those of the full jellium calculation, which is due
to the asymmetry of the imaginary part of the self-energy
with respect to energy.56
The results of the above discussion are bolstered by a
wave-vector resolved view on the data. Figure 8 shows the
wave-vector resolved linewidth plotted versus the square of
the energy measured from the Fermi energy for four different
directions ⌫-M, M-L, L-A, and A-⌫ for an energy range covering the occupied bands 共holes兲 and the first two conduction

FIG. 8. Linewidth of holes and excited electrons due to electronelectron scattering in Be plotted versus the energy measured from
the Fermi energy for wave vectors from the different directions in
the BZ. Each plot contains the data 共filled diamonds兲 for the first
four bands. The dashed lines are a guide to the eye. The solid lines
denote the result of a full jellium GW calculation for rs = 1.87.
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TABLE I. The total linewidth ⌫tot, electron-phonon ⌫e-ph, and
electron-electron ⌫e-e contributions for certain states at the ⌫, M,
and L points. ⌫e-e is given both at the quasiparticle and at the LDA
共in parentheses兲 energies. The second column denotes the LDA
eigenvalue.

FIG. 9. As Fig. 8 but here the linewidth is plotted linearly versus
the energy.

State

⑀LDA
关eV兴

⌫e-ph
关meV兴

⌫e-e
关meV兴

⌫tot
关meV兴

⌫+3
⌫−4
M +1
M −2
M −4
L1
L1

−4.28
1.19
−4.87
−3.07
3.54
−3.54
1.55

13
18
40
22
16
38
76

124共124兲
1共1兲
221共189兲
95共84兲
62共80兲
77共78兲
1共3兲

137
19
261
117
78
115
77

C. General discussion

bands 共excited electrons兲. In the sequence given above the
chosen directions describe a rectangle in reciprocal space.
For each direction the obtained linewidths are marked by
filled diamonds. The dashed curves serve as a guide to the
eye. As a comparison the result of the full jellium GW calculation are given as solid lines.
Figure 9 shows the same data but now plotted linearly in
energy. The two figures show that although the impact of the
four different bands entering each plot is quite different for
the four directions it is in all directions clearly noticable. In
Fig. 10 the band dependence is disentangled and magnified
at the example of the ⌺1 and ⌺3 bands in the M-⌫ direction
共see Fig. 1兲. Below the Fermi energy both bands resemble to
a certain extent the parabola of a HEG model and both bands
cross the Fermi energy. In Fig. 10 this is reflected by very
similar data for the lifetimes of holes in these bands. In the
range of excited electrons, however, ⌺3 keeps its character,
while ⌺1 becomes almost flat. Consequently the lifetimes for
excited electrons in these two bands are very different.

Having discussed the linewidth of holes and excited electrons separately for e-ph and e-e scattering we can now compare the two sets of numbers. In Table I the values of the
phonon induced lifetime broadening at T = 0 are compared
with the e-e contributions for some selected electron states at
the ⌫, M, and L symmetry points. In general, the linewidth
due to the e-ph scattering is smaller than that induced by the
e-e interactions. For the electron states ⌫+3 and M +1 the e-e
contribution is nearly one order of magnitude larger. However, for some electron states, such as ⌫−4 and L1 共above the
Fermi level兲, ⌫e-ph is much bigger than ⌫e-e since for these
states the e-e contribution is very small. This is related to the
absence of final electron states with relatively small momenta for the electron 共hole兲 decay while for big momenta
the decay probability is small. As for e-ph interaction, the big
momenta scattering favors the large contribution to the eph coupling. This results in a small lifetime of these states in
spite of the negligible values of the e-e scattering. For higher
temperatures the changes in the e-ph contribution depend on
the value of the e-ph mass enhancement parameter k,i. As a
rule they are not very large, which is consistent with the
rather weak e-ph coupling that is observed in hcp Be. Thus,
at room temperature the e-ph contributions to the linewidth
for M +1 , M −2 , M −4 electron states are found to be 48, 28, and
20 meV, respectively. As one can see they remain smaller
than the linewidths due to the e-e scattering for the same
states, which do not depend on temperature. In Table I we
also compare ⌫e-e evaluated at the quasiparticle energies with
⌫e-e computed at the LDA eigenvalues 共an “energy-shell”
approximation兲. The latter are shown in parentheses. One can
see that the “energy-shell” ⌫e-e values are in a fairly good
agreement with those obtained at the quasiparicle energies.
IV. SUMMARY AND CONCLUSIONS

FIG. 10. The lifetime of holes and excited electrons for the
bands ⌺1 共diamonds兲 and ⌺3 共circles兲 in fs plotted versus the energy
measured from the Fermi energy. The solid line denotes the result
for a full jellium GW calculation for rs = 1.87.

A first-principles study of the electron-phonon and
electron-electron contributions to the lifetime broadening for
electron states in bulk Be has been presented. The obtained
results for the phonon-induced linewidth ⌫e-ph and for the
electron-phonon coupling parameter  show a strong depen-
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dence on the k position and on the energy of a state. In
particular,  varies from 0.01 to 1.02 as a function of electron energy and momentum, while  = 0.21 as averaged over
momenta at the Fermi surface has been obtained. The latter
value is consistent with the earlier reported theoretical estimates of  based on semiempirical relations to the critical
temperature Tc and pseudopotential calculations. It has been
shown that the e-ph coupling matrix elements strongly affect
the Eliashberg function especially for low phonon frequencies. The utility of the Debye model for evaluations of the
⌫e-ph for a real material was demonstrated by using the Debye model relation between the calculated ⌫e-ph and , and
the characteristic Debye frequency D has been obtained in
good agreement with the experimental D. For band energies
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